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“REILAGILIREEM B TR AW IR, N 1854 FRE HK
RERSIJLAHBEELOR, R EILM¥ 20 T AR IEIC R A HEE IR R R
AR B BRIV ORI TRE WEG &S CFERY A
B A EMRRERILASHE TR EM AN ERREILA AR BHY
BAENBREILFH LI IE RAEERRILEA¥NIE, BLENBH
SILEIT R HIEIE . SERAMERRG T8, $ A A TEERAER,
BFEARAEINEE,

AHAHELE 5 R IR TR R R A VB R E MR E FE R IR A
AR TEESS,

f£FE M T

e KFEAFBFHFEREZ.ELEEH, 1964 £ 5
Y FRAEAFRFNFLR . FRARAELETHRE KN EH
AT E AR T A % T, iR A2 H M LA
BRBTREIATG RGBS LT E, BRIy E S
H A LAHINEEEEEE) (BB LR )(E EmEEA
F)AM D LTI DA 2 R4 F WG E ),

FXAR TP EAFRFE RN 1994 FEW N AF KBS
TEMLEEARTERTHERH AL LA,
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g 1995 FRE, A EMBREEHER T LT XFERFEAHF
FRRABEREKFRRGERPATRFREFHFT YRR, 4l
M T A F R mig ek, KL L, B, 9 REA ")
FHH LORBARLFHNNEALPF TN ERBGEESK
P ERABAMNEBT HFFNOFIT RFAZTEFT 2GR
H UBREMH AR FTARTTLETEXNANXE,BRFTR
FH R, 2001 F AT RFEFAFFRHOIAXEIRRERR
AERFARNFR,ABPIIFARK R,

AABEFTAIETE, AN BBREL KT LGEL,
MEFRZEIEFHFTRHRFT AR, BERFAFERGDRFLAK
FHOMN BFRENTF T ENFEFEmRALL, BT FR
A4 BRARGH PG, AMFAEASRZANE, KN ARAE
HNELBET WSO R, XN EEESERET 28T
FRWHEF SR IEGREFAR, AFGE AT H . TRMNHK
FRA,URARKFAGAFENARAT O AN SR
B TP AT n, IHEREFANT TR BRGER, X
Ao BHBIEMNAGTRHK 2R RERG, 5 LRk EMm
B R AE TG TRFTRGSIT, ELEAEFR. AT,
TR KT RH AT RERK L RSN FELIRALY E S,
e THFEY T AN G ML R, BFLAL KGR RA
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ERARERFT P A2 EFRRAGBRN, KNP T 30 2
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(TH M AR ENE B RBEFRAHALTERINE. « BEL
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2t WATENX TR RPN BE LR, RSB EERRL
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MBS, BRI ‘MR IR, FACRBR T A (K
DWHAEY (FHERE, SFHE LR, 1998 F8—m)R, 2001
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“H LRI " BN EEETHFASHESREX
PRI, XX SRR R, 5N, X2, FHER.
iERATI Gauss # “#4a3b EFE” (Theorema Egregium) RiE.

HT A B =4 R E R P EN SR E AR, B ET i
R —-BEAEXMBE RSN E. F-EAB 2 dEm La i
MR dF R EFTT, B

I =dr-dr.

F_EAEAR

IoI=d4%*-7
(Hep 7 iy ok m ), AR LT RME LEE— A
REIZAYFHMARER. 52, mIMEEREXZH]

H_&ﬁﬁ_gfﬁ
I~ dF-dF ~ ds?

s

R LBAA. L o o R B < = 7 el
BRALb R Ak 7 ERORY (R & F 5 4 AR i S A
SRR, E R T AT . IR L
PRI 7 RUBAE T 7 kRS T, AT
T L — A, U ARLL 0F YIT, IR C AR
AR 7 IR, BRI AR E AR L e
EHH IR AIYITE oF BREHR, 320 k. 2N L (E R
B, Wk RAEBAN VI REY, RIT M2 AR
PR B P IR, AR, M — S
EHHYITE, BOREIE r, X HA BB CH RA R
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B/ME. KB ER R MR AR E T, AR PR R
BN R E M, IEH ko, ke FTIEN Gauss B K HEH03E
RXFAEMBEMRE, 0K =rr. BR, CREDTHENE—
AT RS AR ETE.

Gauss 20t B 0018, BT —MEAR K (1827 &): Gauss
R K RIRSTHENE - EARR, MEMENE - RABRE
x. XSE Gauss AL EE.

Gauss {480 AR CAEMPIEL 2 I3 (140 2 50 8T 0 8 SO
iLH D, BR R FW—AIFTE, HPEMeRiey ol?), I
LTS —RABR T RARE D LA o', u? #y 2 KBS

2
I= Z gij(u', u?)du'du?

i,j=1

H g = g;0, FEET—H (u!,u?) € D, (9;;) BRIEEM 2x 2 5.
FEXHE—REHT, BT AHR? HEMEL, RIEBHTHE
K D LEE—&#ABOtBBMANKE, 818 KE D i—1F
REXHEMERES MEXEREE XX D WFRBRIRET
K. Gauss WEBNH—LWEF: A (9:5), RIERTLITH i &
D Afg— S48 Gauss B3 () TANE M E A B R fT. XE—
MEFRTARMER, AT HEOREMS LA, Gauss #iH
HWEXRT 4 ERRBERRRRINFAMEDWEN e E
K, MEARERENERE D LHE—BEFER T SHRMEMERKE
BREEEMEE. Y Gauss iR K ¥ c HE—HAER 6
(BE 2, F 184 B):

Y =08, I=(du')?+ (du?)?;

He>0m, I=(du)?+ cos?(veul)(du?)?,

Y c< 0B, I=(du!)?+ cosh®(/=cu')(du?)?.



O LA
B PES, TSRS Lk =R RS —

I (dut)? + (du?)?
T+ S((uh)? + ()]

B —fih, WTLUERT: 7 D ERE—REAEA T BRRIRER, HHMN
LRy Gauss B K fH A%, BIATR, Gauss HBERTH &
XA FIKICE RGO REEE, Hhm S _g=E) ¢ N
THERE. RNTUFRSMHARMN 4 Sl 2H, MEinIEek
JUME TR RTER S = [ Ay JLfa 2.

B. Riemann 7E 1854 FF45 M F B MBUH Y R T IULM¥ M HEAE
BRI (2F [30], Vol.2, 5 135 T1) H4E Gauss Ry iH T P B5 JLAT
IEEEAROEE. Bk, LT o EREAELS. REERE
R, MEARE HUREREREEAEINEHNEEEHTR, HE
EMRR LR EEE n EREBRENERB LSE n FERK = MG
MR, HPG—ETUA n MEFEENA 2 = (o1, ,z°) Filf
5. ERKZES, AT RMEHKE, SELHEELBENKE, R
FIEMAMKERZ CVENRNERZKEN EHRA. X8, “HZ
B BR—RFFHRMME, FEREEECA—BHBMEPX o4k B
£, Riemann #£H—FH52Z REME—WER, FTREEFARSEL
FIHIZR, TREEXYIMBHRKE, REIEMELNIKEE Y
MR MENRS. EHm, XFHMEERTEES o8 Wk, &~
RERZWEA WRIKKEMETFEEW. Riemann #F—H4RH: 4
i de W E ds(FRAZLTT) FTLLR dz A BEEN —IKFIKE
¥, ERZRYPETE dzr WA BEWI S ARE; HEERHY
¥ 5 z X (J5K, Finsler BIRITMET REHBIR, RIERXFH
By Finsler B &), Fe5#, ds TTLUR dzt 89, QA NIEH ZRF
REHWEARTHR, MEPHRERTE - #EgRi. SERE
BA7ERY Riemann FERL. BUCAT 0L, MR, B EJLMAMAHER Gauss
BT A LT R R T, BT N LT R R &
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FIHI L2

Gauss 3 F Riemann BIRVEFI RS, e HEETHUESR
B OE X W. Weber #R# “Riemann FIRARMEMNEE" (BF
(30], Vol.2, 5 134 T0). SLAmR M. HTEE. FESRET L
56#% Riemann WREEREZET KP ML, HHER Christoffel, R
J& R Ricci Ml Levi-Civita, #afi181& T —BERBMTH T, FI3T
FrB R XTI, ST Riemann Frig i iyl R RAX. LHE
Levi-Civita $2tH T fi @ Ly Y11 B s P17 B Sif . Xk, Xt
TEREILEEVTER LN EBEREE — D E KT, KK
HTEEIUHWER.

1916 48, A. Einstein FEfBT &R SRS FRIBMZER T
REJLA%E, EEBAMREANRESER, B NAKBEIRES
B MEER. TR, BEILAFHEZIERMER, X Sl =
M LEAETREBEEE. EREAALERABESH:

L. P. Eisenhart, Riemannian Geometry, Princeton University Press,
New Jersey, 1926
EREREILMMIRTEHES TEXWEM. SHEMN, E. Cartan
HAR T iy BB E A

E. Cartan, Lecons sur la Géométrie des Espaces de Riemann, Gau-
thier-Villars, Paris, 1928.

WL R E LA ER. MRE GRIMNEE) WSS —KEY
HETRHR R D. Hilbert ( (JL{T3EREY , 1902 4F). J53, H. Weyl 7£
B E (REEMUBEY (1913 F) it FROIRIES H T iEmiK
B#ERR. 7E 20 42 30 24X, H. Whitney FF R34 W B3R AT
TNERIBFR. M T X EHESR Z /5, H. Hopf 7E 1932 4R THFR K
VRS LA, BIRE MR K S5 (B30 BERHE (M, )
HIRFMEE R 2989198 (B2F M. Berger, Riemannian Manifolds: From
Curvature to Topology, In: Chern — A Great Geometer of the Twentieth
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Century, % 184 |, International Press, Hong Kong, 1992). 7E 1942
5F, BRE B A Cartan MAMESF PGSRBS s, MUl A 2R A9 ik
EHTEBERHRR SR LK Gauss-Bonnet FH, XEAKHEER
S RIBTHEER, AT AEEREIVAHFELET. BE
BEMBIIC: A simple intrinsic proof of the Gauss-Bonnet formula
for closed Riemannian manifolds (Ann. of Math., 45(1944), 747~752)
FUBER BEER T B, #MIRER. AMBRANEESHURTE
MNZEWHERR, RATEEREHNRBAER (M%) MEER
A f (Euler ;R¥ER0) 2 MAEEER. BRE SRR AR KRB
BEFBHXTHAERN—RIRX, BFRTERNMAILTEEY
M, BWECHIRE, RS BERBR bEIE, R
BULME, KREEMT. BEDESTFLSHES ZHEINEARTS,
FEES LA L R BB 38 — A DR

EXE, BIOIAERRIIRE 7S M AL VHEMA TUE 8 M
Efik 3 « Differentiable Manifolds » (1953 4F), & LA M BAIES
HEMAWE, B, REMESEEHL. FRUBRHEIRES
RELMEABHRZIIELHEREW. BT EENMSIL
MERBREFREENTELER RS XHHT . BETREER
8. BRESHEERN YR ILALRE L iES .

AREITRREIR, URREIUTESHEN PN A
RE, RENRSLTHONME. ERE LA CMIENZRE, 5
W LEYIEE. ERAEETIR R EEER Y, EREIF
BRERBI R LR R, YRR BN SR FEEMIR
B Lt —SE AW FB, LRSI R BGRMS. R,
Beor MR R LA SRR ARG RSHFR.
BN BRSBTS RRIE LR —RRah, XFSiR
RITRSERSE. HENR, ERERE LEE—F E RGBS
ARBBREE Levi-Civita Be4E), ERUERBLM OIRSEE) —



BEN. AT, BRERHREFRF NERNY —FSH. 7£ 20 i
BRHEANTER, BRREHMHT TRRMNTFR, REESERE
B FRET MmN ERBRS (Koszul) #MEM ERIBY (Ehresmann)
SHES. BrRXREdE RN EBREHEL XY, ATERS
A _FBRE RSB R AAE R (Chern-Weil SE3), B ERBRT
B RAMERSEE, BHERRETEAMEMIET AN (ZEME
) WRE.

M 20 R FATHERUE, KEERE L4 5 RHAES Mz
AEXFUNACLSEBRIAMYTUNREE. AW, ERNMEERRS
WA SRR EF2%R, de Rham-Hodge #i, Yang-Mills
i, REWHHE, AU, RSP LHRES, RERBFTH
BNTRIE, SR, JELERIe R LA, Gromov By
REHFROWAINE, 4%, SERSUTHHERRE. HTRE
JUEIE 2 MRS, U, BRI, “G2RBRSILME?”
B AMEUBTIEENRE EXBRERFINSEHE, FERH
LRSI MHERE, FREREREILAEE, EEMNETHRE
FEJUMYLEIRE. FETLHTH ERMEHER, BETUE
X 4.

EAER PGS EI A 477 AREBREREILAEHAITR
2, SHEERE MANE . RRREREMEERL. NANEY
W (U ERERYEE VAR A2R L) Q2T E gL
4, FEHGRAGONTBREILAHERESHERMER, K&
LR R EAES. ETBRENEEYE, RITELERENTIZE.
Beig i — R SR EBRENIFE. VRO TTBIIFHEMEET
RAHHR, FEEESHE-MERY TR REERERE X
Mgk, MWREBHPARNMBRBFITR. WHERREILAKE
i, EATAAS (L) BE—4. EF 80, RNEFHIMRY
oSNNS, FERER L, e R R (BIERYE), Jacobi
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R RER, URENEEEERLATHNE. XHINE
HEFHMEFBRENSBIEREERE LTS, HERH
RAUEEREIMEELSTE. BEBSBERIRE THBHIER
R, HSHFREARKE - 854K

BR T HI-CRAE IR HER ‘BB ILME1L” BRE A A LIS,
BABEREE R4 Kahler . REWHENSHHRERE, UK
EALBBRE. TIHREBHTH. XENEELL BRI UTHE
BHRIRE, THRREE LU RS TURTES A $E 5 3 i i
WEEGER. S8, EXERIRIMT RN A LR,
MARENYEHER. HR, XEERMBIEXTNEHLTFRIIE
HYEE VR & B AR






F—E NARE

WO R R 20 e B A ARENERES, YRYPENFS
HEREMNTF RN RHBUMIRE hBE. FHENBHRE LT
REEEHRY LEE T - M RESHHILEE. EFERNERR
FXRBAREH —BEAEE, SFERTE, StREHE ARUR
B, Me X, MIASE. XTHAFEHANE, TSESE IR 3]

§1.1 WA

WO BUL RS R IBRER 2Z [R BERE TSR A, T K B 23 I U
REHHEREQFTFIRE. FHfe » ERKEE, @Sidh R, RS
FFH n TTEBARRE. HRTIFEMNER d IR EE, HTi
wHh R R FEREFEA a= (a0, b= (b, ,b") ZIARYEE

BEX N
d(a,b) =, ' i(b" —a¥)?.

BURR B— IR, r HEH. WRU EMTEK U >R
RAHE r NS EZRIE, WK f H U EW— r K TTRE
B U Lr ROMERBHREILH CTU). HlLitk:, U LEgEi
WIREILIE COU). BERH f: U - R, MEXMTHERM I RBE -,
A feCTU), MK f B U EM—1 ABEK. U LmEHns
BIEHE Co). MREH f:U - RE U FE— KW BERAE
RERIT WU RRI, WFF f 9 U Lo T\ITRY. U L
FrERBEREILE CU(U). LR, LS C(U) B, BRIAY r B3
R, oo Hw ATHERR, £ C7(U) FHREHN U Liy)cr
R
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ERBETTUHTRIR A KK A2 Mgt #U R R g—
MHFE, FU-R RAU B b ERKREWE R ust. B4R,
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Hod gi(zo) = gk (z0). H%AE (2),
o(1) =0(1-1) =1-0(1) + 1- 6(1) = 20(1).
Bk o(1) = 0. M TEEMEERR )\ BRERENG 1), F
o(A) =a(A-1) = A-a(1) = 0.

it (42) X, Lo EATRY f B2

E

MILAT I, &2 v=(o(z!), - ,0(z"), BH
o(f) =Du(f), YfeCg.

Fb, BHEIEWR LREZMHAR o REET o —HEH. FF
L, m& v 5FRSREF D, B—— N, XHEHE, TUIE
1 D, HRER.

Bla2 BME—1TmBEXREE, v:(-c,e) o MEML
HK—FRHEHHER, T p=~(0). MMy TUEX—PBRE v:CP - R
mr: MTEEY feCr, 4

o= 4 onip) = @)
(f) t=0f v(t) 5

t=0

BRHHIE, B v: O > RBEEN 41 &M B, vEXE
W M2 p RE—AYIEE, B %y % ¢ = 0 A nyaE, i
A '0). X, LK

Yo = L

(4.3)

t=0
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TEHRLGERBE—AWNZRGEE, 3HFF—RiEXa0T
.

B, EAREE M EL p LB YIRBHBMNESIEN T,M.
ET,M F, FINMERBOREHENT: MFEEY v,ve T,M,AeR
UK feCr, X

(u+0)(f) =uw(f) +v(f), Au)(f) =X-u(f).

B, XIHEXH u+v M HRE M Ep KNYIHE, B T,M
KT XM MENERIZHERESAN. #—SURIE, T,M XT
LR Bk Fn BoReIE S R — A o e B 2 ).

X 4.2 FBEE T,M FALBEE M K p & H%2(8).

AT RBYIZEN T,M WER, EXMARBLRRSHEN—
PEK.

& (U,piz') B M 7E p RBI— M REBRIRR,

i

)=z5, 1<i<m.

MFF—A 1, By (~e6) » M BELH p 95 | RLIFHMA (B
A o'-fER), BIX FREER t € (—¢,6),

7i(t) = Qo_l(xtl)i"' vxf) +t,-- ax(')n)'
Bl 42 5, +0) B M % p KE—IHE, WSiEY a% H
X, RTFEMRE f e o, ’

9 _ dfu@)| _ d

azip(f)_ dt tZO_atzofow_l(x(l)a"',Z'(i)‘"t,"',x(’)n)
A(foyp?
= AL o)) = 2. (44

EH 42 W ME—AmBEXENE, peM, (Ur) RS
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p RMEE—EFRBLIER W MEp 86 m MIME

d

pe 1<i<m,
14

WA T Mz T,M $—AEK i, dmT,M =mn.

iﬁ?‘#?ﬂ%ffﬁ
{———— 1<i<m}
azip’ ==

AT p st R R (U; o) Sl BREE.
W HREH, BE-NMIRE ve T,M BYMURRNY

9
ori »

, 1<i1<m
WA E. REM 41, M TEEROEESEH N F o) =0. £H—
FHE, B51HE 41, HTEEY f e CP, 1 9 € CF, B

f=10)+ 300 ~ahig, HFE ) = 5—,@)

i=1

Hef 2p =2 (p)(1 <i <m). FRAZX 41,

v(f)=v (f(p) + Z(x ~ zo)g,) =v(f(p)) + Z ((2* — =h)gs)

i=1

m

g—- (p) - v(z*) = E 'u(z

i=1

=2 (0(9) - vla' = 2b) + (@'(p) — ob) -v(s0)
=2

=N

m

v= Z v(zi)% .

i=1 p

(4.5)
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H®K, MTFEEH O, 0™ e R, WE

; 0
Za Ozt

(3

Wt FHE—PEIT,1<i<m B

m ,~<9
Oz(gaa—x—i

-
14

. m O .
A LN = -7,
) (@)=Y S =a

i=1

i, {g’? : 1Si§m} RAPER KA. EAER T {5% }%
. p
T,M R, B

LEH (45) KAEENEL, R EFT—MAE v &R

9
97

TRy & v RIFREINBRES  NRBLIRER «° LIERFBY
{& v(z?).

BN 4.3 UIZE[E T,M WIHBZEEFANLBME M Ep S8 K
=@, Lk T M; R TE, PRESH o: T,M - R KA M
E p AN KUK

AT ZESRNZRGIEE, EEE-ARKER e
Ty M YR v € T,M EBHERHERN a(v) = (v,0). # (v,a) = (v,a)
W5 LS

;1Sjsm}
p

('7') : TpM X T;M - R
Bih T,M 5 T3M 2 RS,

Bl 4.3 % feCO. EXMS df : T,M > RIMT: XFERY
veT,M,

(v,df) =df(v) =v(f) € R
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B, df B T,M LRGSR, B df e T,M. FEF, HTHEH IS
= p A —PaUmE, Wil df ek df], 5 df(p).

W (U;s') BRAEERE M — N EFRIBLRR, peU. BT
BAMARREER U LRJeEEE, B dt|, e Ty M, 3H

o i _6:1:"
<;‘3—z7p’dz ]p>" G

HULAT R,  {daflp; 1 <i<m} & ThM 158 RER

9] 1<i<
Ozt |’ st

MBEER. —MH, Y FEEM aecTIM, &
a = Xm:aidxilp = i < _(9_1 aa> dmilp'
i=1 i=1 9z P
m 8f

A, MTFERY fe o,
dflp = ) 5= (P)da’l,.

)
i=1 az

=4
= 6}

P

B, ROEE df], = df(p) WIRYEL f 1E p K B

THEE SOLRRH PR EEG S IR — UIBS 14y
4t.
B’ M, N G35 m n BXBRE, F: M - N BHEKR

G, pe M. MFEERY ve T,M, BATTLEL IS F BRI A&
F, (U) € Tp(p)N, iﬁ’:)‘(ﬁ

E(o)(f) =v(foF), VYfeCr,.

izﬁé’ E'_JET%?U_‘/I\B%% F* : TpM d TF(p)]V- E%ﬂ, Fx %%'Hﬁﬂy&%



32 F-% moyR® S
iy USRS ERXTEBE Fr o Tr, N - T, M FROERB
F7E p 5 REIBLST 2 hrEeess.

BRI X, RYIBS F*: T, N > T;M BREER
H, FEMTEEMN we Ty, N, Fro ATRHE:

(F*w)(v) = w(F.(v)), Yve T,M.

R T RIEX TR p MHEEE, BHA F., M ) RRRRS F &
p REJYIBRA AR ST.

MR EIBRET, ATUSIARA, BRARKASEL.

EX 4.5 B F: M- NEZEEREEEKGRRE, peM.

(1) WRVIRE Fop : T,M = Tpp) N RES, NFRBST F7Ep &
REBA. MEFEMBE—SBRRA, KBS F R BABRSH,
PR A BEt, BRERG F: M — N h N 8 (BA) FHY, 3Hic
A (FM). MRBAEGREL, WHKEN RBA.

2) MBIV Fop : To,M — Trp)N RFES, NHFRS F £ p
SREE: R F AMMFEE M 98— KRR ER, WHFRRH F
A RixBREY, RN iR

BBF: M NREEBA, FRFEAMBAEHEEFM)C
N @ ——XRL. WMREMT N & F(M) LERMEN, F: M o F(M)
RFEE, NFRBA F 2 RARS, WHY &A; lat, 5 (FM) 3 N
Ky RAF R 2 EUF T

B (Usz') 1 (Viy®) HFIRE p f F(p) BEERRRLITE,
HE FU) CV, RAREYIBST & XA BB, tIBS Fy, XFER

353 5
toa) ¥ {ae)

HIRERHE ST R F 2E p 289 Jacobi KERE J,y (F)(p). TREIEX 45, %
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4.3 B F: M- NZtEws, peM N
(1) FTEp SHBAYHY F 7£ p SH

rank ,(F) = dim M;

(2 FFEp RAEERLHMNY F 7E p MBIE

rank ,(F) = dim N.

THREERY T BASRAZERKXR:

EH 4.4 WREBBRE F:M > NE—KpeMERBA, I
FIEp R U, 88 F £ U EBRE Flv : U - N BiRA.

WEHEMIEHERET §1.2 KBRS BRER, HAEEENIFT.

§1.5 XRTImi

BME—tm EHHRE. 0§14k, MES—Kp ¥
HYIEE T,M, 2
™™ = || T,M.
pEM
BAMY, M - IR X B M S p 1
T MEZSK—MIAE X(p). ®aiER, M LymgsR—
MBS X - M o TM, X FER—S pe M, X(p) € T,M.

o, M WFER—MRERIBIR (Ui T, o RU L

Rt RY. §5R, XH—EYEBSHEU P& & p L0E, H
BERYZRE T,M —AEE; BRI —AYRREY U L

s~ 45055 T gionte, e { 2| Lo e e
R (Uia') T EANRERS,




U FoF RaRK

EX 5.1 BX:M-TMEmEXFRE M Eevais.
WRMTE—H pe M, FE p ANFHFRBURE (U2, #H8 X
FREITE U LRI FRTIER

Xy = ;Xi%
TR XCEHR U LRSHRE Q1 <i<m), MR X B M L
FiBYIm B

HE XARERARR R C° MRMELEIR[E, M ER—AHR
®BY X ANBUEEY <X XT8N ERREGH S BEGE
R¥ =X EE-NFTFLIFR U,2) LORH Xlv B U L&t
"My

#51 % (U;z') B m EXERE M UEFRFLIFER, N

MUY | RENE U LARIARS.

M EXEVIRBHGBEICH X(M). BR, X(M) LFmEH
BOREEAK, BEMER—NRBEME. B UHE—5E LR R
S\ MEARGHREDT: TFERMY fe CM), X € X(M), M
EHUINES FX & H

(fX)p) = f(p)- X(p), Vpe M.

EEBHRFRBLE (U;z) F, mE

m
Xy =) Xt 9
=1

ozt’

bIEC]
U0l =3 Ulo - X 5.

HULRH, fX e X(M). BT, X(M) SRR ER—4 Co(M)H, B
C (M) L& H).
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EE 5.1 X R m AR M MR, 0
X ARt

X : C®(M) = C®(M),
HEXMTF: XTEEH feC> (M),

(X(MN@) = (X(@)(f), Vp e M; (5.1)

FHBH X : C¥(M) - C°(M) R THRKTM &M MTEEH
f,ge C*(M) AKX eR,
(1) X(f +A9) = X(f) + AX(9),
(2) X(f9) = 9X(f) + F X(9).
Rz, EE—1WE LEWAEARBRE

X : C®(M) = C®(M)

HREHE M EH— MR REET (5.1) XBE.

W & X e X(M). BRIEH: NTEREH feCo(M), H (5.1)
APENEY X(f): M - REEBE. Vpe M, ] (Use) Bp K
H—ARHFRBLTER, W X FRBRER

XIU-EX‘ ot

HF X' e CoU). BE SR, MFqeUF

) moo
5ai| )= Y X 2L

i=1

(X)) =(X@)(f) = Exf@
=1
= (Z gg,) (),

i=1

B
Sy 0
(XDl =3 X5,
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BTN, X(f) € C. Bl p MIEREM, X(f) € C°(M). Hoh, &
F X BYUIMEY, EOABREEX 4.1 PHFHANRE. TRERE (5.1)
=, B

X : C®(M) - C=(M)
WREREEPHEMSF (1) F(2).

RZ, WRBRS X : O°(M) - C°(M) ¥R BT HP &4,
BNEESL X g M L — RS, BiE Mg Ep it
EX— YRR X(p) € T,M, RIGFENAXMIMBH BN,
HER, HARRAME LR RS X B R, YT
B f,g € C°(M), MREFLEMWBFFEU, 8 flu =9lv, NLKH

X(Nlv = X(g)lv-

g#x b, BRF QM Q TR X EXEIRHENERLNE, ®
BENESH 41 FROAXERRMBERY. HESIHE 3.2, M TEEN
PeU, i p SHTFR V UEXERE h e C°(M), BV BRE
FTEUANETSR, #FH

hijv =1, h'M\U =0.
BR, KHERY(f-9)-h=0. TR,
0=X((f-9)-R)=(f-g)- X(h) + k- (X(f) - X(g))-

WP p SORME, FHFEED f(p) = 9(), h(p) = 1, 18 (X()(p) =
(X(9)(p). e pe U MERE, X(lv =Xl

BN B X MRRERNERITIFBEN RS, Vpe M,
EXBA X, - CF° - RMTF: Vf € C°, BHE p 41— FF458
V LREHE. RI\BEHE 33, 1 p AWAFVE U c V, UREK
fFece(M), %R flv = flu. &

X,(f) = (X(H)(@)- (5.2)
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LREXREEY. MREH 4 § € O°(M), UK p RBFFHE
W, 518 glw = flw. RE—BHE, TTLURE W = U, FREEF A
WnU . T2

flu = glv-
HRIRGERM R, X@)o = X(FH)lu; 5,
(X @) ) = (X))

ERRETH (5.2) REXM X,(f) 5 f WBEMER, EHBRS X, :
C® - R ERLWEMN. Wi, hT X MEXECHEFTHRMLE (1) M
(2), BA X, WREN 4.1 K&M. BLh X, € T,M. X, REHT
EXE M ERIREY X, #8

X(p) = X,, Vpe M.

MEHE IS X —EREEY. HELL R U HRM
K— N BHFRBRIFR, 4
- m .. 8
v ; Oz
MFERM pe U, HIEE 33, FEp HHFMB YV CU UE m A4
JEEE & € C°(M), HR
Fly =2y, i=1,---,m.
BIEXWEX, BUE 5.2) X,
Xily = Xlv(a*) = X|y (&) = (X(@))lv, 1<i<m

BT X(F) € C°(M), Xily € C>(V). Fibh X' 7 p AHHERHE
B. B p WERKESS X' e CoU), IMIEHT X M.

BJE, (5.2) AR X WHEEFRI B X EBHT (5.1) Rk
EHBST X : C(M) - C(M) ER& X. EEIEE.
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B XY e X(M). ¥ X,Y MAEHE 5.1 PHrEe )\ C=(M) 2
EH S, BEETURIE &

[X,Y]=XoY ~YoX (5.3)

E XS [(X,Y]: C®(M) » C(M) AR EEHE 5.1 B&M (1)
1 (2). BRI, [X,Y] € X(M).

EX 5.2 B XY e x(M) @ (5.3) KBEWEEN MBS
[X,Y] %A~ X 1Y #) Poisson IFSH.

TEH 5.2 Poisson ¥EEH [, ] : X(M) x (M) — X(M) RN Tk
BEME: VXY, Z e X(M),Y) € R Vf,g € C®(M),

(1) 284 (X+Y,2]=(X,Z]+[Y,Z];

@) X, Y] =A[X,Y);

(3) A X #eE: [X,Y] = -V, X];

{4) Jacobite F X:

[[X’ Y]>Z] + [[Yv Z]’X] + [[ZaX]’Y] =0

(8) [fX,gY] = fX(9)Y — gY ()X + fg[X,Y].

IER A EEENEY.

AL 5.1 —fgH, W[, REMREEV IHRERME 1)~ @)
wRE, WH (V[ B—1 B8 Bk, X(M) %£F Poisson ¥
SHREFAH

§1.6 Xk

B2ME, 7€ m MNERE M HE—X p BE R T,M L
BEZMBERNZE Ty M. HHEERTUE M 85— 5 p b
XA (r,s) BUSK IR DA RS 03K BB L SR B 25 8) 77 (p); 6T
YRE IR, WS GEKRGME.
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HIRE X, Bl M TER p BI— (r,5) BIKE + B —F r+s
H R YRR

T:T;Mx---xT;Mx\Tpr---prM—élR,

-

r‘; s‘ji\
Hepr #7087 8 REWE, s 575 7 19 BB HLU T7(0) Rn M
T p RHIFTA (r,s) BIKBMBRMEES, WE

Ts(p) = LT, M, -- Ty, M, TyM,--- , T,M; R).

— ~

r 4 s 4

AEEW, T, (p) B—4 m™ BMEABZE; #FH, £ p SHPEF
REARR Use) T, T7(p) AT ERNER, B

) ) . .
Ban |, ® " ® Bor|, B9 @ @Al
p p
1.<_1.‘1a""7i7‘7j1""’js§m~
AR,
Tip)=T,M® - @T,MTyM®---®T; M.
r 4 s

s

T; (M) = | T (p).
pEM
FHEXBRE M L —A (r,s) B 3k @35 + BIG M 3] T7(M) &
— B 7 M o THM), A TFEEN pe M, 85 7(0) € T7(p).

M by (r,0) B (0,r) BIBKES S BN r B RBKESM -
A sk it 4.



10 F—¥ BARY

EX 6.1 FERAEE M EW—4 (r,s) BKEY 7 M > T (M)
PROAR RS, RN TERN pe M, FE p ANEFRTLITR
Us2), 88 r £ U LORFIRFMT B RHREX:

Ty =i afh - ® ait ®de” @ - ®dz,
Ho i B U LEOSEEE. M RXRRE (r,s) IR R
FICHE I7(M). F5H,

Tg (M) = X(M), FQ(M)=C>(M).

ERE I (M) PHEBRYIE. PRSEH; EEHANLEK
B RS A SIEKBREH. 340, KBEHETUSHERPAARE,
E/ I (M) BA—4 C°(M)-H.

Bl 61 & feCo(M), W df &M EH—TIERE (0,1) B5K
B, BARE—BhRRES, b 5 ws. FLE, 43
WA, MTEEM pe M, df(p) € Ty M. 7 p KA FBIFR (U; 1)
T, df AW THREERR:

m

ar .

df'U = E a—:;:f_i’dxt,
=1

KEP == € C=(U).

Ex 6.2 YEMm—BihRKRY EIRIAMERY) XKy 1K
=t

EAERFE M L 1 KSR BEITH AL(M), B
AN (M) = 7’(M).

Bl 6.2 #re MM WMHTFHEEE pe M, #Hp AH—4
HRRETBIR (U;2'), 7(p) BT T,M LWARHAER 7 : T,M
T,M, ERE XR: '

(7)) (v) = 7(p)(dz?, v) (p) Vv € TyM. (6.1)
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EROAERHERBLFFR (U;2*) HIERIX.

Bk, mRE M @8 —K p DFHET - TREER 7(p)
oM - TpM, BT M E—1 2% HRY 7, Wi&EMLE
WE—A (1,1) BkEy », @FRES—Kpe M, UK Vo e T M,
YweT,M, &

7(p) (e, v) = o7 (p)(v)).

REEH, TR M EXBK (1,1) HkKEY — STFEEN X ¢
x(M), 8H 7(X) € X(M), o 7(X) BB

F(X)) @) = F@P)X(p)), Vpe M.

TENKEB, ME—~R pe M, 4 7(p) K T,M LHIESTH id it
i, 7EERER (1,1) BEKERY  EEE—RBLIER ;)
THMTER:

9 i
Tl(j=5;:—i®d.’t.

HELE NFEENpeU,aeTM UKk ve T,M, T
d

a = a,-da:'lp, v=v" —

ozt

’
P

UK

7(p)(a,v) =a(id(v)) = a(v) = <vj 2

9 ,a;dzi|p>
)

Oxi
i 9 i
=av* = (55") ®dz Ip) (a,v).

BRI 6.1 W MWL M Eo— R (r,s) HR,
M~ T TR v+ s BRI

7 :il(M) X X Al(szg(M) X oo X X(M) & C®°(M).  (6.2)

—

—

r 4 s A
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HESCh: MTHEEH o, 0" € AHM), Xy, -+, X, € X(M) LR
Vpe M,
(Fal,---,a", X1, , Xs))(p)
=7(p)(@ (p), -+ ,a"(p), X1(p), - , Xs(p))- (6.3)
HEXFERENBS 7 XRTE - ARBER O (M), HE
flal,- -, 0 + fa,--- 0", X1, -+, X,)
=7, - ,a", Xy, -, X,)
+fFa, e a0 e X X), (6.4)
Va € AY(M), feC®(M), 1< A<
%(al,-‘-,a’,Xl,---,X,‘+fX,---,Xs)
= Fat,--- yah X, Xy)
+f#et, e X, X1, X Xt -+, X)), (6.5)
VX eX(M), feC®(M),1<u<s.

A, TR RS,
Rk, EBGE—r+s BRYEPSH

i—:é’(M) X oo xAl(M2x§(M) x - X X(M) & C®(M),

-t s 4
MREXRTH T ARBEE C°(M)- LM, WE M LEEE—
B—4 (r,s) BIXGEKERY - HE (6.3) K.

B, UETLMEZE C=(M)-R¥EMS 7 AR (r,s) B
BKEG r TR S SFEERE.

IEHESEE A CEE, AXRGEMTRTUSES L [3).
EE 6.1, —EZERERH

T A M) x - x ANM) x X(M) x - x X(M) - C®(M)
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BRENEHEKEY, XBETEMTHE-TEHEEBEEE C°(M)-4
¥egy. B, ATEFEXFHLE C(M)-SMWRF Y SREMER.
Bl 6.3 & XHLE 7 AN(M) x X(M) x E(M) - C=*(M) WT:

(a, X,Y) = o([X,Y]), Vae A'(M), X,Y € X(M).

BRI, WS r XTE—IAZERE RAMEY, FEXTHER
TR C°(M)-ZtEy. BRE, r XTHINNINEZR XY HARF
Co(M)-ZHWWR. Ehr bk, MT fe (M),

(o, fX,Y) = a([fX,Y]) = a(f[X,Y] - Y(f)X)
= f"T(aaXaY) _Y(f) Ot(X)

AW, B RE M ER (1,2) RIS REY.

§1.7 MR

FRWE M LH—DRE r WP EKEY o AR RAHR
&, IR EAE Rt

XFHAMBERERXHFY, HZREEFIATRNLE, 7B
WMERS: HEMRE, EEENRBLERT, o WARXTTHE
VR B X4 BRA.

EX 71 EREE M ER—EEH - R KD EK RS
o A M EF— r RIMIHR.

IR, EAE: M EMLRIMISRBR M Ei 1 RS,

Bt —Mth sk #3; M LR 0 WAMES ISR M LIk
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M Er WO B EEE A7(M). 15l

AYM) = F2(M), A°(M) = C>(M).

MEXTH, & o A"(M), WES—Kpe M, o(p) & T,M L
B—4 r IWIMNER, B

@) TpM x - - xT,M - R

—

r A

R r ELRERY. £R3—7E, deH 6.1 7R, §—
A r WIMES K ¢ ATAER TR r B C°(M)-ZHEBRST

1 X(M) x -+ x E(M)  C®(M),
A

BRI TR, UGN ek, BRMNMRS
BH. W, SMREECMT: Ve e A"(M), y € A%(M),

(r+s)

(P A YD) =0(0) A ¥ = L A (0(0) @ B(p))
_(r+9)

= A8 d)), Vpe M,

EIES

(r+s)

PAY = —— r+a(‘P®¢)

XEH Arys REIBFIHET (éé%%iﬂ (3, F—%&, §5)).
BT, H

A(M) = @A'(M), m = dim M,
r=0

MTE A(M) ERTRASIASMESHEH.
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IR 7.1 B MEmGRERE, WEEMHE 80— B
d: A(M) = A(M),

RN TERKIERER r, H d47(M)) C A™H(M), SFABREUT
A
(1) d B, BXMTERY g, v € A M), \eR FH

d(g + A - ) = dg + Ady;
(2) Vo€ A"(M), v € AM), &
dlpAY) =dp Ay +(-1)"p Adyy

(3) Vf € A%(M), df & f BT

(4)d>=dod=0.
RIS d HOh SMES (HF).

TEMEATSESE XN 3] HENE. EHEALBRY, §
FAREUMNET dWREE: Feo, v B M LHFHEMMESR, B
EMEB—TFFRU EF olv =¢lv, W

dyly = dyly.

HILATI, R d BEEprReus, NE M EE— A FFRU
LAUFESHBRE d: AU) - AU), ERAKESEIRN&4; 3*
HXMFoeA (M)H

d(plv) = (de)lu-

XKHEE, MTERK ¢ € A"(M), METE M H— I BIERBLITE
U;z') THRBRER

1 . )
elu = }T‘Pil...i,dz“ A---Adztr,
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RS d P RO ET d R olu LBE
d(elv) z;-,dsoil...,-, Adz™ A Adzt

_1 6———%"7"* dz* Adz A--- Adair. (7.1
r! dri

HHRIE, (7.1) ATBRENREXSRBLIRR (U;2') HERT
*. B, by ERAEA (7.1) R X (do)lv 8.

TR 7.2 Wwe A M), MMTFEEN X, Y ex(M), B

dw(X,Y) = X(w(Y)) - Y(w(X)) - w([X,Y]).

iEE ¥ LERXAEWICH o(X,Y), EHRH
a: X(M) x E(M) - C®(M).

BR, o BIXFENEERS. F5b MFEEH X,V € X(M),
feCoM A

a(fX,Y) =fX((Y)) - Y (w(f X)) - w({fX,Y])
=fX(w(Y)) - Y (fw(X)) - w(f[X,Y] = Y(f) - X)
=fa(X,Y),
3#H
olX, fY) = —a(fY,X) = -y, X)= f-a(X,Y),
Hoa kM EH—A 2 KIMAR. ERETER o # do 4%, RS
BEIE Ry Rk A F B AT
RERBLITR Uie)) T, w HEBRRY wlu = widz, 1

(dw)ly =d(wly) =

Ow;  Ow; j
= (6—.'17-’—-82,‘)(13: A dz?.
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&K, aly =§ (55

j
527 ax‘) o Adat, K

(a5m) = (+ (5%) - 52 (« ()
“"([m] aiD

_6w,- _ 3(4}]‘
T ozi Bxt’

lﬁlﬂ’,, dw|u = a|U.

—fsh, MTERN r KM R, FOTHMED RELR

T 7.3 Rwe A(M). WMTFERN X1, , Xr1 € X(M),
"
r+1 .
dw(Xy, -+, Xpp1) = Z(—l)"“Xa(w(Xx,--- y Xar v s Xrt1))
a=1
+ 3 (-1)* Pw([Xa, Xl X1, -+, Xa- o+, Xgy oo+ Xrga)
a<f

WEHEFIEAMERE 7.2 WIEHRRUY, BaEEFEIET.
MERE 7.14) BA, SIMBOHET dWE dod = 0. XEKRE

d: A"(M) > A™Y(M) TAEERIMEPY LG EF. EXE,
A™(M) BEEMELEE.

EM T2
Z" (M) ={a € A"(M) :da = 0},
B"(M) = d(A™ (M)
={a€ A"(M): HFLELec AT \(M

Z7(M) FRTTRHEA M L8 r )k ARSR; B1(M) FHTERRN M
L#y e ERs=.

), fEfa=dB}.

XBE, M dod =0 %8 B'(M) & Z"(M) #TFBE.



B FF% ARG

EX 7.3 W H (M) =2Z"(M)/B" (M) AEBHE M L1
% r 4/~ de Rham L[E{HE. :

MiZEER R, de Rham H[EAEE H™ (M) BICHREHIGHS
ey =Y. (B, F4H de Rham EEH: 4 M ZEBOLRWEH,
de Rham EFF# H' (M) 5 M W r M ERPEFRARRR#H.
AR, de Rham L[EHE H (M) BHE M MHRINAER.

§1.8 IMEHDXHIFR4HF Stokes FEHE

Em EHAERWE M ETHUEL m KRR, L
BE, XBmERERSNMES.

BE M BREEBE-AHAEN m FRAAXERE. # we
AT(M), w i X TR

Suppw = {p € M;w(p) # 0}. (8.1)

M ARSI ¢ KOO RATAE A5(M). R L
B / R REEAT / AL R
M M

FMRE (U,p) B M —ANERBAFHLIER, we M), B
Suppw CU. XK, whmw=0,H

wly = adz' A+ Adz™, (8.2)

HAae C®(U), (zf) BRE U LHBIRBS o AL BHTLIRR. B
% Suppa C Suppw CU BR'EHM, ¥ m BRERSH

/ (aop™)dg! --.dz™
e(U)

B-THEROBE. Bit, THURE

/ w =/ (@op™Hydg! -+ - dz™. (8.3)
M e(U)
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BERHHE, LGRS EAHEFYNETLIEF U 0) Kk
Bk HELE, WEEI—MREF (V,¢), MEHRTLIRRE
(Viy'), 3 B Suppw C V. B4 wimy =0, A

wly =bdy* A--- Ady™,
HbveC=(V) HN, ZUNV LF

adz A---Adz™ =bdy' A--- Ady™

_; 0, y™) m
—-ba—(zT—'—:—)-dl’ A--Adx s
¥ o(y' )
0ol =W U™ o o

BT (U,e), (V,¢) BE M QS EHATFHLIRE, SUHREEHR gop!
#J Jacobi 75K

o', ,y™)
e, ) 89)
REEBRSNERERARE

/ (b°¢"1)dy‘---dym=/ (boy™')dy'---dy™
¥(V) Y(VAU)
m
= [ Gevowor ) DLW g gom
p(UNV)

oz, -- ,zm)
=/ (ao<p'1)d:l:1 ce-dz™
p(UnV)

= /¢ o (@aoyp™)dz! - - dz™. (8.6)

REZR M. & {(Us,pa)ia € I} B M I~ EHME
HILIRRR, BB (Usaecl} B M WRBERFEE, #H (ha)
RART (Ua} WEMSR. M TERY we ADM) H

WEw- Y ha=) (haw), (8.7)
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ﬁqj ho -w € AB"(M), FH
Supp (hq - w) C Supp hy NSuppw C U,,.

¥ Suppw REBHY, B (8.7) AMWAMARARESMZM. &
ho -w 1E M EWRACEAENL, FTL

/szg R - w—Z/ ((ha - @a) 0 05 )dzl ---dzl, (8.8)

a(Us)
B wly, = agdzh A---AdaT, ay € CF(Ua).

RS, E R /Mw ST M R MAR
R RS (U oo € [} MEBFTE, BE5NERT (Ud)
BRI {ho} BIZEBUTESE.

X 8.1 %SI{E/ w B W m 9bﬁﬂtﬁitw€Am(M)EMJ:E’J
4.

% we ALM)(r < m), BB X w 7 M # r BEETFHE LI
B, B, N REESSTHARN r B LR,
fiNoMENEM SEEBRATIE, U fwe AN, T2

PR
/f(N)w = /Nf w. (8.9)

X (f,N) R MMBBATREN, ERXERNDRAREE Y.

EX 8.2 & ME—Im4NEEE. FHEN X%k D B
BWE M B—P T8, HPWEs L.

(VAR peD, BEMPESp —MIR U, #78 U B4
BREEDW;

(2) R H pe D, BITE M REHH p W—NEHRIFER (U; o), i
%

z'(p) =0, Vi,
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¥#H
UnD={qeU;z(q) > 0}. (8.10)
XFEHI AR R IR N ol p BE AR R.

WX D W R S BE1LH 0D. FILIHEH: DB M
m—1 AMRATFRIE, FE% M R EHEER, oD hEWE
B, FRAM, REM pe oD WERARER (U;) 5 M MM
7, B4

(UndD; z*,1<a<m-1)

2 0D MRELRR, HH M ZE 0D LHEFERER

(-1)™dz! A+ Adz™ ! (8.11)
G, 18 0D AR BIEMYERIE. LRNE SHMRs%¥
TR B R EWHREMNR EMESERR M.

3B 8.1(Stokes ;) ¥ M RHEHTHRAEE m BH
YRFE, DR M @U— HAKR, WMTERN w e A71(M)

/dw=/ i*w, (8.12)
D 8D

HFi:0D - M ZEEWE, 0D RAN M ERWEN.
SEBRRIERIEE S5 O (3, BN, §5).
ps1 B DRR FH—PERAKR. & weR) £

w = Pdz + Qdy, (8.13)
& 0 oP
dw = (—a-g— - —a§> dz A dy, (8.14)
H e 8.1 53|

6Q _op -
/D <8x 6y) dzdy = /é)Dde + Qdy. (8.15)
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XIERZHME Green AR, Ho 0D RAN D FEFHEN, BIHTaLR
oD Wy IEATHER K3 D EEfTHEHAMN.
#18.2 B DER PH—ITHEREAXE, 7£6D LB D FESR
BER, BPLUNEEBRIEN 0D MIEER. & o c AJ(R?), B
¢ = Pdy Adz + Qdz A dz + Rdx A dy, (8.16)

m
0P 0Q OR
— . 8.17
dy = (8 + 6y+ 52 )dz/\dy/\dz (8.17)

SEHE 8.1 WrE
) _ oP 6Q OR
/8 i Pdydz+Qdzdz+Rdzdy = /; ( o + — By 6 ) dzdydz. (8.18)
XRZHH Gauss AR, AR E _—Rh@HRs.

pis.3 ®WSER PH—RAFEME, 05 EEAN S HFH
RFEEEE R RAME. &

w = Pdz + Qdy + Rdz € A}(R?), (8.19)
Ui
OR 8Q OP OR
dw = (ay a)d Adz +(’5;'—'5—>d Adzx
6@ OP
+ (5; - ’6—y> dz A dy. (820)
HeH 8.1 57
/ Pdz + Qdy + Rdz
8s
OR 0Q 0P OR
/(a—y—a)d dz +(az - )d dz
8Q OP
+ (6:1: By )d dy. (8.21)

RRLIH Stokes AR, ERBE_AMATS, HHAE - ANE
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B M B~ m EERE, WES—xpeM FUZER T,M.

é,\

™™ = J T,M.
PEM

EARY, BEERS TM LAHBIMEHAARER, EEL—1
2m BERERHE. X, AHERE M BEMEL M HOEER
B TM. XEAFHERRL O FWET T, FTMRY M L
MEAREE. HEARFEHESIOFRAMNEM LR, £&H$
S ZHABVIAME RN S

HREXBH 7:TM > M IF: Vpe M,YoeT,M, %
w(v) = p. (9.1)
BEZ, Rit r £F-MIRR e TM, RBIEMEL p. T,
71 (p) = T, M, n(TpM) = {p}.
B {(Ua,pa); € I} B m BHEHE M LB EEH. 4
Ue(p) = (pa(P))’, Vp€ U,
W (Uas ug,) B M BREBTRR. BREB,

' (Us) =TM.

ael
X‘T:.Fﬁ—'/l\ ac€ I, E)‘(U&ﬁ‘f Yo ! Uas x R™ — 7"~1(Ua) ﬁn—F iﬁ

PeUm y:(yl, 7ym)€Rm’

P

= 0
wa(p,y)—gy Bt (9.2)

P
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B F {29%7’ } B2 U, LR BERTEY, 8- ve,Mpe
alp
Us) BME—HIRERR )
=y Bl

B AR oo Be——Xt . XEE, EEITFEE v, AR Uy x R™
HIMSHE] 71 (Ua) B3R MR n~(Us) (e € I) L RBHHTH
REUARRR, W TM BT — i,

HTEFCRRRER, TREE 7 1(Us) LHRILIFRMALAR
AR, EE TM LERNELREBINEHRACREN. T8
—Aa€l, EXBE &, : 7 (Us) = R2™ T

(Zy Ful

BB, @, r71(Us) —XT—HBy R2™ FHHE 0a(Ua) x R™.
Hit, @, TUEELES n1(Us) LERBE, B (771 (Ua), ®a)
& TM #—A 4R,

Y UNUs£0, HpeUaNUp b}, BYIHE v e T,M FHAFEK

) - a(p) :UZ'(P),yl,--- ,ym). (93)

- - <1, 9.4
v ;y 6ub ;y oul, , (9-4)
L, visE g My BREXER
i 6“/3
vy (9.5)

BT (Ua, pa) Fl (U, pp) & C HXH,
08093 : 0alUa NUp) — s(Ua NUp)
& C™ Lgt, Bp

up = (pg o pa ") (ul, - ,um) (9.6)
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%u}p"' Jl;" Bg c> &ﬁ‘ (95) ﬁiﬁﬂﬂ gi %ungj" 5“21’3/1"" vym
B C~ W, B

Qﬁoégl(u(lﬁ"' ,UL",ylr" 7ym) = (u}%"' ,ugt,gl’___ ’gm)
B 0a(Ua NUg) x R™ Bl p(Ua NUp) x R™ 3G BRET.

Fris, RS

&s Oq);l :Lpa(Ua ﬂUg) x R™ — (pg(Ua ﬂUg) x R™
RELZR. XEWREBRS
1/’51 °¢a(P,yl,"‘ ,ym) = (paglv'” ) ~m)

BN (UanUp) x R™ FE H SeEsust, BmRRE (HAYEss
B (v5' ova) ™! = 951 o s HRELEH). BT, MFE—1acl,
Y Us x R™ gy3aTNEN BS o BB 7~ (Us) L&, FRBBIMHE
RUEWMAMN. BELL, % U,NUs #0 0,

Yo =g o (Y5 o) : (UaNUp) x R™ = 771 (Us NUp).

BT v ove BREME, 7 Uy NUp) = 771 (Ua) N7~} (Up) Ll
BRAT vo BHEMEHINTEN ¢ BENEIMNR B, BWE TM £
BET —MREIMGEH. B, £ TM BXMEINT, B

Py = (pa xid) o 9p " : 7 (Uq) = Pa(Ua) x R™ C R*™

REE. B {(n7(Ua), ®a); @ € I} T TM f—4 Co-H%H
MrrlE, B TM EBET RSN, 58 TM 8% 2m 4
HERE.

A, T TM K ERAEERT, BE «:TM > M %R
HRALARARI 71 (V) LR EZRE

Tr:(on@(;l : (uzlx"" au;n’yla"' ’ym)H (u(l:ya"' ,’U«Z‘).
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HLEA, RIS ML
P, 0 Yulp,y (Zy au,

&H}&% VYo : Ug x R™ — 7"'—I(UO:) R R AE.
W EEMe, REFEHERNE TM BN THRE:
(1) FTEXCRMS 7. TM - M, FBEF—H pe M,

" (p) =

B—45 R AWK m grRzE,
Q) ERE M LE—1FHEE (Us; o € I}, FRMNTFE—F
a € I, FIECRERE

) _(uclu"' au:xnayla"' ’ym)v

Ya : Uy x R™ = 77HU,),

i i _
moPa(p,y) =p, V(p,y) € Us x R™.
BEZ, HBHE TM ERWBLSRERE U, x R™ XEFREEE, 3#F
B 87 (p) 5 {p} x R™ AR
(3) MTEEBEH p € Uy, MEE S

Yap: R® = 771 (p) =
T
"/)a,p(y) = '(/Ja(P, y)1 Vy € Rmy
ﬁl’J 1/).01,11 Eéﬁﬁ@?@,

(4) % p e Ua n Uﬂ H‘T’ d)a.pv’lpﬂ,p : Rm — TpM ﬂ%%ﬁﬁw:
R T B

98a(P) = Y51 0% p : R™ — R™
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REYERM, B gsa(p) € GL(m).
M (9.4) KTT AL, BT gpa (p) 1 HFR 1 M HRTRBATER pgop;!
TER va(p) L8 Jacobi KR

B duy
gﬁa(p) = ('a';?;)

BUHBRETS. BR, B po gsalp) AHBIBET 950 : Ua NUs -
GL(m) BB,

MHBAFE TM FrREHEHRMETT UME Y TR E X

EX 91 B EMEBEBHNMEEEE, 7 E->MB-IHE
BB, V=R BRqBENEBEE. MBE M LEE-ATEE
{Ua; a € It UAR—HBS {Yo; a € I}, BENTHR THI&M:-

(1) Yo € I, Yt o BM Us x R B 7~ 1(U) WXCHEFERE, 3H
MNTFEEH peUa, ye KT HF

¢alp)

T ova(p,y) = p;
Q) MTEBEEN pe Vs, &
Yap(¥) = ¥ulp,y), WyeR,
WIBH Yop: RI — 771 (p) RFRE, T2 peUanUs #0 B, Begt
96a(P) = V5, 0 a0,y : RT o RY

RZERW, B gsq(p) € GL(g);

(3) 5 UanUp # 0 B, BRI gpo : Ua NUs — GL(g) RIIBAY,
WUFR (B, M,7) HXRET M LN q 09 MRM, Kb E iy A
(B, M B RATG, Mgt B - M By MR AT HE S
BN (E,M,7) ey r:E—> M E.
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Bik, MTEBH pe M, 7 n~'(p) LRA B RO LIEEH, &
BIRGS Yap : RY > 771 (p) HRERM. LJEHE ' (p) FFAFMEN E
ER pe M i 4, iLH E,. AR, mEM

. E->M
R—E B MHRIE M L ¢ M BR=E. 2 X 9.1 PRt
Yo : Ua x R = 771 (U,)

BHHRMA E By RBEAL
HEEEX 01,7 :TM - M B M L8N m 6ARA, HA0R
Wil M L6 IR, SRR M # H1A.
Bl o1 @r:EoMB—ARNqWARN, UCM WS
e BR
)= | 7o), (9.7)

pelU

MR 7 RR w7 o~ (U) RRYRRE, W
71 U) = (v '(U),U,®)

RAFRIE U LW—DBY ¢ IR GEAEESS), Ry ramn
EXEFRU LHRE, HicE Elu.

BX 9.2 fn:E-MBXEBREM LHHMBN, UcM N
TR HENBRS s:U - E, 8

mos=id: U =T, (9.8)

WUFR s Rr B (B, M,7) BB XAE U Li—4 XREE, 15500,
HU=MEB, MK s BN EH—PIEEKRE.

MBA 7: E—» M @EBRENESTY O(E). FERIE, &

& D(E) B—4 C=(M)-#, BfithR R LHRSHE GERELE
FENG). —BWE, T(E) fEHLmBSHRTRE.
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RIERE X, W M LEtEmBHRYINA TM b8 E,
RZIMR. Hlb, X(M)=T(TM).

Ra:E->MBHXBRE M LBENWHEN, UcM. WE
FE o MR ERE

SGEF(U), 15‘15‘1,

18 {so} RAMRETIRN, XM TFHEEN pe U, {s.(p)} WREE
ZE 77 (p) W—AEIR, WK {s.} BFABMN E W (EXEU k)
—A REPIRERS; REA, 4 U =MW, #F {s.) RAHEE &
M EBIIRRG. —ROER, FMBAYEEENRERE LR
VREFER; MRBFEDERTEN. FLE, R EHN—ARE
¥ R4k

v:U xR = 72 1(D),

A {0} TR R — K. BHS
sa(p) =¥(p,da), 1<a<g, Vpel, (9.9)
EARE ¢ M8 s, : U > E. BRE,
mos,=id:U—>U, 1<a<g,

HiE—1 s, HRMBN EQRBRE, 3#H {s.) BEXEU bty
— R

B19.2 &M NEXREHE, f:M-NBEERS. &

f*TN = (J {p} x Ty N.
‘ PEM

W TN B M EBHn=dimN @EEA GEREEES), N

A TN EALBS f RES M ERERA. REMN TN iBin: e A
FRTE N RS f 2 HRRE.
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B 9.3 mEAKMEN.
Br:E—> MEBXBRE M LBy ¢ BN MTEEY
pe M, f E; = (E)* Fm ¢ BEMBZHE E, BXHEZNE, Hid

E*= |J E;.
PEM

FEXBST 7: E* —» M, [#18 7(w) =p(Vw € E;), TR
ﬁ_l(p) = E;.

BE Yo : Us x RY o 771 (U,) (a € ) RAVRN (E, M, ) HREF
A, B {Us; a €I} B M —AFFEE. BE R DR
&6 = {0 a =1, ,q}, EMMEERIENE & = {6°}. XTER
Woael, BEE U LHREBE eae B eao = Yalp,da) BE.
VP € Ua, Al {e3(p)} IR {eaa(p)} A4 771 (p) FHIMBRE. T
B, TLAE X Bat

Vo : Ug X RY = 77 1(U,),
#15

Ya(Py) = Y ve€l(p), VpEUa, y=yad®€ (RI)* =R

K FYAGHET S, £ B R USIAMSEH, §8 B =
(B*, M, %) BABE ¢ BN, T (do} RECHEBTLL. £
REER RN GRIET R, g E R, FldE R
E* KA EHMARMN E B H{BA.

BRI, SERWH M QTN TM GXHEBA (TM) RE M FH
AR I BB R (WA STES 72 5), 0 M i £

BA B RPN, R T*M. T*M ) (BF) HREHRN (BE) &
L 2
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B, MTIERM o € D(E) fl w e T(E*), HXEEEH (o,w) €
C>(M), {15

(0,w)(p) = (o(p),w(p)) = wp)(o(p)), VPEM.
W B BRI (-, ) : T(E) x T(E") —» C*(M) FAmEMN B 53
B B> Z MBS

BU R MMBFFR, {e)} T {0} 2FIEBN ¢ WHEN E R
H3HEA B MEXE U LR REREY, mR
1, a=b,

<ea,w">se5,':={0 . 1<a,b<y,
y @ )

TUFR {we} RFFARRY {e.} 7 B* LIY XBIRES, EH TN {e°).

5, 939, MFEEN ael, {2} B E LA REIR
B8 {eaa} BIXBIRES.

P94 Br:E-MMA:E->MBEERE M LHHEA
RN, EIIMESHE ¢ M 4§ Nl E M E T4 E mRANE
FE o E f1 % BRE @ E. B{ENT:

Vpe M, N\ E Ml E 75 p SINSFEN TR E, M E,, B
REALHBERHFE dmE, = ¢, dmE, = §. 4

E®E=|) E,0E,; E®E=|] E,®E,
peEM PEM

VYRS CIPN'8-2 3 1
m:E®E-+M M 1:EQE- M,
BN HE, 18

(EEBE,M,ﬂl) *ﬂ (E®E,M,ﬂ'2)
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SBIEHBR ¢+ G of RIFIRMN, FRAERNA EM EMEMRK
B, AESEEENET.
A, JEEWE M8 r MR TM s MRYIA T*M #3K
- O
TI(M)=TM® - TMeT'M®---@T*M

— —

r A s 4
Bl M LESELE (rs) RRBHRHBE, BB m™ 895
BN, HE
T;(M) = | T; (),
pEM

Kt
o) =T,Me -0 ,MeT,M® -9 T,M

—

oy s

r 4 s 4

REFE M E—R p L (r,s) RIKBZR. BN T7(M) A8
B M L& (r,s) RIKEN, ERERBERE M _ERERKERY.

K, MTFERBpe M, EUN M BRMELEpH r
YINERZ I, Hi

ANrTM=J N M,
pEM

WA TM BRE—1HEN, BN M LM r K I SHEIM
HtEEBER M EMIMEAR, TRA DA T*M) = A(M).

95 @r:Eo M7:E—>MBXERE M LHFHAR
B, BOHIR ¢.§ MWTFE—Kpe M, B L(E,;Ey) REMHRE
6] E, = 77 (p) 8] Ep, = 77 (p) RHMRB B EE, TR ¢f i ES
.

HOIII(E, E) = U g(EP’EP)
pEM
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RNEETE M LBk 9§ HHIEEA.
BU R MHITFTE,

Yv:UxRI oo~ (U) M ¢:UxR =7 1)

SRREEBN B E WRBTAL. B {6} M {6} 550 RO f1 R
MIPREREIE. &

si(p) = (P, &), 3a(p) =9¥(0,6.), VpeU,

W {s:},{5.} HRREEN EE e XE U LWEEYE. wRH
M(g,§) = RY FR ¢ x ¢-HEMNES, }HE 7 : Hom(E,E) » M
EM#EMN Hom(E, E) AR E, NHEMN Hom(E, E) #§REFE L

U:U x M(q,§) - n ()

TR

]
¥(p, A)(s:(p) = 3 A%5a(p), V(p,A) € U x M(g,d).
a=1
#iEHE A SRR Hom(E, B) MEBREERNEMN B, E (88
BRI R K.

EAETHLER, THRE IR L REH.

EX 93 B7:E— MEXBWE M Ley—rBA. WE
MFF—~Rpe M, EAE " (p) LEET —MKREAR (), 3EH
(e JEWRRIKBT R p, WHR (-, ) BEBEN (B, M, 1) Liy—/ 3B
8. EET T REEHHHRAKFY RREREM.

LR NP, FriEmR (), SCRBKHRT S » B XTFE
ﬁ%%%%?ﬁﬁm X’Y € I‘(E'U)7 Uc M; EB

(X,Y)p) = (X(),Y (p))p
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BEMER (X,Y) 2 U LEEREE. 5, mE (s.} Zagh
ERNERFEUCM LH—1RERES, ik

hab(p) = (Sa,Sb), Vp € U’ 1 S avb _<_ q,

W hey € C(U), T H ¢ x g FFE (hay) T U LR IER KX R
R

3 & —

1L BE o = {(Usypa); a € I} Bm @EFHE M LH—4 C™ #
RERIRE R, B

(D) {Us; a € I} R M —HFFEE;

(2) BT o0 WIEEFNRIRFHRE C™ XM, 4

# ={(U,¢) : MBI, HVY(V,9) € o,
U,p) 5 (V4) £ C" Mxi}.

e o B M EEE o WHE—K—1 O W5

2. B/ (U,psat), (Voo 0') 1 (W, x;2%) B m E6BIRE M ki
EMRWMARTRR, FERUNVAW £0. 5E8: £ o(UNV W) ER
ST R EER B

0z'\ _ (02" [oy*\
(55) - () (35
a(zl"" ’zm) _ a('zl"" szm) N 6(y11 aym)
a(zlv"'imm)_6(yla""ym) a(xlv'”)mm).
HULHE, R ERE Jacobi fTHIRERHE.
8 WM R—ATEMEBAE. ER. W M REEN, N
M EHWA AR E .
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4. ® a > 0, S™(e) = {(z*,---,2"*") € R*FY; 1%1($i)2 = a?},
i=1
N = (07 ’Oaa’)f S - (07 ,0, _a) 5}5”% Sn(a) E"Jlﬂﬁif&*ﬂﬁf& 47\

Uy = S*a\{S}, U- = S"(@\{N}.

B4 CBRS or : Ur —» R* W

azt az™ )

a+ zntl g gl

Il
N

(61»"' 7£n) :(p-l'(zlv"' 1xn+l)

R oy F o BUREBRETS B TR -

(zlv"' ,xn’zn+1)_ 1(61 ’gn
_ 2a2¢! 2a%¢" a(a® — 3,(€)?)
S \@?HEE0)Y e+ E ) e+ e )7
((L‘l xn z,rt-H) 1("1,.__ ,nn)
_ 2a%n} 2aZp™ a(Zj(nj)2 ~a®)
@+ X0 e+ )2 e+ ) )

FEWUH, {(Us,04),U-,0-)} BT S™(a) H—PHBEN.

5.8 S B R @—AMEEFE MEMTAEENS pe S &
HFrpER PH—ANR U, #8 UnS BRENERYIENS HE
r:D - R $gE, B DRVYE R 59— MEEFE WK S 2
R iy —4 SEidhmE.

(1) iR R spg— AR R 4R

(2) #A (1) WIS R e EFE

(Ve +y2-R)*+22=7?, 0<r<R
R— 40 RIE.
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6. & CMt! = {(z o2 2 e Gl <i < n+ 1), O =
CHO). O EBIABIER ~ T Ve = (21,2,
w=(wh - wt) e CMH 2~ w RHNUFE—NEFTER A F5
w= Az, Bl w' = Az} (1 <i<n+1); A [2] #R 2 € 0 FFEMNSM
K. BUTFTHEZM, £

CP" = CM! [ ~= {[2]; z € C7H1).

BR, CP* WLUMGEEEE C f—48 FEAMRMEe,
R n g ARBZE; B 20 n(z) = 2] EXHBG »: CPH - CP?
WAHERER.

(1) R4 CP™ L SURFMITRA 851, (82 MK 2n 40568 WIE,
HEEBAARE n: CIF - CP" BAWBS,;

2) & $**1 = {z € Y o = T = 1), W S R

O+l = RV Py BRIRRTE. BT 7 = 7r)gansr : S35 CPO.
WEH: B * B—EE, A

#71([2]) = SN [z]) = {eV"1%; 6 € [0, 21]}

R S KR, BT 7 S2H  CPM R B RBE.
7. BHiEMS o R - R S

o(z',z%,2%) = (2" sinz® + 22 cos z°, ! cos £® — 22 sin 3, 23).

WERA: o TERUERT S® EARRBIANHT S B A SN — 1R
.

8. MIEHINTH RBKER: ¥ U c R™ BRIKKZE R™ {IF
TH, U R™ BHEMRE, acU. ME rank,(f) = m, MH
R™ 7 o REOFMB V C U, 8 f £V LHRE flv BNV 5
f(V) C R™ M36RERE, FEREBS 9= (V) fV) >V Y
Jacobi HFE J(g) B FRHE:

J@)) = (TN, vzeV,
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Koty = f(z) € V), J(flv) BBSE flv B9 Jacobi 4E .

9. WAL LR K REE EME BB W L, BHE.
(HF LR RRBER) & MNEm ELBAE, Mo NEX
WS, pe M. MR f7E p S8k rank, (f) = m, WEESpEM
FHITFARI U, 15

flo:U—= f(UYcCN

IR R L.

10. AR BECEHIE RSB (e H 2.1).

11 iEH: MTFRIMGRER o,y € R, WEFKME (a,b) BXEA
Bt f:RoR 182,y € (a,0), f(z) =y, 3 H f 7 R\(a,b) LEIRH
FERBRS. R LRERRET B —RAYEKEK 22 E R™ (m > 1).

12. @ M B—EEH m BBWE. EH: HTFRAEEL
TRHIPAR pge M, FIENRRE f: M - M, 18 f(p) = q.

13. W —HF SR ZE CP' MR T g5k, B CP! =
S2.

14. B U BRI M WEZFTFH, 6>0,f: (-6,80)xU » R
RAWURET, WR&M

f(0,p) =0, VpeU.

EM: FFEXRBE g: (<6,0) x U - R, {#78

o =tatn), 90,p= 28D v e s o xu
t=0

15. % o fl &' & Hausdorff Z5[6] M FEgH4~ O %44, C>®(M)
fCo(M) BRI (M, o) #1 (M, ") EBREHES. EH.
o =o' BAMNY C°(M) = C'™(M).

16. JERASIHE 3.1 M| 3.2.

17. % M BWREETTHRABMBAINE, A BRE M BHA
AERHA TR, EH: F71E F e C°(M), [§18 Fla =1, Flp =0.
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18. 1 My, M, B¥BHE, M = M, x Ms, (p,q) € M. &
o M = Mi(i =1,2) RERBE, EXBE a;: M - M@ =1,2),
f#15
ai(z) = (z,9), Vx € My; aa(y) = (py), Yy € Ma.

BRAE moa; =idpy, My o M;, i =1,2. iEH: o fl ap #REHEK
A, HH TpogM = (@)op(TpM) & (a2)w(ToMe). FEFRMWTEM
T,M; @ TyM,.

19. @ M, N B¥EHEE, A M RBEEY; Mo NEK
BERGT. R MEMTFEBNS pe M, BE f, =0, f BEME
Bes.

20. gMEt F: R - R EXE

2
Y1 = T1€°2 + Ty, Y2 = T1€72 —xy, V(z1,T2) € R®.

IR f RY|FIRE, FERUVIBST f. FRVIBST /76 B /IR RS T/
R

21 B f: S - M, g: M - N RIBERE S, M, N ZEIKERBR
5, UEH:

(1) (g0 ap = Gus(p) © fap : TpS = Tgo5() N, VP E S,

@ (g0 =1y 295  Tgosm™N = TpSs WP ES.

22. S f R SR Ml g: R - R MEXNAHN

flzy,x2) = (e2*17%2 3y — coszl,a:f +z34+2), V(z,z2) € R?,

9w, u2,u8) = By + 2y2 +¥3, 9  —ys + 1), Yy, u2,u3) € R,

2 F=gof,G=fog, R Fio Ml Guo.

23. W f: M > N Z®EE, iEH f RIFBES. -

24. B MEm BEBERFE, f:M - R™ BIpEWRE. iE
B: EM LEVEE—K p, E8 f £ p BBE/NTF m.



25. iEB: —PRAFHE M C N BRATFREM TS LDESR
HRMTFEE—Spe M, BIEp 7 N FHEHLIFR (U;24), HE
#(p)=01<A<n), H¥H

UnM={qeU; 2*(¢) =0, m+ 1< a <n},

Hfm=dmM,n=dmN. BR, MRS U=UnM, 2t =3|y(1<
1 < m) M (U;z') B p 7E M FRBLIER. RITEABLIRR
(U;24) K (U;o') FRABA TR M 74 p ity BB (B80) RIFR.
26. ¥ M1 M1 My 23R mi,me BB, MK G
BIh o 2. & M =M x My, m =my +ma.
(1) BB o6 = (U x Vig x 9); (Uy) € (V) € ), Forl
oxY:UxV R =R™ x R™ (95 XY

(¢ x ¥)(1,p2) = (9(p1),¥(p2)), V(p1,p2) €U x V.

M o0 M ERET —MNBEW, B8 M BN m 0%
B. WEBR M NIGRHEE My M M, B FeBRER, WD M, Mo iy
HR

(2) ®ma: My x My » My, a=1,2, RHREY, iEWH m A
RGP

(3) #if (1) MIEESIA n PABREORERE. %

={(z1,- ,2n) €C*; 2| =1, 1 <i < m}.

R T ESIA—MAEW, 8 T R C = B § n BB
THEFEMSFET n AREHER, B
TP =S8'x---x 81,
AR
n 4
HE, BREBRE T % n 4 HE.
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2. B f - M - N BOGRREZ MM, A B AR M
M N BRAFRE. IEM: MR f(A) CB, M fla: A—> B RN ®
BRI
28. W F: M- NRBCHEBREZEMCEIE. EB: mEF
HIEk rank (F) F¥E, WX FEERNS ge N, F (9 & M A
THE, #E
dim F~!(g) = dim M — rank (F).

29. A A MGt Bk B FEE R E FE 4.4

30. By: M= NRBRAFRE, HH o(M) 2 N oy
WEHA: X FEEE g € C°(M), FFFE f € CO(N), {18 fop=g.

3L.#p: M5 NREBHEBA, FHdmM =dimN. iE8E: ¥ M
WM MBS o BHET o(M) )5, o(M) & N BFFHE.

32. % f: Mo N BBBS, peM, veT,M. B

vi(-g,e) > M

M PHICHEL, WRERM 1(0) = p, ¥(0) = v. iEH. YAk
(fo7)(0) € Ty N SHHILK v WIEBEX, BE fup(v) = (f 04)(0)
(LB XA-TREE T SR B VI i — R E AR .

fep(v)

f N

—_— f

\/
fe

=0 e

% 32 8H

(»)




JHE -~ 7

33. st o R - R @ o) = (¢, 1¢) BX. R e =0
AT (LHE).

0 z
% 33 EHE

Yy

(0] T
% 34 BE

34. EPLH: 1 o) = (5,67) RHMBE o R - R BAGER
&, HAREBA (RE).
35. iEHE: BHER a(t) = (1 —4t, 2 — ) (LE) RBAERRBEA.
36. iR e T/D, TUBE o:(0,3) - R IWT (LE):
(t,sin—i—) , 0<t< -71F;
alt) =4 g1), %—e<t<1+6,

(0,t—2), 1<t<3,
He 8t R—&REEAXAE, AMEARS o HATSHEZHIEN



72 F-¥ RoRY

M2 (B 5(8) bR HE), HFEY te (-6 ) B, B = (tsing),
Mote (L1+e) B B8 = (0,6 ~2). iE#: o BERA, EHRREK

\O

al

%35 @l

1/x z

% 36 @mE

3. WV B m SRFBEE, LV)RRV HERERNE

& XMTFERY = (6),0 = {6} € L(V), BEE—8—F m BTHE

a = (a}) € GL(m,R), {15 & = Zaféj, Bl =0-a %M o FFINE
2
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JE 8 BIELE 6 () SRS, 1 L(V) BTLISIASMER ~, (§15
S~be= MBI HEER o WE det(a) > 0.

R 0 FRERNFMISGLN [0). EH/E QL(V) = L(V)/ ~ FHTEK
FNMBEZENE Vi EM. EH: VEHLRAERAERN.
38. m HEEHME M L —4 ERSF iR — e

ui M= QLOM) = |J QL(T,M),
pEM
BERXFERK pe M, p(p) € QLIT,M). M EH—DEFT p R
% ERE, MAXTEBWE p e M, B p EHHBLITR (Uso),
78
0

0
H(Q): [_6';(]7"',5‘2:_";

W MW M RATE i S BAVYE M LFE— iz m
.

39. U B m @EHBHE M W~ FFL X e XU). iF
W: EEE—RpeU, BH p —AFFER V C U, URKH R
X € x(M), 8 X|v = X|v.

40. I X BB M EH— B, EH: X e x(M)
RIC/UIABRGH S LERMRM TERY f e O=(M), i

], VgeU.
g

(X(fNp) =X(p)f, YpeM

EXWERH X(f) & M LR RES.

AL B f: M > N BAEBRERE. WTFEEN X € X(M), EX8
Gt £.X : C®(N) 5 C®(N) F-

(f:X)(9) = X(go f)o f71. Vge C=(N).
HEEA-
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(1) fX B N E#ptRUMEY, #H LX 5 X 2 f-HxX,
BiXt FEER pe M,

fop(X(p)) = (£ X)(f(P));

(2) MTFAEER X, Y € X(M), f(X,Y]) = [f. X, £.Y].
42. iEHHE R 5.2.
43. I GL(n,R) B—MAREH (04 1.2). € X

" SL(n,R) = {4 € GL(n.R); det A = 1};
O(n) = {4 € GL(n,R); A-A*=1,};
S0O(n) = SL(n,R) N O(n),

Hep A' RAEENHRE, L & n BRLER. MAREIEE 27
M 28 FEEYLEWAER:  SL(n,R), O(n) #1 SO(n) %2 GL(n, R) Mk
AFRE; ENIRIHFY RhEER . EXH A SREXHR

4. 8 G B—THR#, FEHR m BEBEIE. WE G MRk
EHMKBBHEYFEN G x G 1 G B G MBSHRGEE, WK G
B~ m % FH (Lie B¥).

() M FEEN a € G, EX G BAFHMS Lo, R 0 F

Li(9)=a-g, R.(9)=g-a, Yg€aq.
UERH: L, fl R, {RNBEE, FEXMFEEN a,bc G,
LooRy=RyolL,.

WS Lo, Ro LR ad(a) = Lyo R,-1(Va € G) MBI NER G LIy %
By . 583 M A B '

(2 & X € 2(G). MEMTFTEEN e € G, #H L)X =X, N
X EG LN EREaRS. EWH: G EWNERTERBGHES g
RTEEHREZE R Poisson FEEH [l MBR— 2R &8
B 5.2 FEMEID), ERNER G M ERM(Lie £2);
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3) BE e & G WIAITER, WE T.G LIIAN—FFE (Hid
H D), 8 (TG, [ ) RA—NERE, MWEER 5.2 FH &M
(~4), FEFERT g. IR,

dimg = dim7.G = dim G|

(4) L B 1.2 AT S 43 BHE X8 GL(n,R), SL(n,R),
O(n) # SO(n) #RZH; 2 HIKRH ENIMFERIMLER.

45. ® H, G MEFE, f:H -G REWBUN. WR fFHE
RRH H 3| G WED, WHK f: H - G R FREE 55
W, MBEH—SERMY F:H - G BIEEER, WK f 2N H 3
G ¥ FHER. &t H = R ZBEHIMER, WKERRS S R->G
2 G Li—1 BEYFR g BFH G HERY BFEALETNE
F 48, BEAUERT G ERLTT e KWYIZIE T.G.

B’ Xeg iLH: FEE—N—PEBHTFH ox R-G, &
BUYTHEERteR,

d
@x)- () = Xexw:

B, Wotox BUIMEY X & G LB BT e WAL,
(2) MTIEEH g € G, l o (t) RR X 80l g AL,
Bl (0) = g, 9 (0) = X,, IR

pg(t) = Ropy(1y(9) = g - 0x(t);
B) B X e€g,a B ox(t) BEHANARK, B
at = Loy (1) © Rox (1)

B X ATLUE X — Pt ad(X) : g - T.G = g, {#48

dO) = T (@)= S (L) (Raep)e¥)).
t=0

t=0
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WERA: BTSE XA ad(X) BERE o BIH A SHEE, HRAER
g vy HEET

(4) iEHA: XTFHEEH XY €g, ad(X)(Y) = [X,Y].

46. ¥ H, G #RZHE, HCG WMEHEGHWTFE, #HE
FBU i H - G RCEBA, WK HRBZEH G T8 (Lie F
B UEHE: AESJEE 43 HHE X8 SL(n, R), O(n) #1 SL(n) #E
— MR YEBE GL(n, R) =T BE.

47. 7E R FEX =R EEIZIT:

X:ya—azf—za—ay-, —z2 i Z 0 0 a.
X [X,Y), [V, 2) # [2, X).

48. WM BXWBWE, peM, X ¢ X(M) 3HBE X, #0. iF
9. B p WRIRIER (Uio), 0018 Xlo = 5r. BULH, 3
TEREH feCo(M), MAHE Xu=fHEp KHHEER v B u
MRER.

49. | X,Y BIWRE M LT B MARY, po € M,
Xpo 0, Yy, #0. BB p R M L]IE po 95, st € R T/,
e(s,p) M (¢, p) HRIFR X, Y BB K p WF L, B

e(0,p)=p,  ¢'(s,p) = X(p(s,p));
¥(0,p)=p, ¥'(t,p) =Y(¥(tp)).
/%
Y(t) = $(— vt o(—VE, 9 (Vi, o(VE, po)))).-
WEH: [X,Y]p, = lim v'(2).
50. B 7 B m BHBWE M LH—4 (r,5) BB KES, R}
TEHRIER:
OXMTFEEH A e AHM),1<A<r, 5X, e ¥(M), 1< p<s,
M (6.3) XEXMEE 7o', 0", X1, , X,) : M > R ZI6HE;
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(2) 1 (6.3) & XHIBRE (6.2) REE C=(M)-Litkey, B (6.4)
5 (6.5) BL3L.

5L 8 M REEWE, «: X(M) - X(M) B CO(M)-LHEBR
M. OEH: M EFEE-S— (L) BOERRES o, B

(o, X) = a(p(X)), Yae AY(M), X €X(M).

(FEBREHE 6.1 WIFKRBE. FAEEHEH 6.1, HHHEHE 5.1 iik
EHEEEN. )
52. @ M SWAS o FIAESESE 51 8. MTERM X € X(M),
X
(Lx)Y) = [X, (V)] ~ o([X,Y]), VY €X(M).

B R Lxp: X(M) - X(M) £ C°(M)-2R4EH, B Lxo B—
A (1,1) BB K 3.
53. EHHE R 7.3.
54. W M BIHEE, X e X(M). MTEEW ¢ A/(M),
SCHR S5
i(X)p: X(M) x -+~ x X(M) - C®(M)

—

r—1 4
-
(Z(X)(p)(Xl) o aXT—l) = ‘p(X?Xh' . 7Xr—1)a
VX1, Xo € X(M).
UERA:

(1) HFFE—1 0 € A"(M), i(X)p € A" 1(M);

(2) BRA i(X) : AT(M) = AT Y(M) B C=(M)-LH:;

(3) i(X)(pA¥) = (i(X)p)Ap+(=1) A (X)), Hrp € A™(M),
YeAM). iX)p R X 5oy A%
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55. & f: M - N BCHEBE, dy Mdy SA5R MM N EK
A ETF, 720, 0 A"(N). ¥r=08, B ¢ € C°(N) B,
A fro=pof; M r>08, &XHE

fro: X(M) x -+ x X(M) — C=(M),

—

P

518

(f*SO)(Xl,' t )Xr) = <P(f*(X1)7 v af*(Xr)))
VX1, X, € (M),

WEB:

(1) M FERE ¢ € A™(N), f*o € A(M). HILEEHBRE F -
AT(N) = A™(M) BREVES, FFVEBS [ B BHURE 5 BB
5t

(2) MTFEER o, 0 € AT(N), f*oA) = fro A f*y;

(3) frody =dmo f*.

56. ¥ w = zydz +2zdy —yzdz, n = zdz — y2*dy ~ 2zde, I H B
5 F R - R MBI

fu,v) = (uv,u?,3u+v), Y(u,v) e R,

R (1) dw; 2) dmy B) dwAn~wAdy; (4) frw M £*(dw).

57. W M RWMRE_IHAES m BB WR.

(1) iEHH: M RATZmey BN E M EFE— R A%
B m WAMELTER.

(2) MA (1) WERHEY, S EENERTRETERN.

58 U R m EXBRE M WEZFFH, we ) iF
B MTERM peU, 717 p AFFARRV C U, UK r KAV R,
we AT (M), 18 oy = w|y.
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59. % p BAERE M LH—&, KEGEHA: EM EEE S
WIMES R w R w(p) =0, (B2 dw(p) # 0, HF 0 <r <dim M.

60. U = R*\{0}, w = (zdz + ydy)/(z® +¢*). iEH: wREX
U LSRR, AR U Eslss .

61. % w = Ady Adz + Bdz Adz + Cdzr A dy & R® _LERIMES
®, Hdw=0.%

1 1
o =(ydz — zdy)/ tA(tz, ty, tz)dt + (zdz — mdz)/ tB(tx, ty, tz)dt
0 )

1
+ (zdy — yda:)/ tC(tz, ty, tz)dt.
0

EERIE: do=w, B o 215458450
62. 7¢ R\{0} Li%
%dy Adz + %dz Adz + ;Z:,-dx A dy,
Hiftr=\22+ 42 +22. & ro > 0, JEH:
w =4m.
S%(rg)

63. WU =R"\{0}, m RIEEE. £E U Liyn-1 KIMESR,

w =

n
w= E:(—l)i‘”f,-da:l A---AdziA--- Ada™,

i=1

n

_ ) m/2
S fo= e, ol = ()
(1) R dw;
) Bz m 091, 1 o DTSR,
) % w RIBARBWET. EREFRI LU R,
64. EH:
(1) % o, REBAR, W ans BREHSR,
@)% o RIBAR, 6 RIUHIR, W ans R UM
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65. i w BIEWWME M LH—1 2 KM R, RN TEE
KpeM,UREEBH veT,M,wv,w) XFHEH weT,MESTF
FHHNY v =0, MK w 2 IERLE. IEH: R o BB, N
E{—Kpe M, BEEBREAM 1 : T,M > Ty M, EHNTIEERN
vE€T,M, YA

(I(v))(w) = w(v,w), Yw€ TpM.

66. MBLE—A 2n EXERWE M LiEE—THEBRILH 2 KA
AR w, W (M,w) H ERR; 8T, o KAy M Lo FEH £ R
*mgﬁé&bﬁ%ﬁ (xla' R axnayla e yyn)7 #i&

w= Z dz A dyt.
i=1
RIE (R",w) B—MERE.

67. & M B m XRWE, TM 2 M LHYINA. EH: TM
RO E MR TIE.

68. 7 E > M BEXREE M L—4 BN, JEH: SbE
BEWES D(E) B—1 C°(M)-# (BIH C=(M) LEymgza), B
T2 R LAy 2.

69. & TM RN/WE M YA, EF: TM BEEEER M
Laxwmgy, RZAFAR.

70. EHIM 9.2 ML, BIXTTFXEME f: M - N, ftEM
f*TN & M E#% dim N RN

71. GERA: TER) 9.3 ERNSES Bt LR B RMMS S, &
B/ 7B = M ENREBSH, A (Yo a €I} BEABAN BT
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WY M BEASH— AEEH RERE (M,9) BERICTHSH
FRER R T REAEIER (B) HFARREREH KA EL
B GHEFRER).

§2.3 UImBABHERS

KWEWERIES MR L2 OB, ML
BB, FEZRANAROFRIA. B5M%, MTFERRE
M EEE-TAREY £, S df RARXNY. HEX, EM
RIEE— p, df(p) RUEE T,M LM RERH, EH

(df(P))(v) = v(f) ,Vve T,M.

EEML, #5 df BRRER f £ “TREEH” FSHERES
E. EFREREE v: (~e,6) > M WREME

(0) =p, 4'(0) =,
W%
@@ =of) = 2P| _ iy SOOI,

dt |, t20



100 F=% R¥AH

BIETIL, 24 |¢| FESH /AT,
FOr(®)) = £(p) = t- (df (0))(v) + o(t?),

HA o(t?) B15 t I K RFH /M E.

BE X BNHRWE M E—MERIRES, —ERNFRE
’: My X SEETRS? mERENNES ? RI15E,
mR M ERKZE R, A, FEHEMK () 2 XTmEy X ()
AURRA n BB

X)) = (X'®),--, X ),
. dX()
EW S T =3

dX(t) _ . X(+AY-X() _ (dxl(t) dX"(t))

@ Al At a T e

R, T —REGHEATE M KR, BT X(t+A1) 5 X 2458
FRANAR SLHNZER TyeranM M Ty M, ENAREER, #E
ARBHEXY. FETH, FESIAYINEY X M NS, &
FH-MBEENHTRIE TypranM M T, M ZIGRIFEH. —8H
T, XS TRTXAEBEHWUSME M LEBM—FsEH EIHER
“BRIET, & §24 M1 §2.6). Rat, MTFRERHFKMN, XFAFKRYES
BN EH AR ERFS I —MREY. TE, N R &
BB\ T E TR X A 1. ‘

BME =1 m BREE, XeX(M), f: M- R By
BA, B M ER™ FRRABME. REM 2.1, ReH Egy e
M LFESH—IREER, (HEN (). MFEEN pe M, A
p HRIBIRR (U;2°), 18 flu : U —» R B—A A, HSE%
MERRIEN

y* = f*(',--,2™), 1<a<m+1.
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TR, JLEU M fU) FEEXR, REHEI RS X|o M f(X|v)

FREFK. mHE 5
XlU =Xi%1

E)

£xt) = x°1. () = x50 5
R £.(XIy) RAE RM SRR (U) LIS, MK
5 (X)) RAEXM. R, WRF N FR () & R &
R RS, WE—BIET, LX) F—%5 N RLE
X, BEZ, BRBE (V). HT A A (X)) BEIS J) 48
ns i, 4

D(f.(X|v)) = (d(f(X]) T = d(fu(X|v))~{d(f.(Xv)), N)N, (3.1)

HAE LT 77 R R™H B f(U) A S8 Y12 _ LR IE
ZRY. BHETETURE

.o =ax'f. (5 ) + X4 (£ (3% )

(@ g L0
=dX f*( dri ) + X'd Ja 927 aya. (32)
i DI 0 g iy f(U) IR, TR
dridz 6 a
2fe 9 9
957957 Bg5 = Tk f (a k) +bi; N, (3.3)

ST S TREARSO . ARG 1. () 1
#E, Bl

R 0 of _ [ Pf* 8 9f° 9
— 0z'0z1 Oz! "\ 0zidzxi dy>’ Oz dyB
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=t (1 () 1 (52 ) ) = Thow, (3.4

9 8\ _ & afoafe
9i; = <f* (5;> S (—53» = 2 327 Ba7 (3.5)
R MARELRA f U LiESHREERYS .
Xt (3.5) ZoKIwFH, FEHA (3.4) XFTLIBE

?9_3_"§< o°fe afe  afe 8

=1 . .
ok~ &= \ Ozidc* Oai %ax:’axk)‘rikwﬁl‘,kmz.

Hep

mT Ffj = F_;'ci’ M EXFK

1 Oga Ogi; Ogi;
Ffj = igkl (__g_l + gij __y_1.> , (3.6)

Ozri = 8z Ozl
XE M RERER (9;) WHEENTE. METR, RETY b
FEBNOR g9 TEWE, WEREER ¢ ARBLFE U;s) T
(HXT HRITES {3Z)) 8 Christoffel iT5; X T HERR, B
Wk I HEBREE (g;5) 8 Christoffe] 105
¥ (3.6) FEA (3.3) & (3.2) 1L (3.1) REEF

D(f.(X|v)) = (dX* + X'T%, dz*) f. (aif) . (3.7)
Ht, "RlEX
D(X|y) = (dX* + X'T%,dz¥) ® 5‘2—,.
oxXt .. ]

AHERIE, BFES X @y 37) XEXWAEY D(f(X) 5§
R IR RERITEK, HW (3.8) WARA KRBT R RH %
B Bred, R4 (DX)ly = D(X|y), W DX 7 M LA X,
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ETRAEEME XE M LR XTF X € X(M), DX BABHE
M BV RS AR R, ERUDIMENER 1 KK
X, BIEREER (1,1) Bk,

X FERRZEE R FREE M s, LEATEESA X €
(M) BERNAE M LK (L,1) BARKEY DX HIBE Levi-
Civita H5EAIN; Hs LFF DX AUIMEY X WEMEs. MmN
FA—ITHRKH, M Christoffel it T, FRERX (3.6) TLIEH, (3.8)
KBS A X FEENRERENAEAE XN, TALR
B M RERKER 2 (6] i e T T

HELE, BRE M, 9) B—TMERERE, HEE g ERTFRBLE
R (U;r') TRIRR R

9 =gideidz’, gij =g (a—i;, %) .
A (g") = (g;;)7%, Ml (3.6) RFATUBRIFREMS (9i;) B9 Christoffel
W5 T SEIEH TR SIH.

513 3.1 ¥ (U;%) RREWE M 05— EFHRHLRT
R, HHRH Christoffel 1054 T, WM UnT £ 084, £UNT kI,
I MR THIRRER

. 0P 0% Ok 0%z oz*
Fk =ITr T T T — ————
i = Vo0 527 527 527 + 52627 5 (3.9)

B F gy RRERKE o ERBLIFE (0;5) T4, 0
EUNU +F
. 0P Oz
gij = gpqa—z,-a—ﬂ-

¥ LR o* RINKEGED

Ogij _ Ogpy OF" 0P 039 _ O2FP 931 9P 539
dzk ~ 9z dz* 0zt 697 T I\ 3 ) .

"~ 03" 9z* Oz Oxi Ti0z* 027 | 95t 0zi ok
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st E R PR TR BRI NEGER, T8

99ic  Ogrj _ 0gij
dzi ~ fxt  Ozk
~ (ag,,, Bir ag,,q) 03P 039 05" . 08" O&

557 T 0w 0 ) 92i 627 9ok T 0P 55105 G2k

B ERARN (3.6) RFEB/XERK (3.9).
T 3.2 & (Mg BT m BEEHRE, X eX(M) MR
(U;z') & M B—4ZFLHRE, FH Xjv=X* il

oz#’
i ji k 9
D(X|y) =(dX +X]ijd.’l: )®——17

X , 9
(a % XJF]k> dI ®-a—;

RERHBLIRRGERTXEN 1,1) BXEKRY. TR, mRS
(DX)lv = D(X|v),

W DX BAWEMENE M L (1,1) BEEKERY.
I BE (U;5) B M WA~ BERBLIER, #H

i)
p_ Y
X=X 35
ML UNTA£0BZEUNT +A
o 8z° 0 - . OFP
L Y p_ xill
ozt Ozt dzr’ Xr=X ozt (310)
KW dX?P, 364 (3.9) RRABE
ozP . 9%
p - i J Ic
dX?P =dX' == gy + X 5270 aagdr
. 10ZP ; 0P - 0% 0% %
= dX a (F]ka i quax] azk) dz

= (dX' + X’F’kdz")— — X d3",



§2.3 mEOEAHNEMS 105

BE
\’ v aT ~ 6 i 1 a
(dX? + X917 dz") ® 3 (dX* + X'T ,cdx )®

it

EXN 3.1 W (M) BmERERE, X cX(M) HEEI2E
M LHER (1,1) BDEHE R EY DX RAXBITEY X K hEMS
B XS MBS D : X(M) - JN(M) FRARERE (M,9)
L8 TR (3R e HF

EM 3.2 ¥ (Mg HLE, X,YeX(M) DyX =CHY ®DX)
BB EY X Y 8 hESHK = hERE, 4 O Bk
BHXTE N REBRRME M ERIFNEFEH.

ERBARER (U;x') T, OvX)lv AW THRBLIFRER:

Oyl =7+ (25 + XL o

BT R, HAEMSHET D XA AME D @ X(M) x X(M) -
E(M), ENR: MFEEN X,Y € X(M),D(X,Y) =Dy X € X(M).

I 3.3 BT D X(M) x X(M) - X(M) RAMTHER: X
TEEW X,Y,Z € X(M), A€ R, feC®(M),

(1) Dy4szX =Dy X + fDzX;

(2) Dy (X + AZ) = Dy X + ADy Z;

@) Dy(fX)=Y(f)X + fDyX;

(4) DxY =Dy X = [X,Y];

(5) Z((X,Y)) = (DzX,Y) + (X,DzY).

iEBR #ERR (1),(2) f1 (3) RSHAIRRAR (3.11) M EEHL.

% (4), EED) Christoffel ﬂ’% Th XFTIRREXMHE, B
A @3.11) X5

(DxY - Dy X)|v

(3.11)



106 F=% RERH
oY , oXi ) 8
=(xk(3k wr]k) v (ax x:rjk))ﬁ

oy ax*\ o
R Y A SR Y X ol
B (X dzk Y 8z’°) ozt

={X,Ylv.

XEUEH] THEIR (4).
HTIERHIR (5), B, A T KT THRAaXFRIERM (3.6)
AF T

0g;:
-5%{- = gljF',-k + guI‘;k. (3.12)
PNIIE:]
Z(X, Y))lu
9 .
= Zka—k(gin’Y’)
09ij oX* ;077
_Zk(a :XYJ+g.Ja =Y + g X 5 k)
& . . - Y
= gi; 2" ( 5k + X'I‘;k> Y7+ gi; X2 ( 5% T Y‘I‘{k)
= (DzX,Y)|v +(X,DzY)|u.
SEFERE.

Fic 3.1 EREETH (1) 18 DvX XTHEARY RF
C=(M) ZHEYER, Bl DX : X(M) - X(M) & (1,1) ”pik B MW
(3) M (4) MEBRE, MTEEB Y € X(M), Bit Dy : X(M) - X(M)
BEHESHETHE.

#ig 3.4 BT D : X(M) x X(M) - X(M) REMTHREHE
J&:

W' X,Y,ZeX(M),pe M. MR Y(p) = Z(p), W

(Dy X)(p) = (DzX)(p);
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(2) i& XaY’Z S x(M)r pE M> ’)’(t) (t € (—5’5)) 7% M _té{]'_‘%
FHLE, §18 v(0) =p,7'(0) = Z(p). MFE X|y @) = Yy, M

(DzX)(p) = (DzY)(p)-

W #RIHEERER AR LFREAR 3.11) WEEHR
W, WREE 3.3 FHR (1)~(3) ByfEL.

FIC 3.2 MEHR 34, TUEX M LatEVIMEY X E—
RpeMBEANVER e M HHERYE Fet, XF M EF—
HRIGEMA v = () EXHTEYG X = X(@), TUREREHL
Y HESH D, X, MIALEREE v DIRTEEX. MREER
BITR (U;2) T, B () WSEFBRE 2 (v(t) = 2*(t), VIR
X(t) RARXRE '

X(@t) = X(2) ai

‘y(t

I
D
ilct(t) =DypX
k
(d)gt(t) +Xa(t)d“’ (”r;k( (t))) B‘a' . (3.13)

§2.4 BREBFREERE

7§23, BASIATRENE (M,9) LXEMERTEHEH -
AMHBE YR E L FEETHE T IERM I ES KA MY
R, B 3.3 FrAmm st

D:X(M)xX(M) > X(M)

HHEBUS R RS BRGNS, THEEE LR J. L. Koszul 3|\

EX 41 BMEmBERBIE, FHEM LA BED R
EWR THIRMAHBE D : (M) x X(M) > X(M):



05 Bk REAT

(1) Dy4+szX =Dy X + fDzX;

(2) Dy(X +AZ) =Dy X + ADy Z;

(3) Dy (fX) =Y(f)X + fDy X,

HF Dy X =D(X,Y),X,Y,Z € (M), \€R, f e C®M).

RIEEE 33, REWME (M,9) LHIHEMASET D BLBIE
M BB, mTEMES - WHRAEMILERE M LRER
BERFEYN, BN M LHBERRFEN. R, —RIHK, i
W A BELE TR e — (.

BET —NB% D LW (M, D) Bh—1 (5B E=(E),;
FEXRERY 2 A1 B, WT ARG VI T B SR A A A s S 4. Hedm,
MFERH XY € X(M), XBUEE Dy X HATHRE X i
Y # S hENE ).

THEIKR L SBH RELIFRER.

SIH 4.1 % (M, D) B—M5EIBESE, X,Y, X,V € X(M).
MRV R M Y—AEEFFE, #H Xy =X|y, Yo =Tu, W

(Dy X)|v = (D3 X)|u.
S SIEMEREN T OyX)v = DyX)lu Ml DyX)|y =

Dy X)lv PR, BFXWENTRXFRERAERR L R—BEM, BN
HAW—AEE, WIES: (DyX)|v = Dy X)|v.

BE, Y X=08FX=X-X; BRIEBENE XL,
DyX =Dy(X-X)=DyX -DyX =0.
Bl Dy X =0.

HK, EERE—SpeU HAELp WHERV, BV 2B
9, PRV CU. R §1.3 518 3.2, HE f € C°(M), §if8

flv=l, fimw =0.
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BR, f-(X-X)=0 HK,
0=Dy(f (X - X)) =Y(/)(X - X)+ f(DyX -~ DyX).
i LRBRBIE V L, B (DyX)ly = Dy X)|v. i,
(Dy X)(p) = (Dy X)(p).

Hp SHEEN, 5IEBIE.

513 4.1 X E T B4 D B RFBHE.

#it 4.2 i (M,D) B—MISBGEZE, Uc M RESH
#, W DU LFEHEFBLE DV : X(U) x X(U) —» X(U), BHMTIE
B XY e X(M) B

D%]xh,)(YlU) = (DxY)lu.

8 XY € 2(U). M TEERNpe U, N §LIMEEIS, F
A p TRV, AR X, Y € X(M), 8 X|v = X|v, Y|v = Ylv.

&
(DY X)ly = (DyX)lv.
B3I 41T, ERAERS XY M B XY mEEEX,

B DY X 7 V LRZ2WEN, HALREEH. Bl p WERE
#, DYX RfEU LRLBEH IR IINEY.

YE D 1R M ERBREE TG A&, RYERIEBS
DY : %(U) x ¥(U) = X(U)

B U LB —1 5%, FARERERMER. iEE.
ATERRL, VEMHRIE DY Lk D.
& (U;z') B M —PEFRBRIER, WaHk 4.2, T4

0 _px

Do — =1t
527 QI It fxk’

(4.1)



110 #=F RIANH

S PR U LRORE TY BROUBE D EREAE (Uir) T (%
T R { }) B (BHE) R BEIMAR, BN

TFﬁ%%T#ﬁ*ﬁEﬁwm.@M,zﬁﬁﬁ&ﬁT#ﬁ%%ﬁ
KF. HFEEN XY € X(M), mE

yiy =vi-2

; 0
Xlo = X550 e

o) B BBk 4% B 2 B AR AR B

;0 . (Xt 8 ; 0
= . : =Y (- TE —
(Dy X)|v Dy;.B_(X .’Ei) Y <az]’ oz + XT3 6:1:")

axt a2
y? (81: +X Fk’) dzt’ (42)

XERBL D 1 (U; o) THRBLIFRER.
BERB TS (RITERARNT. & (0;3) B M BWE—AR
WAITR, MBS Ry I, B

0 T
Dot 520 = Lar gz

HMFEUNT L&
8 _ 8 B

dz* ~ Oz §zp’
Hitd (4.2) BRI

D 0 ( 0%z" 919 87P - 9
8 = — e — T ) —
37 Oxd Ozidxt  OxzI Oz P ) 9z
ER—Fm

. 6_ g 0 - F,?_Qx_ 9

827 OxJ 7t ok ok oz’
By A

F’F.E =0 @i@ + 0%z’
Jt 6xk qp am] azi azjami : (43)
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315 §2.3 Hiy (3.9) B —BH.

MY D B RWARRRAR (42) TH, D BHHI 3.4 Frdhy
REREE. $55IH, MT M SRR — AR IR 1 = (1), t € (a,5), 6
B RS X € X(M) it v MIVESH D, X REEXM, FEE
105 X Wy B B, % XE v EROBEIIERE X = X@)
WHWE v IVESE. BEME, MR Vi) B— A RBLFEER,

0

Z(t) =z on(t), X =X'o,

B X(#) = X(v(t), X*(t) = X*(~()), W]

DX(¢) _ _ (dX*(@) ;4T (1) KA
2 =Dyx = (P52 + 1 lnaa) L

¥(t)

FEIBHOR, 4 (M, RREWEN, FHiHeNBESHERM
SHT D ENERREER ¢ BRLKA, 0 D HBRERE TS
WIFEERERE (9;;) B9 Christoffel i28; HEE—MEET, DK
BRIERB TS, By (4.1) REXH, TET TR j, i ROHHIHAE.
T BREEEE (M, D) s, HE% D MisEERLLR_EES—
TMEFHRTBIRR (U ') THRE—EABEH

F_l;i € COO(U)a 1 S i,j’k .<_ m,

FHERENELIELRAEEEHRAE (4.3). EED 4.3) RRL
(1,2) Rsk B R RARERAR, FrL RHMA T REKEERETE
WATHA R, XERERSE D AR M LY. B4 B4%D
TR H R (3) i8] D RAFKBNIZEAN O (M) Sk
i

I 4.3 % (M,D) B—MiHBESE, MTFEEN XY €
X(M), %

T(X,Y) =DxY - Dy X - [X,Y],



112 A% RFIAM 7 7
MTEMEM—EEN (1,2) BEkEY. IEBRMKEY T
HEEYE D SO ST B ZS 2B (M, D) #) BTk E.

U8R BAR, BRST T : X(M) x X(M) - X(M) BRI RN
LA BEEH T RikRY, REEHE T X T8 TMAEREAR C°(M)-
KWHER. HTFEEBH feC (M), BRE

T(fX,Y)=DyxY - Dy(fX) - [fX,Y]
= fDxY -Y(f)X - fDyX - fIX, Y] + Y (f)X
= fT(X,Y).

BF T WRXMFRIE, XA T(X, fY) = fT(X,Y). iE&.

EX 4.2 EARRE M L, HERKEIFHEKED A T
R

E M BRBEERE U;2)F, &

T<3 3)=D % p, 2 %1t 2

_—, 8 ~— 8 - )=
Oz’ OzI 827 Oz 87 Oxt i7) ozk’

B, T =(T%—I%) 5% @dei @ dod. FREB THEHMNHME:

WA 4.4 K% D RERBKSE, YENUEEEE - RILE
R (Usz') THBREE RE T T THAT 5,1 BIHRE.

FEMIHEREZE (M, D) 1, Bk D A{UATLAR TR\ vm
G ERY, THAESAREN M EEE—EKEGH R
B HELE, T X e X(M), EFMEG

X :C®(M) - C®(M) fl Dy : X(M) = X(M).
RTHRBFERN, EH— B X Hick
Dx : C®(M) = C®°(M).

B Dx MERY T2 M EWEE—DREKRYE, RERE.
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(1) Dx TEEE—1 (r,s) BKES ERNEABINNHARE -1
(r,s) Bk i1, B Dx 7EKEY LA1EARFKEGREALT,

(2) Dx XFik B VEFAHEPE Leibniz 3N, BIXF M EERE
WALk K,.LFH

Dx(K®L)=DxK®L+K ®DxL;

(3) Dx SRBMMIHEY C TXHk. BT M LwikEy K,
f
Dx(C(K)) = C(Dx K).

B, BLEFRMAT 1 /AR #ae AM)=70(M), W
Dxa iREZ—1 1 KX, AR X(M) Bl C=(M) KR
G #HL b, MTFEERY € X(M),

(Dxa)(Y) = Ci (Y ® Dxa) = C1(Dx(Y ® a) - (Dx¥) ®a)
=Dx(CH(Y ® a)) -~ a(DxY) = X(a(Y)) -~ a(DxY).
ABHRIE, EAARHREIXXT AR Y LR C°(M)-&¥E,
FrUA Dxa € AY(M).

—fH, &R M E# (r,s) BDCEKESY, W r B—1 (r+s)
BN
T :é‘(M) X +ee X Al(Mle(M) x - x X(M) = C®(M),
— "
FHME—EXBER C°(M) L¥EM. HIE Dxr MAREM
141(M) X oo X Al(MZx\X(M) x -+ x X(M)

— —

r A s P

EIJ. C®(M) MRS, EMEXRE: M TEEY al,--,a" € AL(M)
HAEEM X1, , X, € X(M), ‘

(DXT)(al"" 1araXl;"' 1X8)



=X(r(a',- -+, 07, X1, , X))
_ZT(.. X1 Xs)
=1
_ZT(al,... ,a", - Dx Xy, ). (4.4)
b=

ASWIE, ML XA Dyr XHE—A HAERER O (M) R,
ETTR M LH (r,s) BEHKR S,
AR (r,X) € F7(M) x X(M) v Dy € 7 (M) FrisEhymest
e
D : 77(M) x X(M) = I (M),

ERA TR

(1) Dx4syT =Dx7+ fDyT;

(2) Dx(r + Ao) =Dx7 + ADxo;

() Dx(f7) = X(f)7 + fDxr,
HF XY e X(M), 1,0 € FJ(M), N € R, f € C®(M). &E‘z D {3
RWRBRBHIFRME. Dxr HAKEY - BUIREY X HHESEK

i (Dr)(X) = Dxr, MR (1) WH (Dr)(X) XTHER X K
sKEPER, HW, Dr BXGHE (r,s+1) BkRY, #EMTEEN
al,---,a" € ANM) MIERM X1, , X, X e X(M), &

(DT)(ala"' aar’Xl,"' 1X89X) = (DXT)(CYI,"' aarlea"' 1X8);

LS Dr AKES « i) BERS TR D 2N J7(M) &
Tl (M) KB, RAERTE (r,s) BDERKEY LRI ET.

BAKRR Dr A BFER. i (U;2') B M — D RHLIFE,
B’

_Fk 0

D J 6$k

2
8

o
8z%
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MF X €eX(M),®’ X|u= Xf—i, A
ozl

D%X_(—%-err )@.
i ,
 9Xi ,
J . J
X5i= oz T
i
Do X=X’ 9 ixs 2
2 X=X, DyX =YX,
He
Yex(M), Yjy=vi->
oz’

B o€ AYM), NEF

oly = aida®, Hp ai=a< 6.)-
ort

WiEE XK (44)F
] ] ] i)
D — )= A I 2
® (57) = 5as ( () - (Parom)
)
= 6a': - akI‘J, = Qj4,
¥R,
Do do*) (2 ) = —r
TR
DB_Zsz" =-TI'%ds/, D 2 a=a;de?, Dya=Y'a;del.

—ft, MF e I7(M), REMBHLIRELRRE

- 9 :
Ty =700 e 5on @@ 5 @ @ @da.



16 E=¥ RIAH

I (4.4) RGE]
o __.a_ J Je
Dai-T_T;ll ; e ®'“®8xir Rdr’' @ --- ® dz’e,
Hrp
11 ly- i
PR . J Js iy-la—1kiayiir 1,,
Tir g = a;z +Z Thga T
i r k
.11l ;b 1kdp41-- ].FJH’ (46)
HFH
Dyr=vigi O ®——a ®ds’ ® - @ dzie.
YT Tireedos Ry ® - e T

WA T R T AR D RT o MBS TR
E, o Rk Dr gs, B

D7'—-'7';11 ;:”af'l ...®5aa:_i:®dzj1 ®"'®d93j'®dz‘i,

RERE (M,9) &2 m BEERE, DR M EH—IHBKRE. R
WHIEEIHE, MW TEREK Z € X(M), WESFH Dzg € (M) BH
BXH, 3#H

(ng)(Xa Y) = Z(g(Xv Y)) - g(DZXv Y) - g(Xa DZY) (47)
HW
g=gijdz’ @dr’, gi; =g (5;" 55;) ;
M| Dg = g;jrdzr’ ® dz’ @ dz*, H

8gi;
Gijk = 5;—; - gi; T ~ gurgk- (4.8)
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EX 4.3 B (M, g) Bm BEREFRE, DB M EH—IEE.
M Dg =0, BIXFFAERR Z € X(M), #H Dzg=0, UK BKED 5
REER ¢ 2REIH.

RE A7) R, (Mg LWBED 5FR ¢ HANRSLERMG

=&
Z(g(X,Y)) = g(DzX,Y) + g(X,DzY), VX,Y,Ze X(M). (49

ERARFRR, W (4.9 REMT g4 =0, Vi, 5, k, B) gi; B9
FEEENE, HFMHR, (3.12) AL

FEit, EHE 3.3 MR (4) f1 (5) WHARERE (M,g) LEHE
WAHT D REER ¢ AN LRBE. EENRE, XHEMNRERHE
REFHRgH—-REN.

TR 4.5(RBILANERTE) & (M,9) B m ERERE, W
M EFEM——T5ER ¢ MAMTREKE D, 4 (M,9) Y
REBBUE 5k Levi-Civita B

W8 §2.3 WITIRIAHATE (M,g) LIPS g MAMTHEKS D,
ERH g 8 Christoffel ig5 I¥; B (3.11) XFER, M LY M
(3.6) R, THEIEHEEAHE .

BED M LA—A5ER g HAHERKE. ERBLITFR

(U;z*) F, & 5 5
5, 2k 9
Do 5z = Liiggr:

B D WLREURAE 44, T =T B D 5ER g WHEER

(4.8) X17F
39ij
oz*

= gi; T + guf';-k.
=) A Y )

- 1 dg; ogi;  09i;
pgjzéu(ﬂ+ 9, _g_f),

dzi = Oxri Ozl
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XA, T WEFR (gi5) 89 Christoffel i85 I'%. BTk D =D, Mi—¥#:
BIE.

I 4.6 W D,DSHERERE MM LHRERE, o
M- MESWE, peM, p=op). WMTFEENve LM, LURE
By X e X(M), HE

x(DyX) = Dy, vy (X).

BAER, REREEFETRRIEY.
EREEST. MR o.(X) BIEE I o(p) € M HHERI LI
&5, M EEYEESFREEE o LEMLY.

§2.5 BENWENHRIHEF

AT, BE (M,9) B m BEORERE. RIBEDHTRE
BR&DE M LSEETHART, ENERENESS XER S8
HEEEWAR. :

¥ X € X(M), W DX & M E@y (1,1) BYeiEskiRsy. % DX i
a7+, MRE M LRHXBRE, REXNLEMES X B BE,
FicfE div X, BiF divX = CH(DX).

EX 5.1 B X o divX FIBEHRERS div : (M) o
Co(M) RAREME (M,g) Lth BENF.

HRBEHTF div %E%g&ﬁﬁﬁiﬁ, BE (U;z') & M H—4
RAIRER, FiE Xy = X‘FE. nE

Xt

i 0 j ki 2 j
DX'U =X,j% ®dz? = (—é—x?"'X ij) 5;;-@(127‘7,

Hr Fij %= gij B Christoffel i08. F&

divX = X% = ox* . X*ri,.
’ Ozt



- §25 REAM LMY LT 119

R, #HEHET dv BRERAEVREY X 408 EH—INRERS
H¥.
i@ Christoffel i SR FER, (3.6) FH,

1 ijag,»j 1 G 1 6\/—G—

29 Bzt T 2G ok~ /G 0xF
H G = det(gi;). TR
8X’ Xk ovG 1
\/_ Bzk ~ /G ox t(\/_X )
B f e Co(M), W df € A{(M) = F0(M). EBITREXR
g, df SNE M LE—eRImEERY, B VS, #EMTEEY
XeX(M) %

i
1—‘ki'_

divX =

(5.1)

9(Vf, X) =df(X) = X(f). (5.2)
MR Vi FRAOREHR f EREER ¢ TH BE. A6, A
grad f B grad , f RRIEIFRE f OB,
B, B - VfBEHBS V: C°(M) - X(M) RERE:
BEE LR RERI T
EX 5.2 ZUEMASHET V:C°M) - (M) FHRERE
(M,g9) Liy BERF.

ERBLIFR Uiz) T, & fi=fi= 6 ,, 0]
df = gaidx = fidzt.

WMRB (Vv = f’a - W (5.2) XBF

af a 8 8 B .

BTk f7 = fig", ET

(Vo = fig¥ 5. (5.3)
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ERERT V SBERT dv ZEER, BRI 1THNLE
B S :

A=divoV:C®(M) - C®M),

BRRERENE LW EREENHSET.
EX 5.3 LHWBRH A CP°(M) - C°(M) RAERERE
(M,9) £ (BXTEREHEE g) @ Beltrami-Laplace JF.
MEXETH, A RERECEEH LM _MAUMIET. £T
HHEED, ERKKZETH Laplace HFERSWE LT
£ (5.1) 1 (5.3) WAL SRR, FEHEH A HRBMLFRER

¥
1 0 . Of
Ao = 7555 (VGQ’EJ) (5.4)

B 5.1 R7EVE R EXTFRKIKER g &9 Beltrami-Laplace 3
¥ A.

A (z,y) fl (r,0) 7RIRTR R WERREALTRARBITE,
JUES)

r=rcosf, y=rsind,

0 _88 oo _ .0 .0

or " Broz T oray - %0 toinbg (5.5)
2 Oz 0 +8yi9__ —rsinf— 4 +rcost96

96 ~ 96 6z 80 oy oz Oy’

XT R EWiAERKRER 9 &

& o a 3\ _.
=9\ oz =1 gi2=gn=g 3z’ By =0,

(5.6)
a 0
922 =g (5‘1}, a—y) =1, G =det(gy;) =1.
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M (5.5) RRAH

(20N o (22,
gu =49 67"67' - & 912—‘921_g 67"69 —

-~ _ 3 i _ .2 "'_ N 2
922—9(%’66) =7, G =det(gi) =r".

(5.7)

W (5.6) 1 (5.7) ALK

gl=g2=1, g2=g?=0

gll — 1, ~22 __ g12 = g?l = 0.

TR, MTEEH feC>®) A
19 af\ . 19 of
81 =73 (Vo' &) + v (V00" 5)
a

o () 35 (o)

G5y

L1907, 10 ( 15
Tror "ar) * o0 (r- ;2—_9_)
RINEUIY
%1t 7o T rGET
FR, R L@ Beltrami-Laplace T A EHALIRE (z,y) Fiksk
5 (r,0) THIRER S FIN
0° 0? 02 10 1 6°

AZ—- _— = — [ — ———
Ozx? + oy?’ Or? + rBr+r2602'

(5.8)
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HbE—- X FA RSB ARG SR R HE Lk, &
R* % T #R¥EH 49 Beltrami-Laplace HTHEE AL R (') TH
RERXH

— - _i_ 5.9)

A= ; Ozidzrt (5.
X IE 8 % /Y7 Laplace HF.
Beltrami-Laplace HFEH HIb—MFE. & f € C°(M), M
df € AY(M) = Z°(M).
St df RIPEHSBH - KR, 184 Hess(f), Bl
Hess (f) = D(df) € Z9(M).

Hess (f) ¥ 006 REL f 1Y Hessian.

EX 5.4 KBS Hess : C°(M) - (M) RARBRFE
(M,g) t#) Hessian XF.

ASEY, Hess(f) RAEBWE M LR _HihEikEy.
HELE, MFEEHN XY € x(M),
(Hess (£))(X,Y) = (D(Af))(X,Y) = (Dy(df))(X)
=Y(df(X)) - (df)(Dy X)
=Y (X(f)) - Dy X)(f)
=Y o X —DyX)(f) = (X oY - DxY)(f)
= (Hess (f))(Y, X),
HAEEE - SFSRHATRERSE D HEHEE, B
DxY -DyX — [X,Y] =0.
KB Hess(f) ERIBLIFER (U;z') THARN

(Hess (£)); =(Hess<f))( 0 3) 0 <ﬁ>—r’?.9_f_

8’ 923 | ~ ai \ 3z  dak
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=f,',j . (5 10)

il 5.1 MFEEH feC®(M), Af = g% fi;.
MR FIAREREZ D 5FE g WHAE, B
Gij ke = gij,k =0.
FrLd,
99 fi; = (9" 1) = F = Af.

HEHE.

LR 9% i j = g* (Hess (£))i; BRI BRZ M35k B3% Hess (f)
RTER g W, 14 trg(Hess(f)), 3 tr(Hess (). T4,

Af = trg(Hess (f)) = tr(Hess (f)).

RIEREVRERE LBECBERABEERL. WAN, F
HRERY (M, 9) ERIERBRITR dVy RAEBRMENE M LH m
Y, ENREBIRRARE

(AVan)ly = VGdz* A - - Adz™,
Hep (Uiz') B M WER— N SHERNAFURBLIER, G =
det(g;;)- .
T E BB B RRTBHE TH— 154
T 5.2 B (M,g) RAMERN m BEIRERE, WITE
B X € (M) B THBRAAR:

/ (div X)dVy = 0.
M

W XMT5ERARFNRERRER (U;), i

: 0
X—Xg-a-;



124 F=% REFRAHY
Mg divX RFBRER (5.1) BF
(divX)dVy = %(@Xi)dxl Ao Adz™

=S d((~)*VEXY) Adet - Adz A Adz™. (5.11)
i=1

&

m
w= Y (~)"*VGX'dz' A---Adzi A Ada™. (5.12)

i=1

AHRIE: w WRER (5.12) SERMBFHRBLIER U;2) B
TR, BMEKEEMEXAE M L m -1 KIS R. Bl
(6.11) KB F|

(div X)dVips = dw.

Frik, R Stokes EHE,

/;M(dle)dVM = /de = /aMw = 0.
EHEBIE.
MTEBRTANREREAENEEHLER:
EHE 5.3 (MEERE) ¥ MEn BEBF N URERT,

n R OM Lbfgf M pERE R Ak E R, W TEREN X e x(M), T
BRI AL

/ (diV X)dVM = —/ g(’ll,X)dVaM,
M oM

H oM BHEN M BRIER, dVen X OM HEKFTE.

R RIEEIE 5.2 WIEH], WEE wlenm K. Wi, M5
PR RRAIRR (U; '), 8 UnoM #£0,z™ >0, 31

UNoM = {pe U; z™(p) = 0}.
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B, FEUNOM £, {(-)72 2 ,om ) BT OM
AR AHANRTAIRE. EI, 0M BT dVow LI
UNoM ERPERA

AVors = (=1)™VGdz A --- Adz™ 1, (5.13)

H G =det(gap), 1 <, <m—1.
B o BRBRER (5.12) T4

wlunom = (1)™FIVGX™dz* A+~ Adz™ . (5.14)

fERE M L OM X, FEER M HARKECLTINES, n
BE- ¥

n = a™ > 0.

i
a Oxt’

B,
0 0

;.
{0 g e |
RAE UNOM b5 0M MRS FAIAHY B AR, dEREE
g(nvgi_a'> =aigiorT—-Oa ISaSm—l,

iy (5.15)
gln,mn) = ama’gy, = 1.

TR
0 =0a'giag™ = a*(6] - gimg™) = o’ - a;gm],

Bl a™a? = g™, & j=m, B a™ = /g™, @

aj = ng .
\/g_nm
HLARE (5.15) WE—RFETHF
aB Bm
Ima = ";,‘;gﬁa = —g'_m;gﬂa-
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Brik,
911 J1m-1 g1im
G = det ' ' '
9m—-11 " Gm-1m-1 YGm-1m
gm1 s Imm—1 Imm
*
= det <gaﬂ ym )
0 Imm + W *Gym

VG
EH—FE, BRHE (5.15) R,
g(n’X) =g (n,Xmi.) = Xmaigim = ﬁ
o™ am™

4 (5.13) ((5.14) UK (5.16) =X A E

—xm
wlunem :(—l)m"'l\/a—a—;dxl A---Adz™ L

= g(nv X)dVaM
iy Stokes EHE{E3
/M(diVX)dVM = /¢ng = —LM g(n, X)dVyy.

.
ENMEEEG — N EENH, A TEMEELD.

(5.16)

EE 5.4 B (Mg) REBHAN m AHHEERE, n
OM HyfETE M PR AR . WS TR £, h € C°(M) Bl
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TR AR,
/M(hAf _ FAR)dVa = /@ () = (Vo (517)

H oM EHFN M ESFHEM. (5.17) RPN Green A=K,
Bl M TEEM f,he C®(M), 4 X =hVf, WFH

div (X) =g(Vh, Vf) + hAf,
9(n, X) =g(n, hV f) = hdf(n) = hn(f).

HEH 5.3,
/ g(Vh,Vf)dVa + / hAfdVy = — / n(f)dVau.
M M oM

FE, XFH

/ 9(Vf, Vh)dVM +/ SfAhdVpy = — f'n(h)dVaM.
M M oM

B EEmHAER, EE (617 R, .
FFAIH, MRTE Green AXF4A h=1, WA TEHHHER:
#it 5.5 RIZFEHE 54, MM TEEH fecCo(M) HWTH
/ AfdVy = -—/ n(f)dVyr. (5.18)
M :2.%¢

A, 4 oM =0mH

/ AfdVy = 0. (5.19)
M

BRT LERERIL AT, EREWE (M,g) £F
ATLLE XA RSB X E# Hodge BT, RMHH T Hodge-
Laplace ¥, EfERERE LM REESTERFHEE+HE
ERAG. TEMX = HFERENNE.
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I, BEEX M EHIMESRHIRE. WF1<r<m &
o, € AT(M). ERTBRIFR (U;2) T, ENFTURRH

‘P'U = 'l—'goil..‘ird.’ltil A A d(L‘i", (520)
T.
1 ) .
Ylu = ﬁl/)jl.,.jrd.’lth A Adad. (5.21)
\ ) -
1’E‘]gl] a z?a ] ﬁ%( ) (gl]) 7#1’
(o, 9) = "'m,- S e, (5.22)
i1 <<y

B phie = gt ginirgs L R (5.22) AMERE RERART
£ (U;z') WX, Hig (<P, ¥) RATEEME LE M ERERE
¥ RIE g MIERHE, RAEIEHN,

1 .
(o9 = 56" i, 20,

FHFSRLYHENY =0 TR, £ M EEHENNHERLT, 7
B A™(M) B XA (), RS TERY 0,9 € A"(M),

(p9) = /M<<p, Y)aVy. (5.23)

LUE, A llell® Bm o € A7(M) XF AR () B, B ol = (0, ¢).

RXHE, SIS d: AT(M) - ATH(M) B PR R —
DR, RTAFES 2 3R REBT d°: AT (M) o AT(M),
ERMTFEEY e A (M) H

(@9, 0) = (¥,dp), Vip € A(M).

ATRHZUEAT d* WEEXR, BEE N Hodge BHT *
AT(M) = A™7(M).
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B we A"(M), WXT M LSHERMFHRHBLITER U;),
w FRIRLIRFER

(xw)lu = ﬁ/——?r—)'é};ﬂmwi"““dz““ A Adzim, (5.24)

AHRIE, EAARERRE MW LIRERTRATY. B w &
KEEMENE M LB m—r KSR, Bl ww e 4™ (M),

EX 5.5 KHEMS «: AT(M) > A™(M) FHANRERE (M, 9)
F# Hodge EXNF.

5.6 FEmBERBEEARERE (M,g9) £, Hodge EHTF
« BAEWTHHER: VYe,9 € AT(M),

(D) ¢ Axp = (p,¥)dVr;

(2) *dVr =1, x1 = dV)y;

(3) #(xp) = (~1rmH g

(4) (xp, x1p) = (i, 9).

B BERBLIERR (U;z)) T, ¢ 5 ¢ (RELIRRELN
(5.20) A1 (5.21).

Sk (1). REE XEETHDMT:

PAXY =;li . Wﬂ{—?-y‘)—!<p,-l...i,wj""j’5};lif?md:vi‘ A+ Adz* A
AdzI™+t Ao A d?m
=——rm<f_ T E L R p iy
dz' A---AdzT™

VG

=m‘-<p,-l...i,zp"""'5;1::',;-:d:1:1 A---Adz™
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1 L
:F<pi1"‘irw“m“ X \/—G-dzl A Adz™

XEIEHT (1).
%2 (2) RBAM.
FHEY] (3). HERE
VG

*Q = T!(m — r)!(si""im ‘P“"'ird:cir“ A A dzim’
Bp
(%) i1 i = %65111'::71"‘#1..4,'
i,

VG o |
*(*‘P) :_T!(m 1‘)‘6;‘ "; (*Lp)Jl"'Jm—rdsz—rH A Adgim

_(=)men G

8™ (wp)IrrImdgi AL A dgdn

r! (m —p)l Jrim
—1)r(m=r)
:( 1) m-—r . G 51m gj"+li"+1...gjmim
r! rli(m — )l 91Im
SOLIT QMg A A dadr
=(*1)7'(m ) G glom g1 gnkl .__gi,.k,_
r! ri(m_r)v Jreegm Yin e im
. gir+1]r+l .. 'gzm]m(Pkl"-krdzjl A=A dxj,.
:(_I)T(m—r) . 1 61 -m 6’61 ,.J,‘+1 ]m

r! ri{m — r) Jmleerr4lom
“Pkyok, AT A A dzir

(_1)r(m—r) 1

= ky---ky ; .
“——’I"-— 7-'(5]11 Jr Wk,...k,d:z:-“ A Adxir

rmery 1 . |
=(-1) (m-7r) | ﬁ‘pjl-“jrdxh A Adgir = (_l)mr-f-r(p

Y

LEBBEENESHATIIRGHEAR EF b kg -

'jm
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£ 1---m f— 1 EEHHF):

1, ghrkedridm

1.--m
4; l1.e.rr+l--m

i1k inky ir jr 1,.. imjm —_ -
l1"'img 1...g"‘ g +1Jr+ g _G

SEER (4). B (1) A1 (3) T8,
(rip, ) = /Mw, )V = /M v A *(3)
= (=1)(m-")r * = *
(-1) /M oY /Mw "
- /Mw,so)de = Wh¢) = (p,¥)-

ARIRIE.
Bl 5.2 K Hodge BHF + 7 do” A--- Adz LEOTEA.
W AT

dIL'11 A=A diBl' = —'(5;:;" dz?t A--- A der’
T T

R (5.24) KNAF

krjr .

*(dz"‘/\---/\dx"v)=r"/§ 1m kg

S8R dahrr A - Adate

gilkl . gilkr

= - \/C_; Z 51--~m
ri(m —r)! kr-ekm
kiyooikm girkt ... girkr
~dzFt A A dhm
gilkl gilkr
=VG- ) &,

k1< <ky

irk irky
krtp1< - <km g oo g1

cdzF A A dhm
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EX 5.6 ¥ (M,g) R m fEFAREWMY, KBS

§=(=1)™*!xodox: AT (M) = A" (M)

WA M Ep KRS NF

B, 605=0.

EE 5.7 B/ (Myg) Bm EEBWEREERE, WIMLH
Fd:A(M) - AT (M) SRWDET 6: AT (M) - AT(M) XF
AR () BEAILRA LR, B 6=d"

B B e A™(M), ¢ € A™HH(M), W

d(p A*y) = dp A xp + (=1)"@ Ad(x)
=dp Asyp+ (=17 (1) A x(xd x )
=dp A xp — @ A x(69).

H Stokes EFRB T
(dp, ¥) = /M dp Awp = /M o A x(5%) = (1, 50).

IEEE.
EX 5.7 B (M,g) Bm BHAREWRE, Bit A =dod+dod:
AT(M) —» A™(M) %3 M L8y Hodge-Laplace ¥
TE %8 Hodge-Laplace T A £ C(M) = A°(M) EHIER.
B MEXGM, MFEREM feCo(M),éf =0, FTLh

Af=6(df) = —+d*df, AfdVy =*Af = —-d*df.

& (U;z') & M ESHEEAFYRBLRR, UE

of . i
Ozt dz’,
VG

(m—1)!

dflv =

& gt gédz" A---Adgtm

*df|ly =
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m
1 Of —
= \/52(—-1)'“551—._(}’ dz* A---AdziA - Ade™.
i=1

&,
AfdVyly = — d(xdf)|u = —% (\/@gij%> dz! A--- Adz™
=— AfdVplu.

FTRL Af = —~Af. BB —A £ C(M) L FItR TR AT m B E X
5 Beltrami-Laplace H-F A.

§2.6 BELR

ST 28 m S M, BT HRBLHE (U; o) Bl
& Rba {592—} Bh, AT % B P — R AT {e):
B o BTN M RAFE U LRI RS, $E
S TAER— % p € U, {ei(n)} RYEH T,M HERK. Al {0} BRE
(e} MBEALHRES:, B dp = w'es, p € UBE §2.1 WRE—B).

B D BAEH|IAIE M E— 8K, WFE U L—AXRE
ﬁ F";i’ ﬁ'i%

D,e; = Ik ey
XA R TS, FRHBRE D ERTIRRY (e} THERERY. 4
wh = Tk,
N wi BREXTEU L—AH 1 KSR, WHE
De; = wey.

X m? A VR {wf) FRABRE D XTHEG {e:) ) BRETR.
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MR (&)} & U LB —REEEY, SHMBHRIIFES
R (), MEERREY o c C=(U), #18

é = alej, @' =bjuw’,

Heb (b)) R o = (of) WA
% D 7ERREY {&) THBERBRBEEERSHTH T f of,
Ap

5. — Tk ~k _ 1k ~i

M2, Bk LR AHE

oFale; = ke, = Dé; = dale; + a{w}‘ek = (da] + afwi)e;,
B it
al&f = da] + wiaf. (6.1)
(6.1) AXAHE Y
@} = bida¥ + bjwfa). (6.2)

(6.1) #1 (6.2) REBLERLER AT K T I R HRA
R BB LRABEREERER: Bw= (), 0= @) BE 1
KRB m B GLE LHEEERTR, FTHERERY),
W (6.1) 5 (6.2) XEMF

& =a"'da+a 'wa. (6.3)

A, MR (e} W {e) FHRRBLIFE (U;2)) 5 (U; ) FF
XtRLE B AR IRES, B

a 0

“= 5 YT aE

WFERE o B2 RIRL TSR Jacobi HikE, BJH

_ (9
= \8w )"
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AHER I, BRSE (6.1) AN §2.4 1Y (4.3) AR—BE.

EE 6.1 & (M, D) B—4 m GHRETN, (e} BENFE
HFRU C M EHRERES, S5ZHBHRIIRESICH {0}
AR {wi} B D XT {e} WREER, N

. . ) 1 ..
dw' — W Awj = ST’ Awk, (6.4)

KEF Tjik % D H@%$%ﬁ T B@ﬁ%, EF Tjik = wi(T(ej,ek)).
B WRIEFE—EWER 7.2,

(dw'—o' Awj)(ej, ex) = ej(w(er)) — ex(w'(e;)) — w'([e;, ex])
— w(ej)wi(er) + o' (er)wi(e;)
= —wi(er) + wile;) —wi(lej, ex))
= —Tj + Th; — w'(les, ex))
= wi(Dejek — De,e; — [ej,ex])

= wi(T(ej,ek)) = T;k
& BBIBIE.

EX 6.1 2 YIS O = du' ~ i AWl BRYBREE D R
Ry {e} TH BRERR.

#it 6.2 % (M,D) B—4 m BHHBEEEE, WMTF M LiE
BE—RESRRY {ep);p € U}, REKER T TURRN

TlU = Qi ® €;.

B FAERS X, Y € X(M), T(X, Y)ly = Q(X, Ve,
BT, BSMERESNT 00 =0, 1<i <m, LRE

dw® = W /\w;.
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Y (M, g) AREFEH, & gi; = glei,e;), NWEKZE D 5EFER g H
ARG A
dgi; = wlge; + whgir. (6.5)

s, MR {e} B U LMBRAIIESIEEY, W g; =6y, TRES
A% (6.5) LA

w;» + wf =0.
XEE, REBBEMIFER—E (BH 4.5) BV T REEN E MR

TE 63 BURmELEINE MOFTR, (W)} RENE
U E—ARYIGERY, NE U LHEEE—H—48 1 KSR o},
1<4,j <m, WRRMG

dw' = Awi, w!+wi=0. (6.6)

8 HEREVAMEEHEERY O BE—K. EEF do' 22
KM, AR

dw' = %agkwj Awk, a;-k = —afcj.
%1+ (6.6),
Wl A (w; - %a;'-kw") =0.
R4 Cartan 313, £ U LEFELBRY b}, = b}, 8
wj- - -;—aj-kw" = b;kwk,

Hm#H .
wi = iaj-kwk + bia”, (6.7)

HEKME o) + o] =0 B

. : 1 . .
bk + bi = —5 (a5 + age),
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. 1 .
bi; + b;'ci = —‘2'(‘111' +a;i)7
. 1 ;

ELR=EAKX TR, BRER=X, HHA b KT T
PRRIXTPRIERT of) 2T THEVREI TR, TXERE

207, = afcj +af. (6.8)
B, Yo RMA b, R of, —BAER. RN (67) R, N7
o= 1Yl -l + b, (69
k

BT, WRREAM (6.6) B 1 KMAR ! EEH—4. BFRIL,
i (6.9) R XHKA 1 KBS RMEBRA M (6.6). i

R 6.3 HRITRHET ABEDRRAII ERRERAN %
BB HTREFELAR AN THEENTREXL

Bl 6.1 REMRE 5™ = S7(1) LRBRAN BRI KB
FH.

W R SRS LW, U =S\(S). BAmERERY U
LHRTLIRR (U,6)SRARNH 2.2), W 5™ BER o U Ly
O

DY
(1+x,@7)

ds? = gl =

&

i e
T iIrn@?
2

M ds? = S, B, (') B U LMRAERKRES. SH
MBI EESIRES (o) £

e,-=%(1+§jj(e’>2> 5‘% 1<i<n.
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% De; = wie;, M ol TR A
dw' = wf Awt, w! +wi=0.
ER—FH, BEETHES

dw,.:__4‘2,~§"d£"/\d£"_zwj/\( 26 e’ )

(1+,(69)° IEDMR

i e g
‘;“JA(HE,@')? rsier)

HEH 6.3, ZEHANEZIRE {e:;} THKEEXE

i 2 $905  eidci PG ki
wj=fm,)—2(§d§’—€’d§)=§w’—f’w-

HER D ERBERER (U, &) THRERN, REEET

o __ 2
FTE S DA (O TR

HFFBE D BRI, FTBT
9 pf__2 .
Dgg =P (1 + 3, (6 e')
2

2 .
=d <1 +Z,<£')2> 4t T @
_ 4 i e
_(1+z,(€')z)2( 2 Edet ) (e fdf’)e,)

Jj

_ 2 o o,
REPMGE %‘,(—ea,-k ~ €0+ £5,)480 - 5.

T2 D ERBLER (U;§') THEREREE

2 . .
I = W(—E&ik - £ + €56y).
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§2.7 T3

EREET, CEFMABITeTERER LiB&NE XY
A X—R A BB LT HER.

EX 71 % (M,D) B—1 m GFHKEZEE, v:(eb > M
& M PH—REML, XcX(M) mERML A

Dy@X =0, Vteab]
MR X R v 2 BT 8, S0F X BRIEHE v 8 B0
5.

ETHRETEANRTEE, MTERMEREEy X, the
S¥ DX N5 X FEML + LEAEX. YU, EiTeURES
X B v WPATHR, TTUEE X REWR v & X ES
X = X(¢).

MRy BERNRTLIRR U;2) W, FEX =X BB &
XECE IR, 4

Zi(t) =g on(t), 1<i<m; X(t ZX’()

Y

¥(t)

ozt

’ dzi(t) &
Wy Z zdf)a:c”

DypX =3 (dX © 4 Zr’“ xip Y d‘“"dt(t)) o (7.1)
k

7(¢) .

Hit, YIEEs X () FITRFESDERER X AR X5 () %
Mo TR

ka(t) +ZF dl‘ (t)

—g5 =0 1<k<m (7.2)



10 F=% A%

ATUENRAMITE, EHIIASBCH MRS

A1l SBEbHEiERHTSMES

EX 7.2 ®y:leb > MBNERE M LH—FEEML,
MEFERE [0,b]) — RSB a=to <ty < <tpy <t, =b, {#
BXMFE— 4 1< <, Vg0 e, ti]) > M B2 M _ERERH
2, MK~y B M EH—% SRR Wt ()1 <i<r-1)
PRARNER v 1 TS (& ,l_lffl— Y() 5 tl_lffi Y'(t) Z AR AR LR
v ETR v(t:) &8 BRESER 1).

ERE CRHIRIFR A B + —1 RiBRIS.

By R M EH—FSBIEENE X EM EHR#HEy X
HESEYI RS, WREE +» H—DHES

a=1 <t <---<iy_1 <ty =0b,

B X FEF—A/MEE [t 6] EHREESEEBKBT G5 ¢,
NiFR X RWriiek v & X Bkl (1)) miis mEx TR i,
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X R MR B v e, 0 BETATHS, WFHTHERS X i+ BVT
B, R X By B (S BREN) FiTmES.

T 7.1 ¥ (M,D) B4 m FHHBKEZNE, pe M, v:
[0,8] » M B & p=7(0) HEM—ZSBOCREL, NMTEER
Xo € TyM, LR + FEE—HM— BB FTHEY X = X(0),
WP X(0) =

EEA  BE XIH] [0,0) —Y6HE RIS
O=tg<ty <--- <ty =0,
E/MNTE 1 a, 1 <a <N, BIRE Vg, ) BEER v(ta-1) B
ENRBLIRR (Us;h) .
HFERR, 8 (U;z') = (Un;21). BRSE
; 0
X = X' et
’ Z S 7(0)
3B Vo) TE (U; ') THRBLIFRERXR

ri=12'(t), 1<i<m.

€ T'y(O)M;

R (7.2), %EWT%—V&&%&#%&%??&EWB{EHE:
dx* Zrk X' =0,
Xk0) = X{;, 1<k<m.

HAUFRE RS T RARKFER e E, BEIWE B4 (73)
Yy E — i — 20 6 B 4

(7.3)

Xk =XkE1t), 0<t<t;, 1<k<m,
AR —ME 7o) BTFTHEYG

0
=2 X5, 0<t<h, X(0)=Xo;
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FEHE T MR X1 = X(t) € Tyo)M. RIETEMERE ), ) LEE
ERMRE, BAFUBR—ME v EXH. FHEERERM B
BYIEEY X. JEE.

REEHE 7.1 B RE, HlL v WP TERESE v 8 —1
JE X LR,

REAR, —MEREFREMSTRA (7.3) HBHR— 1 rRE
&, 3EENTE—MERH T,M PHITR Xo MH—BEn. B,
STBOGHEE v WP T RBRSNESHER—1E T,M FHeEiE
. A, XM FEEREML 0<t <b v WP ITRBRHAELT
M T M B T, ()M WERERM P} : T,M — T, M, FRFEHER v A
t=0%t W LT8R X, dUIRE Xo € T,M BEMYTHILZ +
TR R EY X WUERN

X(t) = Pj(Xo), 0<t<b.

B2, RN L AERE TS, RAURT TR
& B, TEOEERS, MR eSS () Tl
BT T B % ‘

R 7.2 B/ (M,D) B4 m BHEHBEEE, 1:[0,6) > M
B M PEE— ML, MTERS X € X(M),

v o PlearXon(t+ At) = X o9(t)
v () At—0 At )

(7.4)
38 p = 1(0). % T,M FRE AR {e:), 3 HB
ilt) = P(es),

W e:(0) = e;, TH es(t) Rify v WOTAF S, HA

Dy(t)ei(t) =0.
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mT P ToM - TyM RER, & {e:()} B T,M # %
. FE&, X1y LRBRHTTRRRN

X(v(0) =Y X*(Deilt),

=1

Hehgy X°(t) 2 ¢t stRE. Arid,

Dy X (7() =7 (8)(X7 (1)) - eslt) + X*(2) - Dyriyes(t)

= Z d)f;t(t) . e,‘(t).

i=1

EH—FHE, HR Pl s TygranM = TyyM BRI, FrLA

PLoa (X (7(t + AL))) =PL A (Xt + A)es(t + At))
=X (t + At)ei(t).

N

Ptt+At(X ov(t+ At)) — X ov(2) _ Xt + At) - Xi(t)e,(t)
At a At e

4 At -0, NE
lim Pl A (X oq(t+ At)) — X o 4(t)

At—0 At

00, ) X010

AR (1.4) RN, DynX RYIMES X EMEFL 1),
Yo+ At WEZ 25 At MBEIRIE, R X(v(t + A0) B M %
e+ Ar) ReenbIE R, DAEETRE P, EEEHE 1(t) L]
FEZE, AR5 X(0) HE. (74) R B—MRER. B ¢
8, 4 At fERBE, MY At AR, P o, (Xon(t+AD) £ Ty M
2 X(1(0) F—& ML, T Do X EFREMATES X (1(1)) 4
B &
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RT3 (M) Bt m BRBWE, D REMRBRSE.
B XY AR 5 : 0.6 » M TR KRR, 1
BT 9(X,Y) Wl 7 HEE

T FREWS D SRS o RIEY, HA XY 0T
G

CEX0), Y (1)) =09 X (40, Y (1(2))

+9(X(r(#), Dy (Y (v(1))) =
RE—1TE5RAN XY ¥ v RTIT8. Hi,
g(X(v(®)), Y(v()) = ®E.
R BRI,
TENERE 7.3 (ML, WML v WV RFEIE R K EN

KM BAER, MTRERE (M,9) WEBBETS, THE
Bl Ptl t Tyey M = Ty M REFEZERN.

§2.8 MM EHYEREE

BAH AT LIRS SR M TR, TR LA B 8 4
RAEHLE YIA LRSS, I L SRR SRAE T XY BB (E R
BEERMSOTE, AN, THBHOESGTUBERNEA L
K. Bk, R LEBE SR BRES U R R B A
HZ—, HETHTEHR. AV ERA L WREEDfEEE
B9 4R,

EX 8.1 Wr:E- M BEXEGE M LH— RN, [(E)
REFBAKCEREGSEE. FEMRA E Ey—4 BED Ris
Begt

D :T(E) x X(M) — T'(E),
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(Ev-X) = D(EaX) = DX§7

HABEYUT&ME: HFEEN X, Y e X(M), Enel(E), NeR, KA
B f € C® (M),

(1) Dx+sv€ =Dx&+ fDy¢;

(2) Dx(§ + An) = Dx&+ ADxn;

(8) Dx(f¢) = X(f)§ + fDx¢&.

MEF, Dx¢& FAEEEBE ¢ XF X WwhESRH. X4 (D)X

B Dx¢ XFHEAR X FRBER, TRWUERKSE D B/EBRH D
[(E) - T(E ® T*M), 518

(DE)(X) =Dx¢§,  VE€L(E), X € X(M).

D¢ FOAYE BT ¢ KRS

B 8.1 IRV LB,

# (M, D) B— stk s, Nk XMiE, D& M mih
TM LRyERE.

EB—HHE, MFEEW ac(T*M) = AA(M),a B M LK—
A 1RAMESR, BE (44) APWEXL, HFHEEN X € X(M), a %
F X thEFH Dxe H

(Dxa)(Y) = X(a(Y)) - a(DxY), VY € X(M)

% . BHBAE, B (0, X) - Dxa BERBA D : I(T* M) x X(M) -
I(T* M) BATA LR — B, FRyYIA LB D 2 5 R
ST EHE SR,

3132 8.1 (BAHREBY) & D REEMA 7: B - M Lay— 1B
%, &nel(E), X,Y € X(M), U & M {34 Mm%

§luv =nlv, Xlv=Ylu,
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M Dx&lv = Dyn)|u-
XAB|FHAER 53 4.1 K4, BAIEEENNGD].

BB ME—BNn BN URMBEE—1TIE
ZEFFE, TR E N U) ERRE, WEREL

7: Ely =7T—1(U) - U,

TREEN E £ U RS, FARSHREBEREDE N E
LH9EESE D BMESN Elu LRBS. MBE U LEE M B
WYY {ei, 1 <i <m}, URARN E £ U LR RTFES
{sa,1 < @ < nm}, AMTF X € X(M), £ € [(E), TLUF

Xly = X'e;, &y =£%a,
o X4 60 € Co(U). MBREHANE
(Dxé)lu = Dxqy (€lu) = X'De; (€%50) = X*(e4(6%)50 + £°De 5).
fBi5E De,sa = T8, HH 15, € CO(U), HABSE D TEAFRY (e}
R (s} THBEERE, W

(Dx&)lv = X*(e:(€%) + €°T3;)sa- (8.1)
XRRNESH Dxé ERFIFEG THRER. Hid
wg =T,
W Dso = whsg, 3FEH (8.1) Rig
(DE)|u = (A€P + £°wh)sp. (8.2)
wg FRNEKLE D

XRBE WS DE ERMIREY {s.) THEER.
EREIRRYG {s.} TH BREHR.
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(5.} BEBN EEU LW BN RERRE, #

5o = alsg, D3, =55 (8.3)

M af € C2(U), FALE U LBE— MU det(ad) # 0. BIREHIER
23]
=dalsg + alDsg = (da? + alw )sB.

5 (8.3) (B RN, B 0laf = daf +alwf, I
&8 = bida] + bowjal, (8.4)

b (b8) BRARE o = (of) MR (84) RBRGTERIERTIRR
AR THERAR. 5§26 —f, MREEE

w= (W), &=(@h),

W (8.4) AF[RRA

@ =a"'da+a lwa. (8.5)
—ANHRMEEE: EHRAL, WEX 81 FilRMRERT
FE? TENEEE S EETX—AFEE.

T 8.2 ¥ M RWMRBIHAEN m HBEE, NEE
BN 0 WHEN 7 E - M Lo @B REE — 1 BE.

i8] EEMEMN E LHE— B, BERIMMFB LT
BAMEEE. BB M BEEITRABRET & M LR B
HEE. TR A MyRTARNLTER

% ={(Ux;23); A €N},
UENET 7 WRLLHE {fr € CO(M)}. REBEX,

Suppf)\ C U)n 0 S fk S 17
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FH fo =1 AE—HE, BB E, MTEEW A e N, A
Eﬁﬁ%%ﬂk
pr Uy xR"* = Tr_l(U)‘).

R PRE—PNEE (6.}, FEF
sa(P) = oa(p,8s), VpeUs, 1<a<n,

W {s3) RATRM E ZESIRR Uy C M L5 XM RERES. Fo,
R FE—AEREN A € N, i D> RIS Bly, Lo T RS, [#8
HF Uy Lt B RYTHRE5 {a%} 5

A

Dii_sgzo, 1<i<m; 1<a<n.
033\

B52, DR Ely, L {s])} RN ARG RBES.
PR € € T(E), ® €u, = T &g, WH

*(Elvy) = (EE ) =) de& s

ME—AMEEH AN &
f,\(P) ' (Dxflu,\)(p)a Vp € U/\;

(/AD*)(p) = {

HD*¢ € T(E®T'M), 3£H Supp(fLD*¢) C Uj.
/%
D= Zf,\D'\,
A
M D:T(E) > I(E®T*M), st #,

D :T(E) x (M) - I['(E)



23 GELLERE 10

BB E ER— 1B HELLE, MTEER f € O°(M),{ e [(E)
H

D(f-&) =Y ADMfE) =) fr(df £+ fD¢)
A A

= (Z fx) (df &) + £ Y (/ADY)€ = df - € + fDE.
A A

RTBREMHRZMBRRZWEN. Fik, FREHTE X8RS D BT
E LH— B, fEEE

WD REMBAT:E->M EM—1BE, peM. NI D @B
AKX (8.2) TH, MTEBW £ € I(E), ve T,M, D, € n1(p)
RAENK. D& HANBRE ¢ £ p SBVAE X HIHIESH
Hoh, T M FREREL (0,8 > M, MR £ T(E) HE

D'y'(t)E =0, Vte [0, b],

WM ¢ HfiL v B P70, 48, HHABE (1 AR
XEIRL. RETHHBRESHE, STFERY pe M, BTLE Lk
§en(p) WIEHE M LN p HRANEHE v W TATBS, A
REER T AR L p.g e M BB r (p) #1771 (q) ZIRB LR
W, SRS p,q (MM v FX. KRS R BT S,
FERAEHRR.

BI8.2 HENEHFESHE.

B (N.D) & n BFHBSEZE, M 2 m SEWEE, f-
M — N RIS, WREE—EHH 9.2, 7T LUK FTEAHLE W
m: f'TN - M, ER M ERBH n BN, 5 06 REHY N
TH R X O6M) MBS D BE TN L3I\
% D, Rk HtEm T

MFPERB CeT(fTN) M pe M, LN ZEX f(p) € N BFF4T
BV HUEMESp WBE U BB fU) CV, #E V ERBHIRE



150 F=—% RIFAM

Y {ea}. WHESB U L ¢ qURRA
flu =& -ea,
Hepgre C®U)(1<a<n). MTFEEN X € LM,
Dx¢ = X(£%)ea(f(p) + €2 @)Dy (xppea €77 (D). (86)

N ERG 5 REITES (e} MERTERX. WR X € X(M), M E£X
Ly Dx& BB 2 f*TN - M $DEREE. TR, [ERS
D:D(f*TN)x (M) - T(f*TN). TYEEH, B DHEEL 811
B 4%, BTmRMEN TN EH—PERE, #OS7E BB E§%
JERE.

ERER, MTFEEN X € X(M), f(X)eD(f*TN). RERE N
REREHE, D RHENMRERE. WRERE D IWEURES
B4 D g, AR EWTEAMEISR SEREIEE 52 H):

Dx f.(Y) - Dy fu(X) = fu([X,Y]), VXY € X(M), (8.7)
X{&m = Dx&n) +(EDxn), VX € X(M),&neT(f'TN). (8.8)

FiL 8.1 B v:lab] > M RSB T (M,D) LHENX
wHize, BYIEE o AR NE, Wy EREBLERA. B, 3T
EER X eT(v'TM), X ERW LR M LM YImREML v EMR
i, ETHESY Dy X LLEEL (SEE MR 34 HED
3.2). RITFERBRLE D M Dy X 958 SORMERIE

DZ%X = ﬁ«/(t)X7 VX € F(’Y*Tﬂ/[). (89)

B, X IR v RTATR RS RA TS A D g X = 0. $5)
M, v BB <> Dy =0,

Bl 8.3 ERBMEMGHER.
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B DO BN B o> M LR, i=1,2. f1 E, Ml E; ]
Pt A EM E © E; MR E, @ E.(ZBEH—EWH 9.4).
PZEEHE DO M1 D@ EXFH A HEMN LH HREBSBEE.

MFEREN X e X(M), MR VE eT(E), i =1,2, X

Dx(&i® &) = Dg)fl &) D()?)fz,
Dx(& ® &)= D(})El ®&L+&E® D()?)ﬁz-

HERIEHM, LHE ORISR E X 8.1 ¢&H, AmEME
M E o E; i E; ® E; LR, 51ick DY oD 1 DO @ D).

B 8.4 % (M,D) BAFHBRE SN, WX TEBNIERER s,
D 7E BN TT(M) LB HSBL%.

HEE, DH/BTUIATM ARYMNA T*M EBE, TikEM
;M) RrATM 5 s A T*M WBHKBRAREN BFE—EH
%1 9.4), FrAdi® 8.3, D 7€ T; (M) A HRMFSFB% D; Hsoh, xt
FREEBH 7 € D(TI(M)) = IT (M), VX € ¥(M), § L RESBL D
X EEHE S Dxr RAERBRER (4.6). AHEAEEERS%
3.

S 8 =
L& (M, g1), (M, 90) REREFIE. HE—-EIEE 188, 3t
q:'ffﬁﬁg (p7Q) € Ml X M27
T(p,q)(Ml X MZ) = (al)*P(Tle) @ (a2)~q(TqM2)-
M FHRBER g =91 x g0 EXH

g ((a1)« X1 + (@2).Y1, (01). X2 + (@2).Y2)
=g1(X1, X2) + g2(1,Y2),



152 R=% RIxH

VX,,Xe € T,M, Y1,Y2 €T M,.

R g BRI My x M, ENRSER.
2.8 (M,g) Bm EFERERIE, U;) B M EE5HERMM
R RMBIRR.

g 0
gij = 9 (5;;, 'a—m—J) , G =det(g;),

PEH: m RIMEIAR dViy = VGdz A+ Ade™ SREBIRR (U;2)
MBI TG, EMRAREMEXE M LM m KIMESR.

3. M, M REREENRE, f:M-MEERFAE mEf
B M MERBESTN M MEE, IMTERG pe M, LR T,M £
F— 5B EHORRE (e}, {f(e)} BERSE TyyM LMEHM
BRER, UK f 2 RSTARTN. EH: [ RERRAEY AR
% f MMM GQEERA S EAATN B R TR EEY
Jacobi 175K,

4. i S™ C R RAITHERE, A:S" o 57 R MESBs, B
X FEBB pe S™, Alp) = —p.

(1) iEBR: A R%¥E,

(2) EX BRKEF: S" - RP™ MF

Vp € §* Cc R**!\{0}, (p) = [p],

H [p) BR p £ R\{0} PSS (SEEAZHH 24). RAH
2k (1) ZE RP™ LEINREER, HHNEN » BV RSHLE.

5 Bl 24 AT RHHER RP® LH—AREFR, AFE. 7%
RP" FARBRTRREEEN? Hf4r

6. & (M,g) 2 m BENRERE, X c x(M). HTF5EHAM
R RBBIRR (U;2), 4

?

w= Z(“l)i-"l\/aXidxl A AdZiA - Adz™
i=1
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O O\ wi iron s
Hp G = det(g9i), 915 = 9 (%’ﬁ)’ X* = dz*(X). iE9:

(1) w SRBLRR (U;2)) WBELX, HmRE M LBEE
XHym — 1 RIMEI

(2) R dVy B M WERRTR, WHE (X)dVy = w, HF i(X)
HE XA JEE 54 8.

7. W/ f9:(a,b) > RENLHER, (f)2+ () #0,f#0. 2%

U={(u,v) €R% 0<u<2r+e,ve€ (a,b)},
HPe>0 BXMS o:U >R WTF:
p(u,v) = (f(v) cosu, f(v)sinu,g(v)), (u,v)€U.

S = ¢(U) £ Ozz FH LBBE t & (£(2),0,9(t) 58 O WlEH—
R B BBl pese . AU

(1) o REBA;

QR ¥ S LESNER g XTRBEFER (v,v) 5N

gu1=f% gi2=gn=0, gn=(")?+()

8. M,M RREWK, f:M-o>MEER BEE—SNE
X 45). MFREBY pe M,iEp=1(), F, = f'(p) KIER f %
M ope MESEL N p) B o

(1) iEH: MFHEBpe M, F4% F, B M R ATFHE. MF
1ERE b € Fp, RIVE V3(f) = T3(F,) HRNER f 45 5 1Y HEL
2[8), BTE T;M PMIERWERE Hy(f) = (T;F,)* HRAER f £ 5
#y RENZE); V() M Hs(f) R BABIFRNER F ER I B
SRR 7 AT E;

(2) MBEMTIEEN b€ M, UREBHKTINE o € T,M,
v=fu(0) 50 REMS, WK f: M- M35 REEE. TH: M,
fil My RBRE M, x My(BER 2.5) B My, My B9 REY

7{1!M1XM2—)M1, 7['22M1XM2—')M2
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HEREER.

9. it K & R™ T4, {9,,1<ij<m} REXEK E#ym?
AR, FEMTEEN zc K, B (9;,(2)) B3, IEH:

(1) IR Aa) 1 A(x) S BIRERE (9:5(2)) B B/M B KFHERE,
A A#E K EREERE

(2) WHE K 2EXRY, FEMTEEN 2 € K, (g5(z)) BIEEH,
MIFEEER e M6, FENTFEEN e KAEEHN (0!, ,v™) €R™

#HE
EZ(Ui)2 < Zgij(z)vivj < 5Z(vi)2.

10 (mﬁﬁgrﬁlw u&m&%”) i& a > 0, N = (0, ,0,_a) €
Rn'f'l‘ é\
H" = {(zl,... ,xn+1) € Rn—H; (:L‘l)2+~" + (xn)‘z _ (:I:"+1)2
=-d’, "' >0},

B™(a) = {(£',---,€",0) € K™ (€)% + - + (€")? < a®}.

MFEEH p = (2!, ,2") € H', p Il N WABE—REZX |,
o) = (&, ,60) RAR L, 5BTH " =0 XA RAE,
B ETETE B (a) W, TRBRITHERE ¢: H* » B"(a)(LE).

EZEW (2, 2" e HM, & (8, &) = o(at, - -+ ™).
UEBA:

1 __az! n_ az"

€_a+:l:"+1’ e 8 ©a+ gl
241

.'L'l = _?L . " = 2a2§n

e T T Ener
! = a(a® + Zj(fj)z)
P, @

11. JERAMRAER 2.2.
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%1058

12. & M ZEAE R™ FR@HWE, (o4) 2R FHEA
MR MTEERR p € M, 7 p £ R™ PHFSR U, E15
MOU HEBHER:

4 = fA@!,-- ,u™), 1<A<m+1, (u},---,u™) € DCR™,

H+ D & R™ R H K.
(V)W M LEjRAREERY ¢ ARE ¢ = WwA/W, /e

,fAv' ) 7fm+1

1 . . %
wa = A P Ty (Z(Wﬂ?) ;
b b A

Q)RR EM EHBEGREFER 9= g;;du’dud, FEH.
G = det(g;;) = W?;
() IEM: M HEFTER

dVy = i(€)(dz' A+ Adz™ ).

13. 7£ R* PHIEFMRRMT: & (!, ,um), (0, ,0") €
R, W (uty ooty ~ (0f, o 0m) 24 HAUSTETE n MRS o, - a”
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%

vl — vt = 2ra, 1<i<n.

WMT"=R"/~iB7:R* > T" FHRYY, HFHEL ', ,u") eR”
8~ FBMAILH [u, -, u")

(1) 41 Tr WICREW, HAE T LEXREER g #8 -
R - T" BJREEE;

(2) EXBE o :T" » C* EH

1

tp([ul,--- ’un]) - (e\/—_lu o ,e‘/;_l“"), V[ul,---’un] €T,

O BR R B o REERS. BTR, REHEHER
BWE (T",g) R 2.5 FHFE XM n LTHFE.
14. B R B R Ry BV, B

K2 = {(z,y) € B*; y > 0}.
M FEEH (z,y) € R, B X foy € Diff(R), 75

fzy(ty=yt+z, VteR
A
G= {fz,y; (:z:,y) € Rﬁ-}:

EXTA R, BROERGUNTGEERR—1 2 S35 mRE
G M R, FRER, HBEMTER e=(0,1).
HRgRG LY EFERRER IF

(Le)*'9 =g, Ya€QG,

B L. BE G LWEBS SER—EIBE 4 H). id

_ (gg) o o 0
g =g 9z’ 9z )’ 912 =911 =9 6_:1:’53; »
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a 0
WEH: BHIEHLLTC e B g1 =922 = 1, g12 = g1 = 0, AEEE—
@y eG gn=gn=1/y g12=9un =0 LRREFE ¢ KL
W F LA A BE i
@)% z=(z,y) =7+ vV—-1y, #i& a,b,c,d € R, ad — bc = 1, jE
8. &

zr—)z'—az+b
T ez+d

SHMEREN G B H BHSE.

15. 2@ RERBZ MY RTBEERRSMELE.

16. % G RERK n i EFE.

(1) iER: 7 G LEEEEFN n K EFRTIMILR, BIFEE we
AMG),w#0, ERMFEEN ae G, (L)' W) =w, XE L. £G L
WAERS) (SEF—EIEE 4 8);

(2) BRiR w &G LW n RERESIMEAR, EH: wBRER
BIMEAR, X FHEENac G, H (R)'w=w, XF R, B G LIy
83 (SEE-EIES 4 8);

@&, RGLEHNEFREREER, oG L1
N 0 KEREMESR, BERET GHER. X HPs s BH
A R)

0l = | (R0 (Re)y ), (0),
VYu,v € T,G; VyeQG.

HERA: EEEXE () B G LH RAEREER Ho=(,)RG
LM FIERN B R R, HERE

Lig=g, Rig=g, Vz€G.

FAEREGFROFEEN B —MERFETUSES % W (14,
% 246 F).)
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17. % D RRBFH M LWRBRSE, EH: X TERN X,Y, 2
€ X(M),

2DxY, Z) =X(Y,2) + Y{(Z,X) — Z{X,Y)
+(X,Y],2) +{{Z,X],Y) - (Y, Z], X))-

Bads, o BRI D X(M) x (M) - (M) B M LK
RRBIEEER () HE. IMTEAETREBRENTFEER LS
FHY 57— kR,

18. ¥ D BZER G LATHUAEREHRR o ZEXRESFE 16
) BB, UEWH:

(D) XF G EWBE—NEAEFRES X, EDxX=0;

(2) ¥F G LMEBFHANERENEY XY,

DxY = 3(X.Y],

19. & D,D HRIREERE M, M LIRBBL, oMo M
REMEE, pe M, p=op). iEW: MFEEN ve T,M, URE
B X ex(M), &

Ps(Dy X) = f)q:.(v)‘P*(X)-

Hit, FREFERERERNVHREHKSE (B Levi-Civita B4) 7.
WRIEBEEH PR RHWEE 8k “SEBN, HHETRL?
Hftar

20. M EmBXERE, MR M LUHRIREFR.
MR EI B ERE A € C°(M), {18 § = N, Wl g M § EHY
HEWRBER Ky AVER

() BRE (U;z') B M BRFRBLIRR, 9. LENRER
# ¢ A1 g B9 Christoffel i 2 I‘f], Fk WREMTHXERER:

I‘k _Fk +6f6 J(log/\)-f-&fa 2(log/\) gug p l(log)\)



BeH, MR N =e, pe C°M), N EXBH

dp Op Bb
Bk pk k k N Kl .
Iy =T} +<5,(9 . 518 T T 9ud 50

(2) % A, F1 A; FFIREEFER g M § = \?g B9 Beltrami-Laplace
BT, M 1) MERIEHR:

Az(f) =272 (Ag(f) + (m = 2)g(V(log X), V), Vf e C™(M).

21. (RMERNBE) & M BHARE, 9572 M LHHEA
HERHLEWREER, ELEBEE pc C°M), #iig § =%y &
WDMDAREM EXT g M g WRBBS. IEH:

DxY =DxY + S(X,Y), VX,Y € X(M),

Hep
S(X,Y) = X(p)Y +Y(p)X — g(X,Y)grad , (p);

MAREEFIEHA LTS 20 BRE (2).

22. % g RAEBEHE M EH—EHE. MR ZHithEKERY
9. ME g BABBILH, WH ¢ K HREERE H7lih, EENHRE
ERAEREFNREER. RAKCHHREERR ¢ WEBRE M
N hER B, TN (M, g); MR M LB D MWREHR ¢
WRE (49 X, WK D ERHWREER ¢ 17 HREKE.

(1) iEH: FEWRERE (M,9) LFEH— B’J—/‘li g AT
WL, TR M LR ARBERGE,

(2) £ R EEX

9(z,y) = (@, yh = z'y' + - + 2"y — Y,
Vr = (.’L‘l,”' ,.’1?"+1), y= (yl ,yn+1) € Rn-H‘

H

g B R ERAREBE (74 Lorentz ER), W (R, g) &
—A B G, RN n+ 14k Lorentz %808, ity RPH! 8K L™ iF
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. R EMOPATBES R LA TRHRERSEFEROTITBNE
—BH.

2. U B m REBWE M H—MESHFE, X € X(U),
o(t,p) BH X BEN BERASHTHRBE (SEFESH UM 3, €X 33,
% 140 TT), 5 [14, 55 134~135 H).), I TEEM pe M, o(t,q) BH]
{5 [8) 38

dp(t,
(pét p) = Xl(p(t,p)’ (p(O,p) =p

B WRMTEER ¢, B p o o(p) = o(t,p) GRS o, R
S, WHF X B M EM—4 Killing m3H(s T/ NEFE).
(1) % X € X(M), #ERA: X B Killing MBS LERGER

(Dy X,Z) + (DzX,Y) =0, VY,Z € X(M).

ERFIEHA Killing H18;

(2) & M,N BRREWE, f:M > NHIFHE, XeX(M)iE
B: f.(X) & N LE# Killing [(EHLHNY X & M E# Killing
4,

) ®’pe M, XM EH—4 Killing 835, HEH X(p) #0.
EH: FEA p N—NRBRIRR (U;r), EBREER g & (U;o)
THEK g:; 5 =™ Tk

(4) K R* E& Killing [ #35.

24. i My #1 M, BREAEERE, DO f1 DO 4518 M A
M, EHREEKRE. & M =M x M; BRERRE SEAZEHA
2.5). ¥ (U;u') & My IRTEIRER, (V;v*) & M, WEHLIRER,
i

W 9 _pwr 9 @ 0 _pem 9
Da—‘irauf =T5" gan o P~ LBa Gyr°
TR (U xViu',v*) & M EH—NRBBIRR, BRIFEN
3 3
(pa q); _'"l' ) —: } 3
{ 0ut [ ) O ()
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Hbx FREEEER g€V,

0 —m><8 )

e = 1)x i f

Ou (rq) "\ O P
MFEEEEN pe U,

8

dve

9
= ((12),, (—-—a— ) .
(p,9) ! av q

LEFAKICSTUSER ~EIEH 18 W, iEH: M LHRER
% D f FHIEALS M

25 (REWENWEB) R Mo M EREER SBEAEIH

B8 ), pe M. BH, YIENE T:M HITFHEMR:
T;M = (T;M)" & (T M),
HAPW (T:MP 1 (T:M)° 3R M TE 5 SHKTYIZ R EY]
ZEE). B X e X(M), W X £ M i KFEF R M _EgKT
YImES X, %R&E
F5(X (D) = Xp(5, VPEM.

(1) iEBH: B— B ERY X c X(M) EE—RHAKTEEA X e
X(M);

() DMD LSRN MMM YRR, EH.

DxY =DxY + %[7,7]", VX,Y € X(M),

Hef () Bigas () WHESH;

@) XY N5 X, Y YRk X(B) M Y(H) HX.
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26. & (M,D) BOGHBEEZE, R M BHSHBFERE. W
RMTEREH XY € X(M) A Dy, 0y (V) = 0. (DxY) , MFK ¢ 2
M Ef—A (55T R D BRKIKER R™ XTIEERNEE
Bedg, R (R™,D) bayfifaeik.

27. % (M,D) RUFHBE =R, (e} B M LHREBIRES,
{w'} BEZXBERUIIRRG, B wi(e;) =65 IEM: MA D BFIH
BRig, WXTT M EERER - WM 0 R

df =) w' AD,b.

1

28. ¥ (M,D) R{55THLE 6], 0 AT(M). iE#: MEDRXE
WA, WXTTFERN X1, Xrp € X(M),

r+1
(dO)( X1, -, Xpy1) = D (1) (Dx0)(Xa, -, Xy s Xr)-

i=1

29. i% §* C R* REfIRE, (<, ,7%) B R FREALE
%, TR LR X=EAMERIRRGINT:

Xl = (_12,:1:1’1:4’ —Zs)) X2 = (_z3, —134,551,1?2),
X3 = (—zt, 2%, 2%, 21).

(1) IEB:  [X1, Xa) = 2X;, [Xo, X3) = 2X,, [X3, X1] = 2X5;
(2) &

er = %Xllss, ez = %Xﬂss, e3 = %Xsls&
WEB:  {er,e2,e3} BATEEME X S° LAYy, #HER
ler,ex] =e3, [e2,e3] =e1, [es,e1] = e2;

(3) 8 {e1,e2,e3} BEBMIERIREZMERE S° EHRET — PR
SHH g. AR g B9 Levi-Civita BE4%,
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30. & (M,g) R m HEMRENE, we A (M) BEETEM
MAFRRBLIRR (U;e) T, w AHEMTHREX

1 . A
w|U = —'wil...i,dz“ A---Adxt.
T

EH: w0 B MR (5.24) WERSRBLIRR (U; o) HBERTX.
31 R EMEABRR (2,y,2) SRETR (r0,0) KEFWT
BB A A

z=rcospcosf, y=rcospsingd, z=rsing.

A3k Beltrami-Laplace HF A FERRBIR R THRER.

32. B A f1 A FIR R fS™ X FARHEE BRI Beltrami-
Laplace HF, W& (z1,--- ,z™) B R LB RREALKER,
i

r=+/(z1)2 + - + (zmt1)?,

R R ERERERE f(a!, o, a™) ATRRARN f(r-p), R pe
S™. EH: Hr>0nf, TRXREAML:

EXE A f BB f(r-p) fEH p e S™ BREFTRE Laplacian.
33. 7£ R*"\{0} 4
o zidz! + .- + z*dz"
T (@) 4+ @v))E
K xa FHEH xa RS R (BBEE—EIHE 63 ).
4. B MEm BFEMRERNE, dVvy B M BHERE, Xc

X(M), i(X)dVy € AN M) B X 5 m KIMEDR dVy BIRTR (B
BE-EIEE 54 8), i

(Z(X)dVM)(le aXTIE—l) - dVM(XaXlx" : ,Xm—l)a
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VX1, Xy € (M),

JEBE:  d(i(X)dVi) = div (X) - dVy.

35. % (M,9) BEMRENE, DEM LHRIFERE.

(1) R {es} B M ERH—AH5ERMHEFHNRHEICHETIRES,
Hi& gi5 = g(es e5), BEE (97) = (945) 71, EH: RWMHHETF 6 WLUF
A

ba = —g'(i(e;)D.,a), Ya € A" (M),

(6a) (X1, , X;) = ~g9 (De,2)(ej, X1, -+, Xp);

2) MTFERH o € A™HM), MA LHMREXH#E—HFH do
KT BRUITERG (') BRERX;
3) MTFEEH X € (M), | ox A TRBEN 1 KPR

ax(Y)=g(X,Y), VY € X(M),

WERH: X BEUE divX = ~6(ax).

36. IEFAIN T8 Hopf I ¥ M REREHM T EmEERE
. MR feCo(M) R M L& RBFORY, BIHE Af >0, 1 f
HEERY. R, W FE M LR BR&SE Af=0), N f
REERL

3. M EmMmBRERE, peM, X ex(M), H#H X(p) £0.
mE Ut 22, ™) B M ¥ p RN~ RBLITER, #5

X:-g, dVy =gdt Adz® A - Adz™,

at
UEBA:
i(X)dVas = gda? A+ A da™,
S et B divx = 229

got’
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38. iRt {e;} RRERH M Lay—A 00 IE R0 BRI ES.
(1) FERA: M FAERB f e CoM), V=) elfle;

(2) ERH: X TAEEM X € X(M), divX = lz:(De,-X, ei);
(3) MA (1) #1 (2) EF LSRR

div(Vf) = ~Af, VfeC®(M),

H A & Hodge-Laplace HF.

39. | (M,g) REBHEREWE, df 23R M EHIMES
HFRMEAHETF, A=d0+6d 2 M L@ Hodge-Laplace HF. Xt
Fwe A (M), MR Aw=0MKwE M Ly r K BFRKK. & H
B M EH r KiAMBERXWEE, () BH (6.23) RAEXHAR, N
AT(M) XFHRE () AETHIER?H (Hodge FBETHE) :

AT(M) = d(A™"1(M)) ® 6(A™H (M) @ H.

iR Hodge B FMIEAT LASHSE UM 46, 5 223~225 T).
(1) EB: we A"(M) BRRMBRY HATY dw = dw = 0;
(2) IEF:  A(AT(M)) = d(A™1(M)) ® §(A™H (M), MTIHRE L
H# Hodge s ¥, TR ML:

AT(M) = A(A™(M)) @ H" = do(A™(M)) ® 6d(A"(M)) @ H'.

40. & Z"(M) = {w € A™(M); dw = 0}. F|f] Hodge /& EHIE
8. Z7(M)=H"®d(A"(M)).

41. MAERE 6.3 LR BREMNFAERE —H (BIEE 4.5).

42. R P S :r=r(u',v?) HE— FoEEXBR5N

2 2
I=3" gydu'de!, II'=" b;duidu’.

i,j=1 1,j=1
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wh=dut, wP=0,
wl = }:Fikdu’“, W} =Y byde!,  1<ij<2,
J
§=~Eg”“bk du?/, Wi =0,
b T, %Eﬁﬁi gij = (801 2 J) # Christoffel i0%, Rl
(g9) = (gi;) . WMBEAE 1 < A,B,C <3, REIE:
(1) H—HEWHE do” = ZwB Awh BB BB ILAY;

(2) LALLM H R dwf = Z“’A AwE SFRMTE M # Gauss-

Codazzi 1.

43. ¥ M REFMBRERE, pge M,y B p o HAN—%
KRR, TR Wy TR P, T,M > T,M RARHRE
SIS, XE T,M I T,M R4 BIE M i mpasE.

8. M B R FHENME, ARAASREER. (b >
MR M RH—F0RHE, X = X(t) BE M B v & XH68E
YIRS, X FTREMEERGT X (0,5 o R

(1) ES: X R 7 9T AT RS EALS B R o RO
i S0 BEF T, M, Vi€ o8], RBEBHRNT R hio
.

(2) Bi% §? C R R B B pRE, v & S? Fe—A Kk,
FUILK ¢ HBH EW (1) BIG 1 TR, XAERRE R
i AR T S™ BTSRRI 7

45. %M L RTHE

K. = {(z,y) € B%; y > 0}.
ER, LENREHR g FHELER (,y) T,

1
911 = g2z = 7 g2 = 0.
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(1) JEB: BEH g Ay Christoffel iT5 2%
I, =T} =T =0, It = ';', T, =T3 = *ii

2) #v=(0,1) & R 1E& (0,1) &wy— A YIHHE, () £h
ter (1) AHEEEHE, X = X() By BT TEES, WE
X(0)=v. IEH: My MIRIERE X(¢) WAEHAFT —¢.

46. 1% S & R® P EAIRRE, v & S? Le—/NE (BTAT
B), v Sy E—2p beyyirmi. KA o iy TN
 OERRR.

47. W p ERBRE M LM—&, v:la bl oM ERENPH
ML, B TERD € a,b], v(t) =p XB X BHF v XK
S ER, MERMEMN v TM —MEEEE SESE—EH
9.2). B, X WWATLABIECEMEt X : [a,b] - T, M. iEB: MR D
BAEMN vTM LR FESBE, NE

DX _ ) xo9X
dt B¢ dt’
BiESEBE D 5 T,M LS EMSES.

48. ¥ (M,q) BEREWH, »:TM o> M B M EHINA. X
ATEYFETUEYNA TM E3IAREER: VP e TM UK
VYV, W € Tp(TM), BUTM EHDEHE R

v=uv(t) fl w=uw(s)
{78 v(0) = w(0) = P, 3B V = v/(0), W = w'(0). RS
y(t) = mou(t), B(s)=mow(s),

W v(t) M ow(s) S 5IR M EEAEIE , 8 B XWRES. HDR
BRR M EMRBBEEN RN v TM M 4 TM LHFEREKYSE, <
X

VW) = gl 00,5 07) + 9 (510, 3200))
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Hrh

Dv Dw
‘d—t'—D%’U, -d-s—-—DBQ;’w.

EH: LEEXHRR (V,W)p G o(t) # w(t) BEBRIE, F
HAHRTYVIAE TM LH—1TREEE, Ty DAENESER

49. % f: (M,5) » (M,9) REGER SELAEIHE 8 ).
() B M EW—&HE, MEMTEES ¢, () BER fF &KX
F(t) WAKTFYIE, FR 5 RER f(E M ) 8y kTdg Bk
m:TM - M REEWE M BUIN, §RTM LHESER (B8
FEIEE 48 ). BR, ABE ~ BER. 9.

() XMFEBE P TM,V e T(TM), mE V BEGETME, N
]

gvV,\v)=g(V,V);

mRV 2T, WE
gV,V) = g(m.(V), mu(V)).

Hit, AB¥ » XTHESER RESEBR SELEIEE 8 8);

(2) TM FRIHER v(t) RAKTFHYENY o(t) BIF M PHHE
v = 7w ou(t) P47 R

(3) MR v(t) B TM PRIKFH#L, N o) M rov(t) RAME
#I, BP L(v(t)) = L(7 o v(t)).

50. EBA5(|3E 8.1.

51. fREEFEH 8.2, R (8.6) AMAWE RFIMEY {e.)} W%
Ik, FHEUE, & (8.6) A& XHBRE

D :[(f*TN) x X(M) = D(f*TN)

WEE N 8.1 WFH &,
52. iEBI (8.7) 71 (8.8) .
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53. 1E4 8.2 FRIMEBBY RN « : E - N RELINA TN, 2 LFE
M EHIRIEIMN fE, 37 E LRABS D FAT, ROsIA[
N f'E LESERBRE.

54. % DO REBEM m E; » M LABEE, =12 AR
HEFRBES DO @ DO, f1 DO @ DO RBKLE RPFNBREL A,

55. & (M,D) RAFSTHBRIE M, EBA: XT D EKEBMN 1T, (M)
FHERBRE, HEFHEAR (4.4) L.






B=EF sk

§3.1 LR ROHEE

MR RN P W ELB AR ERE R RO L =M
PRI, ERKRZES, ERBEEER TN ANEHME. KT
Z, By:lob] o R* B—KFML, FHAY) A0, My WELZBRMA
4 v ByyImE v (t) REMR; FENENT
d "
el ¥'(t) =4"(t) =0,

Bp (t) YRR +'(¢) W B S ETHHYIREY. TOEEH, %
TR EHBREEM, LRRXFMARREEXY, BRTTUAXE
B £R.

&E (M,D) B—1 m BHHBREZR, TR RFH—XE.

EX 1.1 {FHERE SN (M, D) PR —RNBMB v: T o> MK
X e, MREHER () 1y BTATH IR, B
D /d
3 (d:) D, (t) =0. (1.1)

THAHRBRERTLIRRATHRESES TR ik, XF
EEH to € I, UM 8 p = v(to) WRTBBIRER (U; ), WA to 7E

I PR Lo, B8 1(L) CU. TRE L, £, v TUARELRETE
™A

D)y (t) =

i =z(t), 1<i<m,

}AH
dzi(t) &8
dt 9zt

7 () =

¥(t)
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4 0f BB D ERTAIRR (U; o) TRERERE, M

_Fk %

D Jt amk

2
* )

8
8=

)

2.k
Dy () = (L5 + 420 e ) 2

FREA, HHERBY |r, RBMBLHNY 2* =2'(t), 1 <i<m, BRY
RA:

v(t)

2.k J
%”2—+ dxt(ii"’trf,—o 1<k<m tel,. 1.2)

LR LA

B L1 By Lo MROHRAEER (M,D) i—00
e, W7 R (M,D) EIMMAS ELIR AR TR 1o € 1, e
Hp = 2(to) MRELITR (Usa"), LUK to 72 1 HOAR Ly, B8
1) C U, 3 E 7 RBEIRER o = 2() BEHBATRE
(1.2).

SEFMRAEE ¢ = o, NFEA (12) ToIEEH I
o

A (1.3)

BFLRFRANERE ' o BEEYR, REERSFTRYE
®, M TERSEMVE (to, 70, 0), UH € > 0, URME—B—H 8
HWAEKBRT (t, 20, y0) WY

Ii ="Bi(t; anyO)y yi = yi(t;a:O)yO): 1 < i <m; te (tO - &l +E)7

(1.4)
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WEETRA (1.3) U RBERE
£ (to; 7o, yo) = b, ¥'(to: o, Yo) = ¥o- (1.5)

EI 1.2 % (M,D) B m HHHEKETHE. MY TEE—S
pE M, FEp SWFS U c M, URYIN TU FH—PFFE
% 3> (p,0), 0> 0 FIEHBRE v : (=6,0) x % - M, HEMNFHE 1
E%B"] (Q,U) EU,

¥(t) = y(t;q,v), t€(-4,6)
B M hrfE—pgy—&MHER, R RS v(0) =g, 7 (0) =v.

Fid 1.1 EEPHE—ERE, MR, te (-0,0), B M
I — &M R, FHEMRRE (1) = v(t;q,v) WER —HWHRMA

3(0) =¢, ¥'(0)=v,
MZE (=61,6,) N (=6,0) LF y=7.

R WA pW—PRBRIER (U; ), BEFEMSFTRA (1.3).
REXHS T EERL (BESHE UM B, F 140 T), 7 TU PHER
(p,0) WFFARK Z, UK 6 > 0, BN TEEH (q,v) € 7, T4
(1.3) FrE—H— 4%

gt =2'(tq,0), ¥ =y'(tig,v), t€(=4,9),
% 2 VE R
2'(0;4,9) = 2%(g); ¥'(0;9,9) = v(2?),

FEXARBOLEHKBT (t,q,v) € (-4,0) x 7. HMN, B¥4
zi(t; q,v) RAME RS

d2zF  dzi dgzt

PR TI T

'(0;¢,v) = z*(g), (1.6)

dz? ;
E‘(OHLU) = v(z")
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ik

BE~:(-6,8) >UCMBEU FhHBEFTRE

2'(t) = z'(t; q,v)
EXWCHE L, W e 1.1 88 v BAME, FHEBENSERG
7(0) =g, 7(0)=v.

LAE, 1B v(tq,v), MERMN (=4,0) x 7 B3| M ¥t
HEST, BWEEEARM. IEE.

#it 1.3 (M,D) P—RIEMRHL v : 1 > MOEDHEERMF

V() # 0 ffllsher) MBSt BRERESME—TIHER, B
WmR y FEHFSHL SRS

t=t(u), ¥(w)=1(t), uel,

18 7: T - M BRE (M,D) PRI, WA t(u) = au+b, K
a,b HEH, Ha#o0.
W8 B ' (u) = ' (¢(w)) - t'(u), BTEA
Dy (w)¥'(u) = Dy () (7' (¢(w)) - ' (u))
= 7' (t(w)) - " (w) + (¢ ())* Doy (euy ¥ (t(w))
=7 (t(u)) - " (u).
& (u) 55RE (M, D) FERIE, W Dy w7y (v) = 0. BX /(1) #0,
A t"(u) =0, BT
tu) = au +b, a#0.
HIL 1.4 FRHMK (t9,0) ERE (-6,6) LHEEXL, WxFE

EHIIER A, WML v(tq, ) T (—=6/X,6/)) EHEX, FEAXMTE
Bl te (-6/06/N)H

Y(t; ¢, Av) = v(At; q,v).



§31 1]3&‘&%1&"\ 175

IEER  XHMIHER v(t) = v(t ¢, v) ESEEHR
t=Au, u€(=86/\58/N),

L A(u) = v g,0). WHBHER 1.3 TTH, ¥ ZEIE (-6/X,6/2)
Lo, FH 5 (w) = M (s q,v). Brid,

3(0) =+(0) = ¢, 7'(0) =2 (0) = hv

XERE ) BT g B w RIEEG L, HhmE—EE
g1
F(u) = v(du; q,v) = v(u;¢, W), v € (=8/X,8/X).
EX 1.2 (Mg RmBERERE, DREREMRERE. M
E%TF D By R ARERE (M, 9) B L.

EIE 15 W) RESHE (M,9) PH—RIEMPHHL, WHE
Mg ' (t) KEREE: FEFEF b, 0>0, R s=at+b
oy IR S,

i MARERESEEHETE,
%(v’(t),v'(th =7 B (#),7 (1) = 2Dy 7' (), 7' () = 0.

[, )
S
S =IO = o (EW80).

TR, AEBOES s =at +b. IEH.

EX 1.3 R () BREWE (M,9) PH—%KMME, MREY
() RBAEE, By =1, NHFER ERBME.

BEZ, EMRHL v BUIK A SHA ML,

AL 1.2 WTREWE (M,9) Kk, EH 1.2 HREBLH;
Bet, FFFE 27 R HECY

% ={(g,v) €ETM; g U,v e T,M, Hv| < 6},
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HPU RS p I—1IFFBE, 6 B—1PEH

ER 1.6 & o:(Mg) > (Nh) BRREREZAMNFHMEHE,
v =) B M FHRBE, W5 =9poy & N HHIML, FE
L(¥) = L(v).

i8] W DMDAREM N EHREBE Hy o RRTS
BE, Frléh 4 BsE A

¥ () =e(y'(®), WO =lo.(vO) = Iy )],

AT L(Y) = L(y). BA—TH, RI\EFE _EHEE 4.6,

D54 = Dy, (4)#x(7') = u(Dy7y') = 0.

BRBL, §=poy N AWM. .

FERBMAE, BT REEE 11 R R RS (12) & (13)
5b, TERICHETRIILE T LR I — B BRe ok, TR R £
B .

SH 1T & f:(M,g) » B REERALKESE R 8 m
BRRTI, WM 1 [ > M ERBIT (M, o) H— KN
%o HRRS &(f or(t)\ T

(7
XE T RAM R B M A E R

i % X € X(M), D £ (M,g) LNRSBS, Ei (BES
—E (31 AMBELEN 1.5) R)

df.X T
DypfiX = (——f d(ty(t))) :

AR
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\ RSO (2 20) N
prot, o mmg Ay ST prg (0 k.

SR 18 Wy=10).tel, RRERY (M,9) FLULRABH
HIEW IR, MRETE M BIH A FHHE o, 18 o WA GRIGH
R v LSRN ES, Wy & (M, 9) LH—RIERMML.

B R, XM TEER €L, por(t) = (), NTTH
p. (Y () =7'(8).
EEBRE—H toc . B S EWRE
Blto) = v(to), B'(to) =7'(to)
R, MR 16, o 8 HWERNME, 3 EMEMBRMF

p o B(to) = po(te) = (ko) = B(to),
@x(B'(t0)) = @a (7' (t0)) = 7' (to) = B'(to).
R LR ME—E, 77 to B4R L, BN THEEN te L, &
©(B(t)) = B(t), BN B(t) B » IRFHA. MIBBIL, () B~ L, A

BRyWEFSYIL. BT t By M S WIMKSE, H () = Bt),
4

Y, = Bl
Brid vlr,, REIME. XHF to B I PHEE—K, EHEIE

Bl 1.1 BRIERZE R AR R H 5.

#XE, R FRHBEHRSRRERGHOEENS. dRBRY
X, R PF—&IGHR R RA MY BUS TR VIR % W,
XIE 2 B A HIHFIE.

Bl 1.2 BRI S b A1 28R K B 3 A B i — ¥R 4>

Sk, RS =TNS" & S" LEE—IKE, Kb+ O R
LH— 4V E. BE o £ R hXT I WESTEKR, TE S
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LHIBREE S* BIH H BRSE, FHU ST hEASHAE. TRAW
18,5 &S Bt ERS—m, dTEEE— R EES
—AYIrE, AN KEE SO E S %I E AR, RER
HIME—PE,  S™ LRI R B R KR S —# 4

Ho, FRKE S' WSBITRE (1), t BIKSBH, TR @) =
r (BRE S™ HFR) |y ()] = 1. WEPART ¢ RIFGH]

(), v(1) =0, (Y'(1),¥'()) = 0.
T (1), 7' (1),7"(¢) FEETE DA, H"0) 5 () L, B
(v'®)" =0.
TR, REME 1.7,1(t) 2Rk
Bl 1.3 R 2 8] A HU LR
MRS —E 2.3, Wl = E Ay E L2

n . 1
H" 1 n+1 n+1, i\2 n+1y2 +1
(C)—{(.’l?,--~,:l:+)€R1 ’E (:L‘) _(-'17 ) —E,.’L'n >0}7

=1

c<O0.

BAERR H (o) ER p=(0,--,0,1/v~c) M. H"(c) F—F
KGHEEHRIER (H (), 9 €), HH ¢ BN H™(c) Bl R* HiFF

=
B (\/l_—c) - {(é") er; S(EN < —%}

i=1
BT R, E#RE

(617"' 7£n) =(p(.’):1,'-' 7$n+1)

n

_ z! T
C\1++/=cz"tt’ 14 y/—czntl )’
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H'(c) LHER g i RYH' B94R%E Lorentz HRFER MG, THRAT
IR REB R .
4y,
1+, (€92
X FAEE W5 R &4 Z:(Ui)2 =1/ (v') € R*, BI& H"(c) F

(1.7)

&) = \/—~ (\/—t> 1<i<n, -00<t<o

WERHL . AFEL, v Ut HMKSHEH 1(0) =p. THIEH
vy RIEMA. EEE, £ B" (1/V-c) PESRE SN EMESEHRE
B (17) A%, BWdER 1.6, JLUBRE

SE X EH b - H™(c) » H"(c), {18
1/)(617627' o 7£n) = (51)_€2a"' ,_é-n)_

MRS, v & H() LM—A%E, 3H v Lo SRR v R
A B 1.8, v B H™(c) WIEMMMER. s —a4,
H™c) 76 p MMM AR R E XM MRS H 5. RIELRME o
BIEN, H"(c) il p SR —ARMAHR R g o
e — A ZHTEE H (o) BIRA.

SEREMERLM, R H ) LRBREM Ry FyBeg > |
BIRAR L RAE 17, TLGES H () 5 R i R, BRE&%
Bt (BRI R &M (v, 0)1 < 0 B H v) 9 B TFEH LR H (o)
oy AR

§3.2 iE%ERS

EH 12KE, XTIEEREM (qg,v) € TM, LH T XIE (-6,6)
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LEIMHER v(2) = v(t;q,0), TR
Y(0) =g, ¥(0) =v;

ER—FE, #ie 1.4 HIFRN, F—R R BN FE 8 S3H
E/RS WREEET KBS/, RECHWHETRERU—1E
HEER. FERMRERT (M, ) WFRH#TITE, REE—-KK
fgTBE =0 (M, D) EWAHRMBLR. Hk, T M @FLU L
RIE® e, L TU FHFTH

% ={(gv)€TU; g€ U, ve T, M, H |v]| <e}. (2.1)

HH o =g(v,v). BR, 2° R TU PFEEH— I M

T 2.1 % (M,g) £ m ERERE, WMTEE—&pe M,
IETE p SETFAS U, T3 e, W RGBS

N (=2,2) X UF = M, (2.2)

fERM TR (q,0) € %7, 1(t) = v(tiq,v) BEXEXME (-2,2)
L. BWEMHERME 1(0) = ¢, v'(0) = v BIME— B — R,

WEBA HEH 12 ATRERE (M.g), UNFEE—EKpe M,

N (=6,8) x U~ M,

fERN TH—TEEH (¢,v) € Z°, () = v(tq,v) BE M FEL
# (-6,0) L. WMRMMRMEF v(0) = ¢, 7'(0) = v HIME—HY— KMt
2.

RI\HIL 1.4,

4t 2v
t: - i
v(t;q,v) 7(2,q,-5),
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FHHBERWME ¢ U, |6t/2] <5, H | 20/8| <y LEEX. Ht, £
Wy(tigv) TEqeU, |t| <2, H v <de1/2 EHEX. Ble=be/2,
EBBHE.

FAEE 2.1 BEBBS v, FTUE TM WHTSHE ¢ LEX
RS exp: ¥ - M, HEXMTEEY (qv)e v F

exp(g,v) =(1;q,v). (2.3)
A, BE—mMpelU, HiR
By(e) =% NTyM = {v e T,M; |v| < ¢}, (2.4)

W Bp(e) & T,M LR AL, e HEBHFR. TRELE
M5t exp, : By(e) - M {78

exp,(v) = exp(p,v) = v(1;p,v), Vv € By(e). (2.5)

EX 21 B (Mg RmBERERE, %5 C TM M By(e) c T,M
WEXF L. BRE exp: #¢ - M HAENN TM BT 7 ki
TERBES, BST exp,, : By(e) - M Ay ME p S5 HHEH.

EE 22 B (M) RmERERE, WNTHEENpeM, &
T,M PHEERSHFFRE V, EBIEREH exp, BNV B M i
FE U =exp, (V) LH#MS R

B RERRBEHE, AREURH exp, EFA 0 T,M 4£B

A L, BEMBLTOE RIS 14, M FAERE v € By(e) C
T,M = To(T,M), KR |t < 1 &

exp,(tv) = v(1;p, tv) = v(¢; p,v),

B exp, (tv) BB p . IFEL o BB BHARBLE. FR

d d
(exPp)*O(v) - EE 1o epr(t’U) - a’t' o 7(t7p1 ’U) =
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Vv € Bp(e) C T, M.

XEREVIBGT (exp,).o FAEFBS. BETH, exp, ERK 08
~NFMB W C By(e) LRBA. EEB W M M HHEFEMER, &
MRERER (RE—EEH 2.1) BHNFERS OWATR YV c W,
78 exp, TV LHRRBEN V B exp, (V) C M BI¥EFRE. ©F
BiE.

FiL 2.1 RE v e TLM, FHexp,(v) FEXL. HH

v(1;p,v) =7 (lvl;p, ‘Z—O ,

SR L&, fE%RET exp, LA R v € T,M BRBIFIHZMAH
(p,v) IR EA R p BEBMKET o] KA.

fl 2.1 BRIRZ[E R® LHFEHBRET.
AR R 5EERQLHVIZEE To(R) BRER, Wk
RS expo MEERBS. —H, X TEEMN pe R, FEFRH,

exp,(v) =p+v, Yo e T,(R") =R".

B 2.2 BRE S™ LEIEERAT.

B’ pe S, Wexp, # T,5" LbbEEX. X FEEHN ve TS,
v # 0, FEM—H—&E p &, BS v HUINWAERESRBE (K
B)y. TR, exp,(v) RIEXFMME N p SEEMNITKERRY v]
WA RS, iRk BAEE ARG, WK v| = 2kn B,

expp(v) = p;

% |v| = 2k + )7 B,

exp,(v) = —p (p KX EH).
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§3.3 MWERME-EHAR

ERRZEEF, EEMAZ AN ELRBEREREIH AN REL;
BTN, RIRE RN RA REE EEE). E—RHORER
Erh, Mz RARIEEE. HEAXAHE, 53RN
R#E-ESAK.

EX 3.1 Bv:fe,b] o> M EMSWE M P—RINGHEHRER.
FH >0 UIRAEHEBRE @ : [a,b] x (—¢,6) - M, R

®(t,0) = 7(t), Vi€ [a,b],
TFRBRET & —MIZ v 9—4 TR R+ WES ¢ HE
(0, U) (a')> (b ’U.) = ’Y(b)’ Vu € (—E,E),

M & B+ —4 REEEHRAHTS.

RERE ¢ RAB/ME + H—MESD, HTFE-IEEH ue
(—e,€), B SOEHMAE v, : [a,0] - M £15

Yult) = ®(t,u), Vi€ [a,b)]. (3.1)

ATFERR, BEFBEK v, u € (—e,e) N TWHELE. 1550H, &
Yo =7 BR, BHMEK (1) BEBEKBETFEE v € (~c,¢). B
M, BAEMA v —ANES, TR EBMEIE v RATDGHE KT i
SR u—IRMRPE, SEMHIL, ik v WK1
/N R,
EAR—HHE, EEEE € (a,b), XENEMERE 0, : (—c,6) = M,
%18
oi(u) = ®(t,u), Yu€ (—¢,¢). (3.2)

EREBE R MR {0 BB T2 ¢ < [o,b), FRNBS
¢ 1y Rz Eh L.
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Xty WEE—AESr @, FLASIAR @ & XHGH Y
- - 0
T= Q*(t,u) (%) 3 U= Q*(i,’u) (6*’11_.) . (33)

W T 5 U S HIRESMEHK {v.) FEBHMZE (o) HYIREY.
AHEENH, 4o FEEHRAN, HTEENuve (- F

U(a,u) =U(b,u) =0.

M FIERH t € [o,b), & Ut) = U(,0), WEFFHL v & XH
YW HES U = Ulumo, KAES ¢ § Toml3h. $50%, MR @
HFEZEMIE, W Ue) =U(®) =0.

ME TR, Sy U RS @ v &b (B u=04) &R
Ak, HER, ERES ¢ 7 v LB—HAXTHER u fE Taylor
RIFFRTE —Br . S—AESBE—IRENELHES; T THE
BN &R, £ M LIERK v E XHE— SRR RiGE
2 v WR-NMESHRS R,

3.1 &’ (Mg BRESWE, v:[ab>MEM ELH—%k
LR R U =U(t) B v EXHXBERY, Ul) e T,yM,
WFTE v — &S ¢ U U ARESmiY.

i BELE—TEHE, & TV WEREOSB AN A
5t exp. BITXME [o,0] RIEBHE, VFE e > 0, FHMTEEY
(t,u) € {a,b] x (~¢,¢),

exp(v(t), uU(t)) = exp,y, (uU(t))
AEXL. TREBIECEBA @ (0,0] x (~¢,6) o M, {5
®(t,u) = exp(v(1),uU(2)), V(t,u) € [a,b] x (=¢,¢).  (3.4)
EHEY, ®t0)=(1); FANTFE—IEEMN t € [o,b], B

ot:(—¢c,e) > M
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RVEERMR (1), U(t) Bk, B rTaetst ¢ 2aSrER
K5y, JEEE.

B 3.2 ®y:leb > MERERE (M,g) EH—FCHEH
&, H2Ht SRKRSEPORLA. MR & : (0,0 x (~e,6) > M B v
H—AES, B L(u) = L(v.) BH#E v I, ve (-¢6), WE

= b : {w,ung-/ﬂ (U,Dyv')dt}, (3:5)

Hef1=L(0) R v K, U R SWESERY, DEML
MR ERRY.

(3.5) A¥HH WMEHE—TEHAK.

i BT 5 U A5G (G3) ABEHERY. RIBMHAIK
BHEAR, T EEN ve (-ce) F

L(u) = /|T|dt /Tdet

ATIEER, ©f D RR M EWRBBREENEIMEN ¢ TM
FHERBRE (BEEEMH 8.2). EREXT, METH « HE,
W D ARLEI BN (v.)'TM EFESBKE. BEF_EHN 8.8) R

dL(u)

Lo = du

w40
L'(w) = / — (T, )b /ab (l? O;T)dt. (3.6)
HHFE %W 6.7) R
D%T+D%U=@*([%,%D =0. (3.7)
fRA (3.6) X785 o
L'(u) = / b (—%Q%dt. (3.8)
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RS EWEE, 25 ¢ SH% v ILKSEOREE, FEl Y] =
¥ TR b
z=Lw>=/|vmu=w—wwm

IR l

b—a

Hoh, Yu=08, TR yREE, B T(0) =)
7E (3.8) BB u = 0, FHE (3.9) ARNFFHFAE EH (8.8)

Af(8.9) X, 7[%

oy b(DBOTU’T)
Lo = / (T, T):

] = (3.9)

1 b
dtz—/D U,~")dt
=), PEET
b—a (*(d
=22 [{ o - wgn )

b
= b;“ {(U,v’){g —/a (U,D.,my’)dt}.

.
WS AR (3.5) BT HIRL:
Wit 3.3 BRAEE 32 MR S RML  WHESE RN
4, WEESAR

dL(u)
du

b-—

L'0) = 1 a / b(U, Dy7')dt. (3.10)

u=0
KA, Gy RWHE, Ny BDRETHERE—FE TR SES
T IRARIZ R e 57

M 2R3 5 LA BRI B 38 — 84> AT LU 4 B 1 B 40
BN U BN IRKE S AR

EX 3.2 Bov:fab] = M BRBEE M EH—KSEIEH
£, ®:[a,b] x (~g,e) > M B—MELEBS, >0 MEFEMLS
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v IR (BB _ENENL7.2)
a=ty <t <---<ty=b,

E/MFi=1,--- N, ®1E [ti1, t:i] x (~¢,¢) LHIFRHZICHBET,
H v = ®(,0) =, NFF ¢ &+ &y (HBEKER) S

FRHL, @ (3.3) RIFES @ E X T iy T Mmidy U,
RAESERG U = Ulumo, EIIRTER ¢ RBICREY.

546, RS, @8 3.1 X T4 Bt M A MR ASLK. ¥
B

¥EH 3.2 Fi T BRIGEMA v, TUFE TEKEL:

Hit 3.4 ®y:le,b] o M ERERE (M,9) E—%2BHH
B, 28t SHIMKSPORWH. MR & (a0, 8] x (—¢,6) > MRy
B — A BIERES, U RMERMESHEE, UMT v HEE—
AIERRISY: a=to < - <ty =b FWTFHHE-ELAA:

— N ti— b
a {Z(%U) —/ (U,D.,q’)dt}
N-
{7U>|+Z "(t7) = '), U(t)
i=1

- /ab(U, Dy")”)dt} .

FHM, AR Ry M- MEEERAKAES, W

b—a [= b
o) =" {Zw'(t:)—v'(tr),mti»— / <U,Dw'>dt}

=1

+
ti-—l

(3.11)

EN 3.3 ®y:fab] > MERERE (M,g) PH—KIEN
BHIZ. WERXMT M FESE v(0) # (b)) HEE—FSBENEHE
B, #A L(B) > L(v), MK v BiE#E v(a) A1 (b) H1—5% BES.
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EH 3.5 B (1)t € [ob], RERERE (M,g9) PH—RIFB
Wik, ¢ SHIMKRSEREA. MR v BEE v(a) 1 () B—%
B, Wy BR—%Mh.

EBR H® + MEE— T HFEERSHES

D : [a,b] x (—&,e) =+ M.
RIEEHEWRIR,
L(v0) = L(7) < L(vu), Vu € (—€¢).

PTEA, w =0 @J6H R L(u) = L(v.) BUMER. BHik, L'(0)=0.
R (3.11) K,

N-1

b
E]ﬂﬁ%w%ﬂﬂm»—/ﬂuwﬂ&=& (3.12)

i=1

Hi U B @ iy, Mz T WEERURGE 3.1 W4,
(3.12) M FH v EXNER—THE Ula) = U(b) = 0 M4BT
B4 U=U(t) BRBLE.

BUEMA vy — MR D a=to <--- <ty =b, URFES/MY
IE¥ 6, 18 26 < miin(ti ~ti). MFE—MEEN G, 1<j<N, %
SERY h; € C(R), #5

1, tj1+6<t<t; 4,
0<h; <1, 3#H h,~(t)={
0, t<tj, & t>t;.
/:‘?\
Uj(t) = h;(£)Dy )Y (t).
¥ U; A (3.12) B
b t;
0= [ WOy = [ by 1Dyt

ti
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A I,
hi(t) - Dy |2 =0, tj_1 <t <ty

W b EN, 2 te(tj1+6,t;— 08 B, hi(t)=1 B
D, = 0.
B2 60,78
DyyY Mgyt =0, 1< <N (3.13)

H, XTG4 j, MR vl ., BHMAE WS, (3.13) RE
HHRLS

b
/amwwm=
TR, (312 RBY

2}7 ) -7 (), U) = (3.12))

i=1

AT o Mg, BENE - ELSNSBRARKZESTE
B3 U, EB U@ =UOD) =087

Ut:) ='(t7) -7 (tF), 1<i<N-1L

NI A, HEA U RRER () - () WHlR v VTS
RIS BB RS, HFRER

1
01 <0< - min |t; —t;q].
1 < <21151?5nN|t' tio1]

Bk eC®R) (1<i<N-1),#HB0<k<1,¥#H

1’ t =t
ki(t) =
0, |t—t]>6.
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/7‘,\
ki(t) 'U,;(t), t e [t,' —6,ti+6], 1<i<N-1,

N-2
U(t): 0, tE[a,tl—(sl)U (U (ti+61,ti+1—51)>
i=1
U(ty_1 + (51,b].
B, XEEWEN RS UR) HERINMVER.
EEATEY U RA (3.12) X EBE

N-1
SN WD) Y EHE =0,
i=1
k=]
Y =), 1<i<N-1L (3-14)

WA v REEZENVINEY +. WECSIENT + BES—F/PK
8 [tj-1,t;] LEIRRBR ML, HERE v, ERE [o,0] LRELE
By, BT LA R B A TEME— YRR v B MAE [a,b] LRI,
HTRIEHEE. IR

AP ERE 3.5 WMIERIE R, WLBRIm TR

Hit 3.6 —RABOLHHE v RRMK L HNY v REEHAE
B AR B SES THIRKZ RHE R &

§3.4 Gauss 5|BFELIRFR

FILEIFEF, TSR AT MR — LI R, HRHGEY
A RREXERN. MTRERERE, BERANRHTLITRR
RITEMEEITRR, TREDTREBSETY. £HSIALLE
RHIBE, HEXMIFRMARR THARERENER. I, B
3 §3.2 TR NSRS ROR AT Vet — 5 B0 1.
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IR 4.1( Gauss 5[H) i (M,9) B m ARERE, pec M,
v e TpM. MRS exp, v AFEX, UM TFEEH w €
T,M = T,(T,M), &

<(€pr)*v(v), (expp)*v(w»exp(p,v) = <v’ w)P' (41)

B W w e T,M, fi T exp, TE v MHE XL, #H e >0, 1§
MFAEED (¢u) € [0,1] x (—¢,¢), exp, (v + uw) BEEX. AY, 83
%?%HR% ¢ [0’1] X (_575) - M) 1%?%

®(t,u) = exp, t(v +uw), V(t,u) € [0,1] x (~¢,¢).

BR, MTFE—1 ue (~ee), v = 2, v) BUME. HAER, o
B v = vo — N HES, MEMZELIERS U N

U(t) = @ue0) (;%) = (exp,) o (tw)

= t(expy)utn(w), 0Kt <L (4.2)
B, W O %
7O =200 (57) = (ex0,)n(0) (4.3)
1 (42) F1 (43) REATEHE—EH A (3.5), 78
T {eon- et}
= (expy)eolo), (expy).u ), (a.4)

o 1
1=zt = [ ide =l

EEFMMA VIR ROKEREH, ERIH L) = Lw) 7
LIRE| '

Lu) = /0 I (t)ldt = /0 (0}t = v + |
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=((v,v) + 2u(v,w) + w{w,w))z.

58
dL(u) _ (v, w) + u{w, w)
du  ((v,v) + 2ulv, w) + u2{w,w))?’
dL(u) _ {v,w)
du o = —““—lv, . (4.5)

£ (4.5 ARA (4.9), 177 (41) X, EBBIE

BB 4.2 IERBST exp, B T,M FEHEK tv EXXH M ERE
M P ERMLE v(t) = exp,(tv) IEXWYIFR, BIHEHBHREEE
SR B 26 IE 3T

VEBA #R1E Gauss 5|3, MTFERH t € 0, 1| UREEN w e T,M
B

((exPy)ato (V), (XD, )ty (w)) = (v, ).
Bk, 4 (v,w) = 0 B
((exPp)aty (V) (€XPy)ate(w)) = 0.
. '
it 4.3 BN exp, IHAR o METFRRKE, BXT
BN, FHT v HUHR we T,M, 54

[(expp)etv(w)] = ||
i B w= M, W Gauss 5|3BZ
|(expy)ato (W)[* = M(€XP,)ato (v), (€XP,)uto (w)) = M, w) = Juwl?.
.
FEio 41 BRpe M, BE 6> 0 WHEHMSY exp, 7

By(8) = {v e T, M;|v| < 8}
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EHFEX. RIE Gauss 5],

Bp(8) = exp,(B,(9))
= {g€ M; FFEEREp, Ly, (FBL(H) < 6}, (4.6)

FROBTE M UL p Shdls, L6 ey Bk Hi R 04,(0) Lk
Fo(8), BRATE M YL p g, L6 R RMBRE. RSB,
B3R B,(0) MARK B,y (8) C T,M RUEFIH. HE, NEH 22
BH, %0 TN/, HEEHRN B,y (0) Bl 2,(0) BRI,
B, S(0) 5RE S™ ' RFEMKE. #4285, A p A
WRE 7(0) RIEXH, FrLLENIEIEAMRMEH Y RreRisk.

EH 44 WM, RmAERERE, pe M, %,06) >0 £
B,(0) C T,M TEFEBRST exp, THRIJEWFEKR. WR

7:(0,1] = 25(9)

R—FNm p HRERAMHME, WL v(0)=p. A, WF M pit
B—%Np 3l g=~(1) WRBHARME 8: 0,0 > M BE

L(B) =2 L(v),

H B SUE B((e,b]) = v([0, 1)) BHKL.
B 32 v =7'(0), W v ATLLA IS BORET RR K

Ys) = expy(sv), 0<s<1.

EEBEHMA § TROEERNMER B,(6) ZH, N S =exp,iof &
TE Bp(0) € T,M FARE 0 B v —&KSBOLEML. ERARE
Sp(1) CT,M EBR—FDBOEEBMEAR v [a,0] = Sp(1), Y RIERMBSH
Bt 7 (0,0 - R, #15

B() =r(t) -u(t), a<t<b.
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Wi, r(a) =0, r(b) = |v|. TR
B(t) = expy(r(t) - u(t)),
B'(t) = (expy)ar(tyue) (r' (t)u(t) + r(t)u’(t))
= 7' (£)(exp,) sr(tyu(t) (w(t)) + () (€XP,) wr(tyui) (u'(2)).
BT ju(t)] =1, o' () Lu(t), BRERL 4.2 MR 43 F
(B'(t), /(1)) = (' (1) *1(exPp)ar(ryue) (w(t)I®
+ (r(1))? [(expp) wr(tyuce (u' ()
+ 2" ()7 (£){(exPy) sriyu(ty (u(t) (€xPp)srityuiey (v (1))
> (r' (1) u®)® = Ir' () (4.7)
B LA,

b b b
pg) = [ o o [ o

=r(b) — r(a) = Jv| = L(v). (4.8)
REBE B ATZLBAEE B,0) ZWN. FR, FEcE (a,b] &
1% Blc) € F(8), FEMARE 8 = Bl TEBEETE £,(0) ZH. H
W, L(B8) > L(B1) > 6 > L(7)-
MR L(B) = L(v), MRE L EHITL, S VEXTLEIE B,(0)
W, TH (4.8) RPFWESHL. L, r'(t) >0, 3FH (4.8) M (4.7)
ABHER. RE—BHE, TR () >0, WA

(exPp)ar(tyu(ey (' (2)) = 0.
BT exp, : Bp(d) » %,(0) BABERL, «'(t) =0, AW
u(t) = const.
FiTEA,
) = u(h) = o 60) = ex, () %)

|v] v
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XU, HR p AT R v WEFSHL, ENNRERER
i, B ‘

B(la, b)) = ({0, 1}).
WEEE.

ER 4.4 BJLAIEXIT: 24 B,(6)(8 > 0) & Bp(8) C T,M £
st exp, THEIEFIRGRES, WHiER B,00) PREE—Ke5p
HAHERENRELE pq JRNERRMARR; i, EX2%EE
TE Bp(9) .

Hit, BRMERN: £ M LEE B,0) PREEFR ,¢ WRA
LSRETLEEZMBIRAE? E—B/BERT, IMRBHERES
EH. Hx b, WL E R PREAIRE S°. B pee PR S* L
B—Xx s, W

Bp(m) = 52\{11_}
RFE S LU p AR OAHER, T HER Bp(n) C T,5% TEFE ¥
5 exp, FTHRMEE. FHEES, #E

q1,92 € Bp(7) \c@p (g) ,

187 S? PERE ¢, WRMREMKREYL ¢ AWKEN, BB
RAXTLEENMIR B,(r) W, Bk, FMEMRENEZR: TR
BHE LHEE—R p REFEENENSE W, EHERLPE
B SR REAMEE W 2N ET— 1K H & i B &5 A .

XF pe M, E T,M FEEBE T UTHBYFE AN EHF/R
HASKAR (o), RIBTE 2.2, 7 T,M PHFERAHITFHR V, 55
e ¥t

exp,: V 2 U =exp,(V)C M

RCHEFER. £ T,M FRTF R™ Hift p=exp;! : U -V, FB3 p
HH— 1 RRRRER (U, p;2%).
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T 4.1 WMEBRMBTLITER U ¢ r) BRARBRE (M, 9)
TE p S0 RBHRR, MYMIE U Y p SH—1 ELRSE.

BR, MEREBLIRERA AN, p KHEATRHHEIH
£ RBYERBS. HLE, £ R HEERE A ERE
BUIRER, WE U LEAHT —MEBFR. HTHEER, &%
BEAR § 5 Y4/ MIMER B, (5) = exp,(By(8)) K p AL IRAR
B, WA p M ELIRERSE

TH 4.5 & (U,po') BREWE (M, g) L—5 p HEAIRR,
T REBEE D £ (U;2') THBRERYK, NE

g9i5(p) =65,  TH(p) =0, 1<i,5,k<m, (4.9)

R,

gi; (p) = &, dgij(p) =dg’(p) =0, 1<i,j<m, (4.9

Rettgy =g (5% 5%)’ WRE (9Y) = (gi5) "

iR RBELRANENL, M TFEEH a=(a', --a™) eV =
o(U), H

zt oexp,(a) = al, 1<i<m.

B, FHRBFR U;z') T, N p SHEHRERIHL exp,(ta) #
BHITRE

zi(t) = zi(expp(ta)) =ta', 1<i<m.

AWANLE: 22 4: ok G gk
k i :
% + ddxt %irfj(ta) =0, 1<k<m
x|

a'a’Th(ta) =0, 0<t <1, 1<i,jk<m.



§3.4 Gauss 71 @ik LR 4 197

ELER PS¢ =0, MM a=(a', - ,a™) € V WIEREERM I %+
TH64T 4,5 Wy FRYE, (EBE

k _ ..
Fl](o) - 07 V'La],ka

XHEEEAN (4.9) X. EEMOHKABSRBREY. IEHE.

ERFREMTHESHAOITERFEER L MR KESN
TRENARBE, MBE—Hpe M HERIRRTHTHE, WK
BYWSBE p AN ESERAN XSS BEZ ST EIH X
THLEERARMME— ST RN EHTRE.

EX 4.2 B (M,g) BREBH m ERERE, MNTEEHRX
PeEM, %

d(p,q) = inf{L(y); YRMPEEp, ¢ WABOLEMZ),  (4.10)

N p g MR Z I B,

EH 4.6 B (M, g) BEEN m BREERT, W (4.10) XEX
REERRY d MEREBRZRMAE, BEW (M,d B—1ERZME.

EBA EMKIER d IR IEEHE. MHEM=AFERX.

(1) ERM%: BR, MFHEENp e M B d(p,p) =0. Ak pge M,
p#q HWATHR p KAGMMIR B,(5), 6 > 0§18 g & B,(0), WE M
FEE—KEE p¢ FANIBRABHR v 5 %0 2LHE—IXK
A B, L(y) 26 ERAFRXTHME + RTHA, EF

d(p,q) = inf L(7) 2 § > 0.

1EEHEBIE.
(2) A #kM: BR.

@) ZARFX: ®pgreM, v,yn: (0,1 MAPFNEEEp
5, UKk q5r WABNREHMAR. 18y, o BEXEH M BH—%
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TBOLR L v, FE R

{71(2t), tel0,1/2;
(2t —1), te[1/2,1).

y(t) =

B ~(0) =p, v(1) =r. BiE dlp,7) WEX,
d(p,r) < L(v) = L(m) + L(72).
£ EX AR L), L(y2) X F 1, 2 WTHA, EH
d(p,r) < d(p,q) +d(g,7).

IEEE.

RIBIEE d HEX (4.10), BRZTE (M, d) REEEEFR BT
8. R, EERERE (M,9) BEERZEN, HYRREHE 4.6
FRTR A EREE (M, d). 5, BREE (M, 9) REEM.

it 4.2 BEFEEN 4.2 REHE (BEFHEIC 4.1)

Bp(8) C {g € M; d(p,q) < d}.
e, mRISEBRET exp, TE B, (%) ERIGBEAE, W
#p(0) = {q € M; d(p,q) < &}
(BEIEE 14,15 ). AN, REWRE (M,9) EEEEFRZEN

(M,d) B, EMERFEINSHIRE M EZSHHPR—BH.
EFTEN §2.2, B2 AL RENE Z MK FEGHES, T4,
EESERENZEMFEXEHAEMXRE? THYSEELSTX
AN a1
EE 4T & f:(Mg) > (N,h) REREWBZHGSE, A &
il d" S RIRRTERERIE (M, 9) F1 (N, h) EWEEERR, W f 02
MEERZE] (M, d?) B (N, d") B5EE.
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B WSR f:(M,g) = (N,h) R4S, W fRHERAARE I
KRE. TR TEEWN pge M, URAE M hEEpq WEE—&
S BRI 4,

d"(f(p), f(9)) < L(f o) = L(7)-
KTy RTHR, &

d"(f(p), f(g)) < inf L(y) = d&°(p,q).
ER—IE, BF [~ (N,h) - (M,g) LR, 8K
@#(p,q) = d*(f 1 (f(P), F 7' (£(2))) < d*(f(p), F(a))-

FrLh d*(f(p), £(9)) = &(p,q), B}l f REERZE (M,d%) f1 (N,d") Z
Bl 45EE. & ETBHE.

§3.5 MHbHERIs

HESIABRMFREOME.

EX 5.1 %S ERERE (Mg WFE. MEMFEEH A
Pq€ES, BAM—H—KREMME v &8 p M ¢, AT v LEE
Ropg SN AR B SEETE S W, B S K (M, g9) —4 BOYF
.

EVHEBRHNRERA I HE, I REHBES— KA

AU BRIE A KSR ARAR, RN A RO %
M, BRETEHHE:

BE 5.1 % (M,g) R m BRESFH, WHTFEE—& pe M,
HH p AHBELIRR W, LUREM 6, 18 W i — & g S
HIRERAT B,(0) O W. BB, WARAEW RE Sl BE
R 6 HHk s FRER AR Y.
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i8R RI|EE 2.1, M TFERBN pe M, FIE p SWFMR U, E

B e YA RGBSR
N (=2,2) X % - M,
FEEHTFH—A (q,v) € %5, (1) = 1(t;9,v) = exp,(tv) BRENLER
6] (~2,2) . BRENHERM v(0) = ¢,'(0) = v HIHE—B— RN -
R, EINEYGT F-2° - M x M, FH
F(q,v) = (q,exp,(v)), V(g,v) € Z*.

HF F(p,0) = (p,p), MU x U B F(p,0) 7 M x M PH—FF4
. AR (U;sh) B p SE—AREERRR, WE U FE48/0,
UxU £ MxMELRF@p0) l—rRIRERER. e, £%° LA
RENRILIRER (o, v), HEEE—K (g,v) € Z° HEIFH ()
vl =o(z') Bl TR, B FTURRHN

(g,9) = ('), 2" (exp, (v))).
BT (exp,)eo : T,M - T,M RIEFRBRS, B F 7 (p,0) #9 Jacobi
HEERH
In 0
( * Im> ’

He I, B m rfinE. BPU, #E p KFFHNK V C U, UR
§€(0,0), E/BFRY HIMxMBFFHRY = F(¥’) LWIH
B, X v EXRE 2°, 8

¥ ={(q,v) e TM; g€V, ve T,M, Hv| < 5}.

WU p SR LHTFR W, B W x W C ¥, W A 6 R
k.

$LE, MTFEEM o0 € W, BT WxW C 7' = F(#%), R
Bl

(a,4') € F({g} x {v € T,M; |v] < 8}) = {q} x B,(3).
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XERE ¢ € B,00), A W C 8,(5), EEBIE.
#it 5.2 MWTRERE (M,9) LWE—R p, MIFEp RE—

ANFFARI W RIER 6, (18 W FEEFA ¢, B —H—
KRBT 6 HREN MR ER.

B ERFATHE 5.1 MERMFME W MIEH 6. £%
0,02 €W, BT W C B,,00), g2 € B,,(0). RIFEHE 44,1 5 g2 7
LA B, (0) FRIR AR ER, EREERE g, WHE—H—F&E
MR, JFFHIKE/NT 0. IEE.

THAEEE—EME L LRI T AR Y

EIE 5.3 WpRmAEREWE (M,g9) LWEE—R, WFHE
E¥ e, FRMTEEBNER r <c URIEEH g€ F(r), ¥ M $H
WHLL v 5 S(r) T ¢ SKAYIRE, v 7 ¢ SE—PMBA SR

BR By(r) WE—T AR g
W B (W) B p S—PHEEER, B6>0, #5

Bp(0) CW.
i34
Bp(6) = {q eW; > (a(g)* < 52} :
BWO<r<d, MRHBRE S (r) HHFEN
F(z',---,z™) = i(zi)2 -2 =0.
i=1
MR qge H(r), By BREM FEBR—%5 S0) 7 ¢ SAEYT
MMM, HEBHER
gt =a'(t), 2(0) =z'(y(0)) =2*(g), 1<i<m.

F(O) = F(xl(o)"' ’ ,zm(o)) =0,
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FH () € Bp(r) HEALY F(t) <0. B1F (W;z') B p SHIELAR
&, ML v ATUAFRR A

v(t) = expy (' (1), -~ ,z™(t)).
A5, I p B g MR HZE N
o(s) = expy(s - (z'(0),--- ,2™(0))), 0<s< 1.
BrLA

dt
U,(l) = (expp)*(zl(o),u- ,x"‘(O))(:L‘1 (0)7 T ’mm(o))

dz! dz™
¥'(0) = (exP,) x(z1(0),-- 2™ (0)) (3(0),“' ,-—-(0)) )

HERPRIRX, +'(0)Lo'(1), BIF (v'(0),0'(1)), = 0. #R$E Gauss 5]

KBS
<(E(0),... ,%ﬁ(o)) ,(z(0), - ,x'”(o))>

xl(@%ftim) = 5 SFED, a7 (0)

0

]

14

‘P”/Js

1 t=0

fi

F(0).

t\Dl'—‘

HUEATR, t=0RE¥ F() ®— MR .

TEHEIES: FERD/MIER ¢ B4 0<r<chf, t=0
REH F() §—1REE/MER. Wb, BEHH FO Et=04
BB S5 FIRMIME + Bl 2 TR A8

i a2 d
F(t) = gz F@ (@), ,2™(1) =25 (Z ’(t)—(t)>

_gz(dt t)>2 Zzi(t) T (t)

i=1
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m m j k
=23 ( D IEAONAC ) 00,
5k=1

i=1

TELERF4L =01

d2
F(0) = g F@ @, 2m®)|
_22 (]k"zz O)F ) ()d(;l:t (0)
k=1

HEHE 4.5, T (p) = 0; XEY

Z(z"(O))Z < 82,
Bl —4 2°(0) = 7°(q) RAFHY, AT ¢ <6, HBY §€ Bo(0)
B, m R

(éjk -2 @5 (ri))
REEERE. TR MTFEEMNERr < YMMR 1 5 S(r) E g
SARYIAT,

) = L Fai), om0

e > 0.

t=0

BrLL, EEF() %t =0 —D /PRI (—€,6) AT,
HAE t = 0 ABUR/ME F(0) = 0. WX ¢ € (—e,¢) H t # 0B,

F(t) = F(z'(t),--- ,z™(t)) > 0,

XERE 1(t) ¢ Bp(r). EEBIE.
EE 54 B(M 9 BRmARERE, pEMPEE—K N
HEn > 0, R TEERS 6,0 € Bp(n), LHEME—H—REEN

Ry B o 5 g, FHE v BN ¢, @ SR ASEEE
Bp(n) M.



204 RE® MaR

EBR ARIEEE 5.1, W p AR W RIRA 6 > 0, EHEXTF
B—m qgeW, B,(0) BAE ¢ MELIRERAE, H W C £,00). BH
EFE 5.3, FEEIEM ¢, 18 Bo(c) CW, HFHHM 0<r <cH}, %
5 Sp(r) MUIMMHE v YIS g = v(0) B9 — 403 P9 1 A Wl s 3R
B,(r) WE—AAHEA ¢

BUEIES 01 < c/4, 7 < 6. MXTTFAEEN g1, € Bo(n) C Bpl(c),
B —M—RBERIMER v 8 a1, TR, HKE

L(v) = d(q1,q2) < d(q1,p) + d(p,q2) < 2.
Wi, MF vy LEE—HTH
d(p,q) < dip,qr) +dlar,q) <1+ < X <,

4
R v 52 REERBR B,(c) H.

B v =7(t), 0 <t <1 mX[A[0,1) EEM, FFH to€(0,1]
EB/E g=(t) WE

d(p, q) = max{d(p,v(t)); 0 <t < 1}.

BIOWS: g=a, Hq=q WMELR, UFHhe01). TR H
BR¥ F(t) = d(p,~(t)) FEFF XM (0,1) AMERXESR, EME F(t) B
WARAK. ®r=dp,q, WO<r<c, #H~rE S(r) 7 ¢ HHET. R
HTIEB c IR, v TE to 9—DEBABR ¢ = v(to) KUSMIHARE

RETE Bp(r) 25h, X5 ¢ KBUEAFE, BWERL. Bk,
TEE# t€(0,1),

d(p,~(t)) < max{d(p,q1),d(p,q2)} < n.

BTEk, 7 v EBRAR 01,2 ZIMIHRE SBELE Bp(n) W. B,

#iC 5.1 REEX 5.1, Bp(n) B—MROHMAMER, FHWE p
RE—T R OMR. FREE 4HE: REABES—ARE—
TR, BT, EX-FEREREGREESMKKE
[B]R—FE. '
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§3.6 Hopf-Rinow FI

TERTH AT, MR RFEESTeET T et 55
A, T EERERT (M,9) FHEE—K a0, B € M ToEE
o B, HEBSERHLICEIERER. BR, WREFERTD /D
HERE, XRMREMMERNRFEN. HEL, EERASEK
KRZEFLBPFRAX— K. EETHIIANZEREREHRR,
FHERAE SRR BRI LAEE T SR T DR B I s R B k.

B MEBE-AERZE. EAREMETELEE: MREM F
H—A Cauchy GFIEHARR, MHERZR M RRE&H. EF T
H, ETEENRERE (M, g) WATLAE BB M, A8 R R
¥d (4.10) XA H. TRETHEHHEX.

EX 6.1 & (M, g) REBNRERAL. MR (M,9) FHERZS
EREEH, WHER & HERERE.

URBRERRIMNRERNILHRLEN.

513 6.1 Bt Bp(d') BRBREWE (M,g) FL p KHKPL, L
HERHELIRRNI, 6<d,qge M. IR q ¢ B,(5), WFEE—K
go € F(6) B8

d(p, q) = & + d(qo, q)-

B W y:[0,1] - M BiER p,q FAKNER—&KSBCE
£ BT q¢ B,0), v 5 H0) BEAKE. BB/ to € (0,1), 1
B v(to) € H(5). TR

L(7) =L{(Ylo,t0])) + L(V(t0,17) > 8 + d(7(t0), q)
>4 +inf{d(q’, q); ¢' € F(8)}.

ELAFRXTHE y RTHRA, UE
d(p,q) 2 6 +inf{d(q',q); ¢' € £ (8)}. (6.1)
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ER—HHE, MTEEY ¢ € 50 BEZATERX
d(p.q) £d(p,q') +d(d',q) <6 +d(d',9).
BET ¢ € S(6) BT HF, XE3F
d(p,q) < 6 +inf{d(¢',q); ¢’ € F(8)}.
¥ES (6.1) XMHEE, EFF
d(p,q) = 6 +inf{d(¢',q); ¢' € H#(8)}. (6.2)
BE, BT S0) RERY, FHERER d BELN, BFE o€
Zp(0), 78
d(go,9) = inf{d(q',q); ¢' € F(8)}.

A (6.2), FIEGE.

EHE 6.2 HpREENE (M) EMEE—K. mERESH
exp, 7 T,M LAAEEX, W M P8~ ¢ #HT L HBEN
R p HHEE.

B & #,(20) BU p AOBIEALIRERS, e M. R
q € Bp(20), MHEXE 4.4, p,q B ST LU M 2R A0S, 1 HX
AR RIER: pg BIRIEL.

HMERE q € Bp(20), W q & B(6). MHZIE 6.1, FLE o €
Z(0), E15

d(p,q) = 6 + d(qo, q)-

T o € Bp(26), A vo € T,M §18 go = exp,(vo). FFHIH, v #0.
2 v=1vo/lvol, W v e T,M REMIYIAE. RIFEEEMIZ, exp, &
LM bbb FE X, BTX TR ¢ >0, 4(t) = exp,(tv) RHEX
B AHLBEI—REMBBR 7: 0,+00) » M. 4 a = d(p,q), FH
FREFAMHRE vij0,0) BiEHE p,q MBRGIHE. T v RIESLNH
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£ B 1Y = 1), L¥lo,e) = a = dlp,q), FTUAREIEH v(a) = ¢ }
. Al BERES

A={te€(0,af; d(v(t),q) =a—t}.

BR, 0€A HFH ) =g ac A HTERRY dMAHK
y(t) WESENE, AR (0,0 HEZEHTH. D

b=supA,

Mbe A MED#a Wb<a BWRFESPWER e <a-0b, ER
Byny(€") Ay v(b) BIEEAARIRATI, FNBIER e <€, HFF

q & Boyv)(€)-
a—b=d(y(b),q) = £+ dg1,9)- (6.3)

RIWE: @ =~0b+e).
#Hy b, H=AFAEXB

d(p,q1) > d(p,q) —d(q1,9) =a—(a—b—¢) =b+e. (6.4)

ER—HE, WEERHE v FEA0) M q, BIE Yoy 5 &
ERBB—FSBBME (S ETHE 4.6 L), HKER

b+e=L(ylps) + Ln) = L(%) > d(p,q1)-

HESAERX (6.4) W, B dp,q1) =b+e=L(¥). FrUSBN
BHILR 7 RERE p, o WEEHE, BEE 35 BATR AN
R 4R 00 4t 28 A T — 1, ¥= ’Yl[o,b+e]a NIE:]

Yb+e)=4b+e) =m() =q.
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EHARA (6.3) K, HEFEH be A, FH
diy(b+e),g)=a-b—-ec=a—-(b+e).

RIEEG ANEL, bree A X5 bHWEEMTE, BFERMR
Wb#a5lEM, Frla=bc A EHGIE.

EIE 6.3 (Hopf-Rinow F) X TRERE (M,9), TEHEAS
R EEN -

(1) M TEEH p e M, THBRET exp, T T,M LLMEHE X
Q) FE—Hpe M, EHBHEBMA exp, & oM ELLEE X

@) (M,d) HEE—TFRAATERE M WERTEH:

(4) (M, g) B5EH/H.

i8R (1) = (2) RERH. FTEKKIEN (2) = (3), (3) = (4)
(4 = (1).

(2) = (3). BZE (2) RIL, R AR (M,d) WEE—TERA
T8, NEERFKEIER R, #5

A CVy(R) ={g € M; d(p,q) < R}.

RERMF (2) MEHE 6.2, W TEREN g € Vp(R), TE M PHRGRH
BEEp S q TREERMUAR v e T,M, 8

expp(av) =q,
H a=d(p,g). FfLl av € B,(R). XBRiEH T
VP(R) - expp(BP(R)) C expp(Bp(R))a

MTH A C Vy(R) Cexp,(B,(R)). &3 B,(R) & T,M P ERTF
8, HH exp, REZEBE, ¥ exp,(By(R)) 2 M PHRETHR B
T A & exp,(B,(R)) T8, Bt EIM.
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(3) = (4). B () B M HWIEE—F Cauchy &5, BIXF
R e >0, FEEBH N, EBY% >N, BEA

d(pi,p;) <Ee.
A K BEH {p} PEFHEBHSHBNEES, WMWK BEMMA—NF

FT4.

MR KBAERA, WER M OERATE B, RERE,
ERMBEERTHR EH—FHE, BY K EFRL FUXTE—
A4, FFEE pi IFFRIR U, (578

UNK = {p,'}.
XEEREE K W—MFEE 7 = {U; 1< < 4oo}, RFE—H U
E K PH—1T A {p} BT K BERY, BEE v DA 1TER

&%, A K 2A0E. e, Cauchy &5 {p:;} BERNTEES
NZEBHERpe K C M, HTHHT p &.

MR KERR, REB—PRRIpe M, M {p} H—PRHET
p SHFHFI {p,}. B F

d(pi, p) < d(pi, pi,,) + d(pi,, p),
T H {p:} J& Cauchy FF3, BORMEHE, %41 oo B
d(pi,p) — 0,

MRS {p:} A FHBET K p, Bl (M, 9) REEW.

(4) = (1). RARIEE. BREFERNME pe M URBAIYIR
#veT,M, HRNME v(t) = exp,(tv) T to > 0 LBHEX. FE&
— MR, FTLMBE v TE [0, t) LB REX. FERIE [0,t) REEE
— T to BRI EFHFR {6} WX TFAERR > 0, FE N >0,
> >Nmb, 0<ti—t; <e MTFHME ¥ UMK ISY, &

d(v(t:),7(t5)) < L(ylp,e) = ti — t; <e.
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Brek, {v(t:)} B M HF#—4 Cauchy £5]. BT M B5&H, {v(t:)}
W TF—H ge M. WFEEH t € [0,t0), WERASKHE N, 154
i>N B, t€(tto) H=AAEXG

d(v(t),q) <d(y(t),v(t:)) + d(v(t:), 9)
<to—t+d(y(t:),q), ¥i> N.

ik i — oo, 1§ d(v(t),q) < to —t, AT

lim v(t) = q.

t—to

{23 Hopf-Rinow 5B AR
it 6.4 TEARBIIL L ERR AN TR RENBLETIH

HTRENERZARBRZEN, ¥H

#it 6.5 RBWEERERERZEN.

FHELABRN HAE, ARRFTROTFIESRBEHEARE.
FriAh £ 2 6.3(3), 5%

#it 6.6 FERHFEEREHTEMIE.

EX 6.2 i (M,g) B—TRERE, WRAFES—NEBEHR
SR (N, h), 1% (M, g) 1 (N, h) — M HIFFRIE (M, h) R%E
#y, B (M,g) 2 TTEAHREPRER; TURKE N FOTERL.

BN LA RO EERE SR BAEER, Xt TRk
EREBR, NEEREREZRENERATERY. THMEHE
Ut B SE R ERAE BB LB R R B R, BRI

EH 6.7 ZEEBRERATERM.

B I’ (M, g9) RERRENE. BE (M,g) RTUUEEN, W
(M,g) FETH—TEBREWE (N,h) WEAELFFRE (M, h).
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HYSEREZEERE, F, (Mh) BREZENEERE. &8
BELTFFWE, M 7E N RHHAL M 0SSR M HRA,
AR (M, k) —4 Cauchy SFIMBIEE. B (M,h) K5
BAER SPRRRAOME—YETT R, M C M. RULER, M FRE N
WIATE. BT (V) REEY, ERERFEANESETES, &
M=N.X5 MR N WEFTEAFE, EHBIE

3 & =

LORBAIRE, RRESERA TSRS
2. @ f A0 g BOMNMREL, HEMR (f)°+(0)#0,f#0. %

p(u,v) = {f(v) cosu, f(v) sinu, g(v)},

yg<u<uy, vY<v<,

e RBAZER FHHiHE, HESEENREE
= f27 G12=0, g2= (f,)2 + (g,)z'

(1) UEHA: FERHTE o LAWMIBMBMHI HER
d®u  _ ff'dudv
{ = 2?5& =0,
v ff (du)' M ge” (dv)
de2  (f)%+(g')? (dt) (f?+(g')? (dt) =0
(2) YLBA LR BARN AR BT FFEMTITES, X
THEERERME + TR (1) WRERER F—4AFER
R, MR B <w BMHL v SEATE P 7EH v(t) AR
AMf, WA

r cos 8 = const,

R r 2FTHE P ¥R ERFBREN Clairaut %R.
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(3) B M BRI f(v) = v, g(v) = v’ BEKIEFHE MW,
A Clairaut XRAIEM: MR M WRBL v FETFL, NEL
ARFETEXA (LHE).

3. M EREWNE, BN TM EHZSHWESER §(S3F

SBBSHE 48 ). EH: WT M LEE—FKRHE v, i
() = (v(£), 7' ®))

RETM LK TFHZ SEE_EIEE 49 F); FFHMEMTRE
ERiME, 72 TM LHRHE.

4. FIFEE 1.6 1 1.3 R H2(c)(c < 0) LINEF—HHE.
EE— NI RG] AR, FHEL LTRRE.

5 FAER 1.6 BAESEE 4 BHERHT B — BTN i =6
H"(c)(c < 0).

6. Wo: M MEFE, HEEpe M, #8 o) =p, 3
Howp = -idln,m. X v:(-¢,6) > M BREX & p I — KK,
7(0)=p, X REMML v W TFITHRY. EH:

Ouyt)(Xly)) = =X|y(=t), VtE (—¢,¢).



J4= 213

7. WG RERE, RENFERMESER -EIEE 4 H). 3
THEEH X eg, Bl X B G EWEAEREY, &

p:{-e,6) > G .
= X TEG BBt e e G WL, B
o) =e, () = Xlp, Vi€ (—2,6)).

EHA:
Ve XNFEEHte RAEX, FHHR

Pt +s) =p(t) - p(s), Vt,s€R,

ETBST ¢ RMMEEE R 51 G (R, BEEHGW— EBHT
B (SEE-EIES 5 H)

(2) MR g B G LRNAERSHFR (BES-EIEE 16 @),
MZEREWT (G,g) LAELLT e HRSIEHEEL ¢ : R - G M
B EY ¢ R G BB TE

8. ¥ X RESREWE M L Kiling [t (BES_%
B 23 ). iEW. MBEHES pe M, 18 X(p) = 0, AN TR
#veT,M,D,X =0, 1] X =0.

0. BMAMMI M WESTEAE, 1R M El—KSBH
W, MR U = U(t) BY 1 2 A BORE FI RS, % 721
— S BOERES ©, (518 U REMEN f RS,

10 R £ R B EETE, 5

R? = {(z,y) € R2; y > 0}.

BR, EMBREER g H g1 =920 = 1/9% 912 = g2 =0 . K
REWE (RL,9) LRIFTARIML.
11. 7EBEAEmE

M= {(z,y,2) R} 2>+ 22 = 1,-00 < y < o0}



A4 FEF MK
£4 p=1(0,0,1). iEBH: XTEEH q= (z0,%0,2) € M, ME
q # (0707 —1)7

WHFLEER: p, ¢ IR, EREREL.

12. @ M Bm BRERE, pe M. iEH: X p H—1PH
U WEENBRAIERFRY {o), BRM TEN K p WL
£ v(t), BH D, ye: = 0(Vi); ¥,

(De;e;)(p) =0 Vi, j.

XEEMIERY {e} WA M TR p 99— B FITIREZS.

13. AEREIES 12 PNV TREnEFRIEHE &
IS 34 8.

4. & (M,q) REEFE, peM,6>0 %

Vp(0) = {g € M; d(p,q) < 6},
JEH: IR p S — AR U, 8 V) c U,
Vp(8) = Bp(9)

2 (M, g) — 2R

15. REFULE, EREWE (M,9) &, EXEIEE 14 EHHR
EXHIRE V,(0) Kb THER.

16. it X REEWE M LH—4 Killing [ B (BFEE_EY
BH238), pe M, U R p SEI—NELIRME. EH: MEp B X
TEU RHME—F R, WX U FHTA L p R00 s BRIE A5 4.

17. (Liouville ) & 7 : TM - M ZRERE (M,q) 8]
M, TM EW—MXEYIEEY G #h AitrRs, mReER
HRTMESHTRE (1,1) — ot 5) B— MR, B TERY
&€ TM, £ %:(t) = o(t,7) FTER/T LA URR N
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He v B M FHE.

(1) iEBl: TM ES—AW G BB div,G =0, XEM §
BUOALHBESER BB _EJEE 18 H);

(2) 81 (1) RILEICVLRE, MR TM WERRTAE.

18. M BERERE, o: M o M BGHEBRE. . mEs
THEEW pge M,

d(v(p), »(q)) = d(p, 9),

e RE_HEEX 22 ELTHHIE.

19. i M\N BREEREENLIRTEERE. BEFERFTH
UCM,VCN,URSE o:U - V,iE#H: ¢ TREHIN M 3
N W %HE.

20. & M BREERE, pecM,p: M >REEM EHYTH
p WEERREL. EFA: R¥ p® 7 p SW—DRS/DBBARNE
8, 3+ H Hess (p®) RIEEM.

21. B N RERNREHE, MCcNRENWHFRE, pc
N\M. & d(po, M) = inf{d(po,q); Vg€ M} )\ po B M HIEH.
EBA:

(1) ##7E 90 € M, {18 d(po, 90) = d(po, M);

(2) E#E po, o WRMBEMMERTE ¢ S5 M EXR.

22. & N REBWRERE, M, M, 7 N PHHEAAELRER
HAFRE. EH: FES My, My S RIEHIEMBLE v : 0,1 -
N, 18 v Bl

L(v) = d(Mi1, M,) = inf{d(p,q); (p,q) € My x M,}.

23. EREWE M LW —ZNBBEL v [0,+00) - M Y
BEehE, MRMTERNERTFE K C M, UFE t > 0, {#18
V(o) € K. KB v RKREE XN
lim /0 [~'(¢)|dt.

8$—+00
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ERA: M BRREEHYBEMNY M EHE—-FREMARETHRBK
Ji:

24. M BERERE, peM. EM E—RZUWEK ¢t HSHW
ML v:[0,400) & M FFAMN p EHRK ik, R

7(0) = p,

FHEAXMTERR t € (0,+00), o,y BEE p 5 7(t) FLAR B
£, W dp,~(t)) = ¢t. I MR M REEERN, WMTFEREH
pEM,TEM LWFENp ARG
25. it M f1 M REARERE, [: M- M ERSFRRE. iE
W: MR M BREEH, FEFEXE >0 FB/MNTEEN pe M
H
lv] < elfuv)l, v € TpM,

W M HREER.

26. &t M RESHEEWE, M REENEERE, Mo M
REWSE. MR TEEES e M, 7 M PFEEw—H—&N
MERER p,q, . f BRREST, NENS, EWR (ki) FE.

27. ZB PR

K = {(z,y) e B*; y > 0}.
R FMREFR §j b TR BBE:
=1 gi2=gn=0, gp= l
Yy
EH: Oy bR ELRB
z=0, e<y<1l >0

WRES c - 0 BT 2. BHEHAEFHREER § ARRE
#.



28. EMAAE I 10 EHHRERE (RY,9) ZREH.

29. % X RE/WE M Ly— M RUImEE. DRENEX
T4 AR S SO TSR B R b, WBR X R4l AR
M BER&WRERE, X € X(M). iEH: MREFEEH o, £

|X(p)| < c,Vpe M,

WX BEad. R 6 X BEROEREREREELEY?
4

30. ¥ M ZEEERE. IRENTEEN pge M, FESE ¢
M = M {18 o(p) = g, WHK M 2 RBFFHEDE. Hit, REFHES
B M ESETREBEE M LRERARTEN. EH: REBFEEEEE
S






BOE  ghE

B RS RS R AR AR, ERKZEE R BH
MR E, AEMKRNEEA TR EHRYTHEE, IMEE—N
MEEmEH R RE. #—F, 7£ R hpytimie 2, A7 #Rihm
HLETEAR, AMTEERHREN SR EPRRAN ) k2 HE i
EEA RGN T AN SHBRE, e — S mRERYTFE
BEE, AMAW, MTENSE EOEE—&K, BHRIBEHEA
BMEAENT R EPEF ) RBEERREMSR/ME, kiR
FMRERERITBRYEME.  Gauss BH—F “WA” RIAR:
HEES— SHEAEHEHNRR (FFHh Gauss #iXK) (L5 MR H
—EAERER, MEHEZE R PRERALHREBRIEX. ¥
#, Y—PHESFEERT LFES, H Gauss MIBEITF, RZ
TRER. R, EEMEX L, Gauss MEFAENEMENE A
B FREER EFEER) MREEE. mREHES S [
S 23 (6] B RE HE) BAER NI L EA M, W Gauss BB R Z A
iR, SXEAASHSHAEE. Riemann 763 Gauss BT A
RS JUTHET BRI MM VT RS, SIARTREEE
T iR WRSEERMRER. EX—FP, it — RS
ZE], FHEEEHT L LSRR R HER.

§4.1 ghEEskE

E—THBREZR T, mBKBRIIASHERGER, AR
BRREJUMRERENES. EX—F, K758 2 Y th R E
FiiR, MEARENE LREMEKBNES, ET —HEEIEH,
HRGREETFER R ERIBAS T LS T 0K 2 [ HE.
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EX 1.1 % (M,D) & m FHHHKEZE. X TERH X,V e
X(M), & XS R(X,Y) : (M) » X(M) W

R(X,Y)Z =DxDyZ -~ DyDxZ - Dixy)Z, VZe€X(M), (L1)

W R(X,Y) NSTBEE R (M,D) XFHEYEEE X,V 8 d
ENF.

EE 1.1 R (M,D) RIGHEBREZE, WX TERR XY €
X(M), HBHET R(X,Y) BEMTHHER: Vf e C°(M), Z € X(M),

(1) R(X,Y) = -R(Y, X);

(2) R(fX,Y) = R(X, fY) = fR(X,Y);

(3) R(X,Y)(f2) = FR(X,Y)Z;

(4) 4 D WHRE T =0 B,

R(X,Y)Z +R(Y, Z)X +R(Z,X)Y = 0.

R (4) #4 %— Bianchi {EE=.

W (1) BBARM.

(2) HREHETHE AR Poisson #F{EEFHBHHER, MFEEDN

ZeXMH
R(fX,Y)Z =D;xDy Z — DyDx Z — Disx.y 2
=fDxDyZ - Dy(fDxZ) - Dyix,v)-v(5)xZ
=fDxDyZ -Y(f)DxZ - fDyDx2Z
- fDix,v)Z+Y(f)DxZ

=fR(X,Y)Z,

Bl R(fX,Y) = fR(X,Y). B (1) 5%

R(X, fY) = —R(fY, X) = - fR(Y, X) = fR(X,Y).
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(3) EBiTEAB
R(X,Y)(fZ) = DxDy(fZ) - DyDx(fZ) - Dix,v)(f2)
=Dx(Y(f)Z + fDyZ) ~ Dy(X(f)Z + fDx Z)
- (X, Y}())Z - fDixvZ
=X(Y(f))Z+Y(f)DxZ + X(f)DyZ
+ fDxDyZ -Y(X(f))Z - X(f)DyZ - Y(f)DxZ
- DyDxZ - (X, Y}(f)Z - fDix,v)Z
=fR(X,Y)Z.

(4) #5% T = 0 BHF DxY - Dy X = [X,Y], VX,Y € £(M). F
Z,
R(X,Y)Z +R(Y, Z)X + R(Z, X)Y
=DxDyZ - DyDxZ - Dx,y}Z + DyDzX
~DzDyX - Dy, X + DzDxY - DxDzY = Dizx¥
=Dx(DyZ - DzY) - Dy, zX + Dy(DzX — DxZ)
- Dizx)Y +Dz(DxY — Dy X) - Dix v)Z
=Dx[Y, 2] - Dyy,zjX + Dy[Z, X] — Dz x)Y
+Dz[X,Y] - Dix.yZ
=[X,[Y, Z]| + [Y,[2, X]) + [Z,[X, Y]} = O,

ﬁ*ﬁié—ﬁ‘%’%ﬂﬂﬂ‘ Jacobi {HZR,. iEFE.
PR (3) iHH, B4t

R(X,Y) : X(M) - X(M)

R Co(M)-2etkly, AR M L —4 (1,1) B0k, B4, hT
R(X,Y)XF X, Y R C°(M)LREly, B3t THEER v,w € T, M,
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ATLARE SCER 1A B

Rv,w) : TyM - T, M.
H—2, R E T A LOE N T e = E R

R X(M) x X(M) x £(M) - X(M),

(Z,X,Y) o R(X,Y)Z, VX,Y,ZeX(M). (1.2)

HER 11 BA RN TE-1TAEREERE C°(M)-&HEH, LR 2
M 1@y (1,3) Bt EY.

X 1.2 @ (1.2) RFEM (1,3) BRI R BN ETEE
#7218 (M,D) ) thETkE (3%).

ENKEY, REB—KpeM HH—1 (13) Bk
Ry : TyM x T,M x TyM = T,M,

#1% (w,u,v) » R(u,v)w, Yu,v,w € T,M. R, k¥ (M,D) & p H¥
RS

A D ERBRIFRTHBRERY, TUHLWRKE R K5

H.
W (U;s) B M A—1NRBLFRER, WE U LB EREK
Y €C®(U), 1<ijk<m,
e \ ,
1k
DF%' dzJ F"a:c"
FR,
o 0 o
a o o
=D2Do 55 -DoDoa sy Do
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) , 9
=02, (Mugm) ~Pu (i)

ory; 8
=0 =+t 1%; ;
ozt Ozt ' M 794! Oz Ozl

- <arl,c]. - _ar;i> 2 i 2 g 0

dr*  Ozi ) 8 JTliggh — Tk gah
ort.  art. d
= ( 6;;] — az’;l -+ Fz]]f‘lhz - FZJ’IM) EI:—I
Hit, mRS
ToR(2 8N a0 13)
9xi’ Ozi | ok ~ K gl ’
WA - l
. oI,
Ry = 5= = =8 + T} T}, ~ ThTh;. (1.4)

TR (1,3) BavMh KRS R ERELTURTH

R = R} ;dz* ® 9 ds ®da?.

. ozt
Ei, WFEER X,Y € X(M), mE
; 0 i 0
X=X prt Y—YJ%;,

fEX (1,1) WK BHHOMEBHT R(X,Y) B TRRHBLIFRER

R(X,Y) = X'Y/R},;dz* a%' (1.5)

AR, X TREBRE (M, 9) Kk, CETE—REHRERE
D, ERHIRKBHARERE (M,9) RER ¢ HHIBKE. R/
BERR (U;2) F, BERE (M, g) I RKBHSBIRE 1.4 R
G, REAPHBRERE Y RERKRNH & "

Y
% =9\ oz 507
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# Christoffel 25, MEEH (3.6) A& ii.
Bl 11 EKEZH R 6T h Bl Rk R NS
HLE, R EFHERSOHERS D RRWERS d 8
HBR™ B~ IR (R, W o R R LSRR XA
TATRRS (1<i<m). B,

) 8\ _

B, BSERTE =0 Bl (149 R, R, =0
& (M,g) RREBWE. @

R(X,Y,Z,W) = g(R(Z,W)X,Y), VX,Y,Z,W e X(M), (16)
BB —A Y E RS
R : X(M) x X(M) x X(M) x £(M) - C®(M).

B R MG~ BB O(M)-REEH, B RE M EHTHH
KB,
EX 1.3 FHEFEXHMEBThERRY
R: X(M) x X(M) x X(M) x (M) - C®(M)

FAREHE (M, g) iy RBeyRKR (37).

MTREREWMS, (1.9) WaymhRKEY R 5 (04) BHRE
HRKEY R ARIRFA—IMURUARARAEATE. B, £
KV B AT B 6 R & il 3K B RA T & A T BRI IR S R4

EBE 1.2 RERHE (M, 9) RSl Kk
R:X(M) x (M) x £(M) x £(M) = C=(M)

RATHER: MTHEEN X,Y,2,W € X(M),
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(1) RAARbE:

R(X, Ya Z’ W) = —R(Yy X’ Za W),

R(X,Y,Z,W) = —R(X,Y,W, Z);
(2) % — Bianchi j& % A

R(X,Y,Z, W)+ R(Z,Y,W,X) + RW,Y, X, Z) = 0;

(3) *#kM: R(X,Y,Z,W)=R(Z,W,X,Y).
B () MBS (2) ARREE L1 (1) 1 (4) BwEEHE

®. AEABEEH (1) WE—IF 3).
mF D RER ¢ RSB, ST EETEAT

9(DzDwX,Y) =Z(g(Dw X,Y)) - g(Dw X, DzY)
=Z(W(9(X,Y))) - Z(9(X,DwY))
- W(g(X,DzY)) + ¢(X,DwDzY). (1.7)

9(DwDzX,Y) =W(Z(9(X,Y))) ~ W(g(X,DzY))
- Z(9(X,DwY)) + g(X,DzDwY).  (1.8)

RBINEEF
9(Dzw) X, Y) = [Z,W](9(X,Y)) — 9(X,Dizw)Y).
XM (17) . (1.8) A—BRAREHRKRGE (X, B

R(X,Y,Z,W) =g(DzDw X = DwDzX - Dizy X,Y)
=Z(W(g(X,Y))) - W(Z(g9(X,Y)))
+ g(X,DwDzY — DzDwY)
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- [Z2,W)(g(X,Y)) + g(X,DizuwY)
=¢(X,DwDzY — DzDwY + Dizw(Y)
=—g(X,R(Z,W)Y) = —g(R(Z, W)Y, X)
=—RY,X,Z,W).

ERIERT (1) E—X. HTIEH (3), BEMA (2) B2

R(X,Y,2,W) + R(Z,Y,W,X) + RW,Y, X, Z) = 0,
R(Y,Z,W,X) + R(W,Z,X,Y) + R(X,Z,Y,W) = 0.

KR XA FHF A C LB B RXTFRE (1), WE

R(X,Y,Z,W)+R(W,Y,X,Z) + RW, Z,X,Y)
+R(X,Z,Y,W) =0,

Ep
R(X,Y,Z,W) - R(Z,W, X,Y)
= ~(RW,Y,X,Z) - R(X,Z,W,Y)),

HPAuESANAFRIFRENNRFHFEER X, Z,W E—RkE
BHGER. 3 X, Z,W BEERHREBE
R(W)Y,X,Z) - R(X,Z,W,Y)
= —(R(Z,Y,W,X) - R(W, X, 2,Y))
= R(X,Y,Z,W) - R(Z,W,X,Y).
i LA B E

R(X)Y,Z,W) - R(Z,W,X,Y)
= —(R(Xa Ya Za W) - R(Za Wa Xa Y))a
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Wi, R(X,Y,Z,W)-R(Z,W,X,Y)=0. L.
MFEENEESApe M, REMFEKE RE p A H—MNHE

LrERE
Ry, ToM xT,M xT,M xT,M - R

TR, 28 1.2 TR R:
#it 1.3 M TEEN uv,w,2 € M, REMBKE

Ry, : T, M xT,M xT,M xT,M - R

BA THIHER:
(1) &3k

Ry(u,v,w,2) = —Ry(v,u,w,2), Rp(u,v,w,2)=-Rp(u,v,z,w);
(2) % — Bianchi %% X.:
Ry(u,v,w,2) + Ry(w,v, z,u) + Rp(z,v,u,w) = 0;

(3) *#kM: Ry(u,v,w,2) = Ry(w, z,u,v).

THEHRRREMRKBERBLIFRATHAR. ] U;o) BER
BRE (M, 9) H— 1 REBIFR, &

g2 9
99 =9\ 8z 92 )

W ERH 3.6) R, 9 WREBREREY

1 Ogu , Ogi; Ogij
rh =30 (G + o~ ) (19

HLE

1 (Ogir, = Ogr; Ogij;
Thgy == | 22k L 22k Y55y
ydkt = 5 ( O3~ Ozt  Ozk ) (1.10)
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R g o a 0
R (5‘?) Bk = Tk g
RS 8 8 o8 9
R(ﬁ{b"a‘;ra?) = Riji,
T oy 8 B R 2 X,

8 a9\ 9 |
Rijkl =g <R (29_::_’“’ 5;) 5;{, a_:l:;) = R?thj. (111)

it 1.1 EXEME, W R, W LI A TR, BERE
THEOSE AR BRERREREY, REESCRE R FEH
E, BAER/DL.

RERSBRESEROMAE, HFh 1.10) X, B3

80::
5%"1 =T g;j + Tjrga- (1.12)

12 (1.4) ARA (L1 K, FMA 19) . (1.10) f1 (1.12) =X, 7R/

arp.  ark.

0 o 0
=;9}'?(sz9“) ~T ‘55% - %{(I‘tighl) +T

+ Fi’jl’ﬁigm - inr’;jghl

h Ogni
ki amj

5] 0
=$(Fﬁjgh1) ~ 557 Thignt) = T; (TR0 + Thignp)
+TRi(Th;90t + T7;9np) + T5,Thignt — T3, TR gy
18 (3.%1 Ogjt agkj)

T207 \ 817 ' 8zF Bt

ori = Oz¢  Of!
_ 19 (9gu  Oga _ Ogk
20xi \ Ozt ' Oz¢ Ozt
+ T3l gpn — T T 00m
_1 % gix g 9gu _ Py
2 \Oriort = Ozidz* Oxidrk  Ozidx!
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+ T8 Thgon — THTE gph.
XPE, BBATHAEREY g; RAWRSHERBETHEAR:
R = Ry;jdz* ® dz! ® dr* ® do?, (1.13)
Hepa b TREH:
1 ( 3%gix 0%g;1 d%gu gk )
Ryij

“2\8zior! ' 9ridzk  Oridz* 9z

+ T5T% gpn — THT ) gph- (1.14)

BEBEHE, ©F 1.2 TUARSHEKEN S BERN

EHE 1.2 & Rju IREWE (M,9) WREHMKKBERTL
&R U;e') TR, UF

(1) RM#RM: Riju = —Rjit = — Rijix;

(2) % — Bianchi % ¥ X: Riju + Rijix + Rejui = 0;

(3) R Riju = Ryuij-

§4.2 dERR

FEX—V, BEREDHIRRERLEY SR 2 [ AR S R & eh
Rk,

# (M,D) RUGSTEREZN, (e} BEXEFFRUCM LW
REIRRS, (W) RSEMNBHATTES. 4
De,e; = Ffjek, w! = T4uk,
M De; = wfej.

FH 2.1 % R, BB D Ml RKE R ERBUIRES ()
TH4 8, B
Riex,er)e; = nglej, (2.1)
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i)

2,

88 M FEEW er, e A

(dw! —wh A wl)(ex, &) = ex(wi(er) — er(w!(ex))
— Wl ([ex, &1)) — wh(ex)wi (er) + wh (er)wh (ex)
=ex(T}) — er(T4) — w(lex, )T,
- F?krfu + Fﬁrik‘
TER—HH,
R(Ck, el)ei :DekDelei - DelDekei - D[ek,e,]ei
=D, (T%e;) — D¢, (T%e;) — wh(lex, e Tpe;
=(ek(1“f-}) - el(rgk) + F?zrfzk - F?kr';u
— wh(lex, eIy e;

=(dw! — wh Awl)(ex, &) - €.

5 (2.1) A HLEEH

(dw] — wf Aw))(er,e1) = Ry,
H i

dw{—waw{=%RgﬂﬁAwk (2.3)
SE BRI

BY 2.1 2 FIMESR O = dwf ~ wb Aw] BRBPIHBEE S
(M,D) TERBIFES {e:) Ty th¥ERR.

#it 2.2 R (M, D) RUFHBLESN, WX TR BHIIRE
5 {e:), BIEKE R TUHMERR 0 ERY

R=uw®e®0. (2.4)
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XM TFEEN XY e X(M) A
R(X,Y) = QI(X,Y)w' ®ej; (2.5)

54,
R(X,Y)e; = Q(X,Y)e;. (2.6)
RET R, #RER Q) EEEiy X, Y EmE Q/(X,Y) %
TR ARYEE e R(X,Y) TERIE {e) THER

FESR (52.6 % X 6.1) WRIIA T D WHARR 0. %4
RIRISE X T 0, ESRIFA S AR

{dwizijw;+Qi, 2

dw} = wf Awp + N5
EHAE (2.7) BB R 2R (M, D) § AR
EH 2.3 & {e;} RIGHBE T (M, D) —1 REITES,
{w'} REHMERORTIGRS. U D MBREER o, HERER ' f1
HEBR O WEMTXRER:
A = w? AQE - O AWl (2.8)
do = wf A QL - 0F AWl (2.9)
W B MER O = dof - o Aw! RN SRS
& (2.7), i@
A = —dw’ Aw} +w! Adw
= (¥ +w* Aw) Awh 0l A+ w0k AWl
=w A Q- Aw;.

R (2.8) X, R, MER Q] = do! - ok Al KoM, X
BE (29) K. HEE.



i 2.1 mE D BIHEEKE, W (2.8) XA
» w! AQ =0. (2.10)
ATLERE, (2.10) REM T EH 1.1 P — Bianchi {HER.
#Hxk, hEH 218
Q;- = —;—R;-k,wk At (2.11)
R (2.10) K78
R}k,wj Ak /\w' =0.
MF Ry, + Rl =0, 1 LR RHER MBS
E(R;-kl + R;.clj + R;]k)w] /\w" A w’ =0.
BRSNTEFR

l
R(ex,er)ej + R(er, ej)er + Riej,ex)er =0,

X IE &S — Bianchi {HFR.
Fic 2.2 HEHFRALCIN T EIER: £ D RIEEBEENINE
T, (29 AP TFHESR
R{kl,h + Rtjlh,k + R{hk,l =0, (2.13)
He (BBE_EMN (46) R)

Rtkl h —eh(R;u) + Rzklriah - R’;ktrfh

pr, R,ka‘ (2.14)

R Rk RSB R, WHESH.  (2.13) A¥Y B Bianchi f§
.
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RERE (M, 9) REEWE, WRES_EHITE, THRERK
BIERTREY (e} THREER v} WERMHF

dw' =W A w;, dgi; = ngkj + w;'cgik, (2.15)

H gy = gles,e). & wi = wigyi, wij = wlor;, WM (2.15) ATLAK
=]
dw; = w] Awj, dgij = wij + wji. (2.16)
B4 Q= Qf ey, WA TEHHL.
COER 2.4 B (M,9) RERERE, MMFEERX Q; E&THAR:
(1) ; = %Rijklwk Awt; Horp
Rijis = g(R(ex, e1)eiej) = O Rlugnj.

(2) Qi + Q5 =0 ’

@) ' ARy =0;

(4) d; = wf A Quj + Qux Awb = wf AQj —wE A Q.

U (1) & (2.11) K,

1 1
Qij = Qf’gkj = Eprqgkjw” Awl = aRijklwk At

(2) MA (1) M Ryju XF 4,5 RIFHFEBED

1
Qij + Qi = =(Rijir + Rjsm)w* Aw' = 0.
2

(3) 1 (4) B2 2.3 (YEBMEIR. EHE.

RETRRKBRERTHILAEL. TEHSEIREHRK
BIENFTRRES RN 7R L T KK 2 M EFER.

FEXTO5 R 48 2 18 #EAT IR
EHE 2.5 B (M,D) B m SHHBREERE. MR D WHEkE
M RKBAE AT, WHTEE—K pe M, HIEE p AH—HW



B4 Fuk wk

SRR (Usa'), (518 B RIFR { }7% U LTS, B

Ot
a .
D35 =0, Vi

AEB X TAERES p e M, BUE XA p SBOAREL V L RERARAE
B {e:}, MRMBSERIEN ol BH p RN B—1 BEGES
(6:), WA R EHRY o = (o) B8

8; = dle;. (2.17)
& D 7E {6:} THIBAEBAN 65, WA (BH -2 (6.1) X)
a}6% = daj + wial. (2.18)
BRI BARRTE p MM FR—FBELKCR B of, EB
det(a) # 0,

HEEREY (217) THRSER 0 EXE, XRKE (6} RBP4
WiRE. TR, [ERL I RRET of 0 Plaf i

of =daj +wiaf =0, 1<i,j<m; det(a}) #0. (2.19)

XRAEZER V x R™ Li m? A 1R RA iy Plaff 7R4E, ©
HBR m®. RIFEEGBE, D WlEKREHT, MEMHERE
R Q=0 HhEHHR (27) B3

dw; :wf/\w,"c.
Fﬁu’

i 3ok A kg i
doj = daj Awj, + ajdw}

— k h .k ¢ k, h [
—(0'] —ajwh)Awk+ajwk /\wh
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TR, Pfaff 74 (2.19) ¥ 2 Frobenius &{4. ##E Frobenius £ #
(BFEESECH (3, EWUE, EH 3.2),Plaff HE4 (219) B2
B, ENFFETE p SIFFSE W CV, Ml m?2 ME¥ ol € C°(W) R
BAH (2.19) MYME oi(p) = 6. ERERHEYE/N W, BRTURE
TEW L det(a}) # 0. EXHRBNA (217) K, EHIACLEr &
BARIR W LR RIS {6:), BEMANABEEER 6] =0, HiE
— AT ER 6 £ W LRTITH.

REBYE (6') B {6} MBHOKFRY. BT D HHREKR
HATF, #

a8 =67 A6 =0,

ENg—A4~ 0 MAMAER. Prid, B Poincaré 513, FF7E p SHIFR
UcCW,URU L&EEES o, 8

6 =dz*, 1<i<m;
SN, 5 = o I p RERELIR (U;a) MEKH

9
%5 o

=0, 1<, <m.
.

BERSREOWE. HTHRNFEER, EHIIATENE
X

BX 22 B (Mg BmARSHE. MEEFG—Kpe M, K
I p A RBLRER Ur') GEREEER ¢ HRE

g a
9i; =g (%’ 55;) = &y, (2.20)

W (M, g) % REBEXEC (8],



BR, REKKZERRERTLES SKKE YT FHRELSE
BE X IR S W

EX 2.3 REMBKEANTHRERLHAY FEE REFE,
ANHREERFR I FHNRETR.

Wit 2.6 REWE (M,9) BERBKRZMH S LERXHRE
BRI BAEANF, B (M,g) BRTHHREWT.

JEER EYER BARY, WUHAESMERKRATHEAR (1.4
(1.9) &8

BT, BEESHE 2.5 WiE B R4 Plaf M (2.19)
BER VI of (p) W R K4

S ak(p)al(p)gler, e)p) =8,  1<i,j<m.
k,l

BWBRE o, &
fl] Ea gkl 1]7

HF g = glek,er). W fi;(p) =0, }#H
dfi; = Z(da, a;gkt + a"dajgk, +af dgu)
= Z <_ Ewﬁaraggkl tha gkl + a dgkl)

= a¥d! (dgkl IRWp — genwi).

mTREHKSE D MEEEE g REAN, FrU

dgrt — griwf — grnwf = 0.

dfl] =0v ft]=f1](p)=0$ VZ,J
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50 AT U

9(6:,8;) =Y _ afaigu = &i;.
kil

Hik, B (2.17) REHAHREY {6} BBAIERK. EHE 25 BiF
{6:;} REREELIRR (U;2°) BoEey HRIFRY. BriX

_ 9 9 = 6.
9i; = g EE_"’EE = 0ij,

HEEE.
B—AER: RBPEH 25, EX p ARBLFR (U;*) #B
D_a,—-a—f =0,
=7 Ox*

Ui

B U ERHERE. BIHLIRR (U;2°) F—TH RBLKEESR (E
PR RMRITHE (U; o) AL

9lv = Zdzi ®dr'.
i

REREMEHMEER, FEARISZHXNELER —
Gauss-Bonnet-Chern .

Gauss-Bonnet-Chern EHEREIJLAPRABEENERE, RER
ZAERE XN RNE BRESE DU ERRN—RBREADHN®
XEHRRANEINESG M T Gauss-Bonnet S HERA (88 8% 30k
17), ABIIY, RIES B THER, S FEENEE, RAHERE
TR RS R BRR. i, BEX TR % 8 Gauss-Bonnet &
FEFR A4 Gauss-Bonnet-Chern EH. FEARYT N B Gauss-Bonnet-Chern
ERRGER, R HIERE SR (17 RSE M 4 WS
PYE).
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B (M, g) BAFHK 20 BREWY, {e:} BENFEMBFTFHRU
S AR B ASARAES,  Q RATHARA TR MR R

3

(-1 § i1izp . ) )
22p7rpp' 8. 2p Qiyiy A A Qi iy

lzp

Hef

i1--i2p
61 2p T

=1, dy---igpfE 1---2p B—AEHER;
0, HiuiFe.
BHRIE, QO 5RHBELERES (e} HERTEX, EHEKHE

Bl E X M B 20 BOMHAR. TREELBERK e C(M),
%15

{1, iy -doph 100+ 2p B—MBHERY;

Q= KdVy,
Hbdvy B2 M HERTE. 85, Ep=16 B M EB—1FHMH
B, M K = 2rK B M # Gauss B3,

Gauss-Bonnet-Chern I % (M,q) R 2p EEBH R ER
., WETHRSAR

/ Q = x(M), (221)
M

He x(M) B M 8 Euler-Poincare 7R #: 3.

Euler-Poincare ;REHE—MAIMNIHE (BB SHCH [13, 8
193 T]). M Gauss-Bonnet-Chern EHRE AR EREWHERTE (F

WA E) RZERENHEIMT &, iR+ AEERER.
Y p=18,

X(M) = 2(1 - g(M)),

Hf g(M) REBHEMME M 8 5% TEENTH#L.
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#it 2.7 B M EBEFHAAH_HERERE, KR M Gauss
B, WERDT AKX

/ KdVy = 4n(1 — g(M)). (2.22)
M

§4.3 #KEEEE

FEMWE T Gauss MEEYE. S, ERERERE LT
PAE B T il ek B i — S E v R, EX— T TF—F
B, KFLE IR REE, HFET RO,

(M) BmBRERE, peM. NTFEEN u,ve LM, 4

llu A vl|? = (u, up(v, ) - (u,0)".

BR, uv HENEFUERGE luavl® =0, FHHEHY u,v FHL
B, luAvl? 88FR u,v KB TATEHE N ERTEY.
B u,v e oM BREASRILLEH IR, 8 u,v 7 TpM Pk
R —HETZRENCHE [u o), FRABRERE M & p S8 ZHRE
MR 4,0 & [uAv] PEERANARLLEN I AR, WE

@ = alu+alv, ©=alu+aly, det(aj) # 0.

i%’
lla A 5)|* = (det(a;))?|lu A o]>.

TER—AE, REREMEKE R WXTFHREMR KT (B2EFH#
i 1.3) AEBRE

R(a,,4,9) = (det(a}))*R(u,v,u,v).

RLAT R,
_ R(u,v,u,v)

Kluw) = =0 x o

(3.1)
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EXHE K(u,v) 5288 [uav] BERK u,v FEIEX, BAE
B FRKB _EBE [uAv) BEE.

X 3.1 7 (Mg Bm BARERE, pe M. MFLEEHN
u,v € TpM, TR luAv|® #£0, WH (3.1) BENHE K(u,v) KH
(M,g) % p SIE AR {uAv] 4 RESHE.

HTFEEN pe M, YIZH T,M 4720 (ZHRE) (e
G — T GRRE, 121E Gra(p), ER— Grassmann . F4

GTZ M) U GT?(p)a
peM

W Gry(M) &— Lk Grassmann JiFE NA MM AHEN SEST
% §10.3), BIBTIBAY Grassmann £F4EM; T4 E i R W R & XEX T
HHEN EH— IR RS _

FESIAMBRE SRR M E ST Y Gauss B RIERAEHE K H
7.

W (Mg Bm BEEHE, m>2 peM. X}'& u,v € T,M R
EEWAMEEEZHBMYIME. ER p SH—PERBIRER (U;zY),

%78 z*(p) = 0, 3 H s s
= %1_’ v = 3_13
¥ p AMGE, 8 M W _RTFHE

S={geU; z*=0,3<a<m}

REVLLIFRMEN, SERBNM p KR, BE5ZHRE [und) 4
VIR MR EE, EME-EEXBRR

2
1= gi(z!,2?)da'da?,

i,J=1

He
gij(z', 2% = gi;(a*,22,0,---,0), 4,5=1,2.
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KR S 7E p S Gauss HE K(p), HEZZFEH 4.5 84,
IY(p) =0, i,j,k=1,2,---,m

EmstTF i,5,k =1,2, Ffj(p) =0, XEM I‘ J& §i; B9 Christoffel it
5. WRFEME L Gauss IEHHEAR (*%%%)‘Cﬁk [2, % 139
) PR (1.14) R F[E

K(p) = — Ri212(p)
_ 1 %G + P 9 g1z
- 2 \ 0z10x)  Oz20z2 dz10z2

+ Z (Fnrzzgkh‘rmrlzgkh)}

Tl=22=0

1<k,
1 62!J2z> &? g _ 2 d? g12
2 6:1:1 ozl Bz2 Ox? Oz 0x?

P Y <rf1rszgkh-rnrf2gkh>}

1<k,h<m Pl=mgm =g
R(u,v,u,v
== R1212(p) = l(iu A ’0”2 )(p)
=K(u,v).

BT, 7 p SO ZHRE uAv] BENBIHE K(u,v) 15
WREM P55 [uno) HYBHME S 7 p A Gauss Bi%E; XBER
EME R E XX 3.1) FRASHFEHE.

EX 32 BVE—~IPmBRBEE, R:VxVxVxV-oR
2V LB R, mREEHETHZAKME, UKREY di¥E
B5Kk -

(1) R AFARb:

R(u,v,w,2) = —R(v,u,w,2) = —R(u,v, z,w);
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(2) % — Bianchi & ¥ X:
R(u,v,w, 2) + R(w,v, z,u) + R(z,v,u,w) = 0;

(3) A AR R(u,v,w,z) = R(wazauav),
HAF u,v,w,z€ V.

g|38 3.1 & R, R RWEBEZEE V LBt REH ATk
# RN TEEM uw,veV, HE ‘

R'(u,v,u,v) = R{u,v,u,v),

W R =R.

iEB 4 Ro = R'— R, | Ry 2 V LRy KA UEthAS sk &,
FHMTEEN u,v e VE Ro(u,v,u,v) = 0. RERFBIFEH R =0
Bw].

MHFEES u,v,z€ V, HH Ry WEBEXREERAXKE, &
0 = Ro(u,v + 2z,u,v + 2)
= Ro(u,v,u,v) + Ro(u,v,u,2) + Ro(u, z,u,v) + Ro(u, z,u, 2)
= Ro(u,v,u,2) + Ro(u,z,u,v)
= 2Ro(u, v, u, 2),
BB Ro(u,v,u,2) = 0.
HTFERH v,v,w,2 €V, BIF Ro(u+v,w,u+v,2) =0 B
0= Ro(u+u,w,u+v,é)
= Ro(u,w,u, 2) + Ro(u,w,v,z) + Ro(v,w,u,2) + Ry(v,w,v, z)
= Ro(u, w,v,2) + Ro(v, w,u, 2)
= Ro(u,w,v,2) — Ro(v,w, z,u).
HULTET L,  Ro(u,w,v,2) fE8 R u,v, 2 MBHRTRIERE, B
Ro(u,w,v,2) = Ro(v,w, z,u) = Ro(z, w,u,v).
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TR, WEHE— Bianchi fEEREH, MTEEMN v,v,w,zeVH

0 =Ry(u,v,w,2) + Ro(w,v, z,u) + Ro(z,v,u,w)
=3Ro(u,v,w, z).

ﬁRoEO.

I 3.2 Wp RBREWY (M,q) LAMEE—K. MR M 7E p
i B A T T i R Ko, U FAE R v, 0,w,2 € T, M,
"

R(u,v,w,z) = “KO((U,U})(U,Z) - <u7z><v’w>); (32)
Bk, MRFERE Ko, 78 (3.2) XL, W M & p AREA
S T Y LT R D R Ko
B XMFERH u,v,w,2€ T,M, 4

Rl(uy v, w, Z) = (’U,, ’U)) (U’ Z) - (ua Z) (1), w),

SHERIETH, R B LM EM—AiRANHHEKE a8
&, HTFERHARLKN vve LM &

R(u,v,u,v)

-2 K,
R'(u,v,u,v) 0

Ap
R(u,v,u,v) = =Ko R'(u,v,u,v).
B, EXXMTF LM FEEFHNLZER o, v WRME. TRE3
# 3.1, (3.2) AMFERN u,v,w,2 € T,M fHR L.
NS EBTS . JELE.

EX 33 & (M) RREWE. M M EEE—Kp. BH
EE— MR 11 C T,M ARt RESTHR c, N (M, g) B
HARBHEE c RENE, WHY FdezsE.
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TRERRERE 3.2 WHEHIR.

Hit 3.3 | (M,9) REMMEN c W thRZME, WEEE—
TEETRY (e} T, REHEBREHIBRE

Riju = —c(9ivgji — gugix), 1<4,5,k1<m, (3.3)

HA Riju = (Rlex, e)es, e5), gij = {ei, €5)-

RZ, MEMFEANAER c, REWE (M,9) WRSMBKELE
EE—NREREY {e.) TRASE 3.3), WERL c NI # X
B R il ]

it 3.4 B (M,q) REBEMZEN c (EHEZER, WEEE—
PRI {e} T, WEBRX Q; 2

Qi = —cw; Awj, (3.4)

K28R
EBA iR 2.4 TR 3.3,

1 c
Qi; = ERijklwk Awh= —E(gikgjl — gugjr)wt At = —cw; A w;.

HER 1B,

EE 3.5 (F. Schur) & (M,g) & m(> 3) 4EBREWE.
RMFEE—Kpe M, M R p BEEN 4R E G RE R
W K(p), BIEHEMEBEHEERE M LHEEER K = K(p), M
K(p) EREFHEHEY, EmM M ¥ ihEREE.

A 7 {ei} B M ERNEE—TR¥REE, Whe®E 328
E2|
Qj = —KwiAw;, 1<4,j<m,

K KB M EREREY. MR RIS, FRA (2.16) B3

dfYj = ~dK Aw; Aw; — Kdw; Awj + Kw; Adw;



643 kemk 20
:—dK/\wi/\wijwf/\wk /\wj+Kw,'/\w;-°/\wk.
ER—FE, miEl 2.4(4) 53
A = wf A + Qi Awk = —KwF Awg Awj — Kwi Awg A
Wi ARG, WTFEEN i, H dK AwiAw; =0. FS

dK = Zkak,
k

Heh Ky = er(K), W

> Kiwr Awi Aw; =0, Vi,j. (3.5)
k

Wi=1,j=2 M (@35 REBH K =0k >3). BRi=2,j=3
fli=1,j=3 B K =K, =0 EltdK =0, K B—PHH,
& AR

Bl 3.1 MFREBHHE c, EX

+00, ¢>0;
plc) =14 1

—=, ¢<0.

c

U= {(xl,--' &™) € R™; i(z"? < p(c)}-
U ESIAREER
4ot = _Axilde)?
(L+cTi(a)2)
RBEBHE (U,ds®) Q#THE i K.
B A= 1+c2(x')2 Hi ot = —dx I ds? = 30, (w2, B

ﬁﬁ {w'} B (U,ds?) LE‘JﬁLLIEB‘E%UV&T%E% K o' #SS, BE

d 4
F/\dA: A—iZm]dz Adx? =ch1w Aw!
j

j

dw? =
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= Z W Ac(zin? — pwh).
J

A W=z — 27w, WA
dw* :wj/\wj-, w; +wf =0.

RERSRENFER— TR (SRS HNEE 45 UEE 63),
wi REBRETERTTES () THRSER. mlTLitERS
B ds? @HERTBR O = 0 I

Qi =Q§- = dwj — w;‘ Awy,

=c(dz* A w? + 2idw’ — d2? Aw' — 2dw)
m

—c? Z(zkwj — $IwF) A (i — 2hwt)
k=1

m m
=c (Awi Aw? + CZ ikl Awk — CZ zkwt A wk)
k=1 k=1

NE

(iz*wd AWk + 2izkk AW + (2%)2wt A W)

x
|

1
m 3 . . . . .
= (Ac —c? Z(zk)2> WAW =aw Aw! = —aw? AW
k=1

= — cwj A wy,

HPRE—1TSSREN (v} REAERKRYIRES. BrEL, (U,ds?)
R 1 F0Y ¢ BH R ).

§4.4 Ricci ghEEF0MihEE

L, CEAREMBKEELTRIOHE. RILZI, T
AMUSIAFMRAEER#E, IPX—FEITRN Ricd fRmEE
i .
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"’ (M,g) Bm BREFE, peM. HTFEEW u,ve LM, E
BT iRk B R ATLUE SCERWEAEHR Ay : TL,M - T, M, {§78

Ay () = R{w,u)v, Yw e T,M.

BR, Aue B T,M E# (11) BIKE. KEAHR A, WEREREE
2 (1,1) MK EAZEFH, THE Ric(u,v). TRXMT M LERHRKTR
B {ei} RAMBRTRY (W'} F

Ric(u,v) = iwi(R(ei,u)v). (4.1)
i=1

XREE XM Ric(u,v) E M LAY HhEkEY
Ric : (M) x X(M) = C®(M).
X 4.1 REWE (M, 9) LM EKEY RicHKI M L
# Ricci gh#Eikik (3%).

EH 4.1 Ricci HFRKER—NIFRH B ih BRI,
8 MTEENTREY {a) REMEATRES (W), BRE
wh = g¥{e;, ).
Hik, 238 EKBHHRESR
Ric(u, v) =Zgij (e, Rles, u)v) = Zgin(v,ej,ei,u)
iJ i,j
= EgjiR(u, ei,ej,v) = Ric(v, u).
i,J
WEEE.
&R SIBUEEE, 8 Ricel B3R Ric 0 #30H Ry, B Ry; =

Ric(es,ej). TREH
Ric = R,’jwi & wj,
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Hr
Rij = g™ R(ei, ex, e1,¢5) = g% Riij = Rfkj. (4.2).

Fil, EREWNE (M, g9) LHEHRIMHFH M EKRES:. —4
EERKE 9, 5—1& Ricci HiEKE Ric.

Y 4.2 @pe M, ueT,M,u#0. 4

i _ Ric(wu) .. (u u
Rielw) = <o) _Rw<lul’lul)’ 4.3)

M Ric(u) RYITH v R, HRARERE (M, 9) T p SBVITTH
u #J Ricci gh=.

RE KB —RER, EEE—KpeM A LM FHRAIE
REIK {e:}, (518 Ricci BB NIFER, HF

m
Ric = Z kiw' ® W, (4.4)

i=1

Hep {o'} B TyM 95 {e;} MBHRIE, i = Rice;). AT TIE
B ueT,M 4

Ric(u) = Z K; cos26;, cosf; = <ﬁ,e,~> . (4.5)
i

BB, e BRA M 7€ p 89 Ricci EHM, w; BRAMBF EH e 89
Ricci .

Ricci iR SHMAME L X RB TRERSH:

EIE 4.2 ] (M,9) Rm BREHRE, peM,uRMED K
B—tEFTnR. WR {a} B T,M PEE—ITBRLETERE,
% em =u/luj, M

m-—1
Ric(u) = ) K(es,em). (4.6)

i=1
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B ARHE Ricei MiR@yE S,

' Ric(u) =Ric(em, em) = Z R(em,ei, i, em)

i=1
! R(ei,em, €1, €m) —
==Y T K(e;, en).
Z le: A emll? Z (€ir em)

SEH 4.2 FIFRN, WEMIT K Ricd MEZSHZYITH
# m — 1 AMEUKIE ST H — AT BT X LA AR i AR . iR A,
IN7E Ricci MR LR KA —BIRRER T INEREH R LR %A,
M, Ricci BISRAIE LI RREFAERE i KAk k.

X 43 & (Mg) Bm BRERE, MBFEEEE N £E8
Ric = Ag, M¥K (M, g) & Einstein .

REAR, (M,g) & Einstein HiFE Y4 HXY M B Ricci BEREY
.

BENE H B R, HAiEH M.

EHE 4.3 B (M g) Bm ERERF, pe M, WHTF T,M F
EE-TBRNERER {a), HE i=ZlRiC(€i) HERK {e:} HHERE
*.

iEEA R Ricci BN E X,

Z Ric(e;) = Z Ric(e;, ;).

BONERY, EAGWMEEMERER {e) BRRIX. L,
MR {6} BE p ROA—PRAEZERE, NWHEXER (o)), #5
51’ = a{e] B_\:]lﬂ?

ZRIC 8;,8;) = Z aJ a¥Ric( (ej,ex) = ZRAC (e1,€5).

7,k

HEEE.



Wi LEREE, TUSIATREX.

T 4.4 & (M, g) Bm BRERFE, peM MNTHEp AW
B EALERIRE {e:}, ¥{E

= i Ric(e,’)
i=1
WHRERFE (M, 9) T p K HREE.
o E AR 4.2, Bl i T LRI R AR R i ROK R FIROR A
S=3 Klene) =) Rlenejreser). Cy)
%) i
EER—TRELIER (Uz) T, HRERGREXE
S= ginij = ginfkj = gijgk'R,-[kj. (4.8)
#ie 4.4 B M EZBEEHRY c HHBZEE, W M8 Rica
B S E R i KT HR (m — e M om(m — ).

§4.5 Ricci {85

RS, KKNSATEERE (M,9) EHREAF. RS
Rikh., MEMIAE. Ricci MEMBEMBEME; FeHTERT,
REMRKBENTRFHWKCZEGIFE. RiEE L, HRHETFH
B T AR E TR PR e R7EVE A RF 3SR B = e 2 5. 3
L L, MR U2 & MEB—REBRER, NN FEEN X € X(M),
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HERBRKRZRFHESHAT Do 5D o EAREEY X L
1 R AT LA S He i)

EH—TH, BRH §24 FRRN, HTEEH X e X(M), th
EFBETF Dx WLMERA TSGR KRS, BTURER—K
HKRZHWESH. B, M ESRAEFELEKEY LMk
H, WEERRFHRERRE. &FETRH Ricd H%R, Lkl
HEDE FHE TR LR ERANRFLHRAR. HZL
'R, NEEEAHEEEFITR.

& (M,g) B m BREWE, (U;s") B M HER—DRHMLLR

(1) (0,0) Bk &% (AR HK): WTEEH feC(M) FH
dfly = fidz* = f.da’,

Bt fo=fi= 0L M,

D(df)|lv = fijde’ ® da?,
X fi;=(fs),; BT §2485 (46) R,

df. 8%f  of
fis = g = falis = Br0a7 " Dl
BT RN T, [ =T, &Y
fii = fjio (5.1)

(2) (1,0) Bk ¥35 (AR H E35): M THEEMN X € x(M), 7
B Xy =X* i F2

a i
.0 N
DXy = Xjz5 0del, Xy="+X'r), (5.2)
Xf DX BRI EMLE
D(DX)|y = O o de @do*,

Jka i



W A= e

Ho X4, = (X5) % FA (52) RPK §2.4 89 (4.6) XFTH

i aX,iJ' ! i il
Xk = + X ;T — X3

ozk
8 [8X: ox! ; ;
e (3 7 +X’F11) (3 5+ XM, )Flk— Tk

a’x:  axt ., ax! i
=a$j3$k+5—krlg 92 Jrzk D 3 "

ar;
+X’(a Yo TR )

A it
i . .6]:“'. ori ; ;
Xin = Xy =X ( or = Bop + ThThe - Ff'kl‘hj)
=X'R},;,
ap
X' — X = —X'Riji. : (5.3)

(3) (0,1) ek ¥35 (B 1 k85 X): MTEEH o € A4(M), 7]
# aly = aide'. BLUTFHE 2), UF

Oa;
b—] a,I‘

D(Da)|y = a; jxdz’ ® dz’ ® dz*,

DalU =ai,]‘d$i ® d(l?", ;=

Hef

O
')
6" —atJF,k ail[‘jk

9 (da Oay
~ ozt (Ej B a,l“%) - (Ec— - ahrl:) ik — 0l

_ ey _?ﬂ ! 0oy
T Ozidzk T Azt U Pgi

art,
-y ( Dk - ThTh ) .

ai gk =( )k =

i
I‘ a,-,,I‘jk
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) AEE
ory; _ ar; h i
O jk — Qikj = (sz - 6xlk +Fh Ty — Lilhj
== azRikj,
Bp

Qi jk — Qikj = alRt]k (54)

AR (5.3) fl (5.4) WEISIBRETHT, FEBIITEN—M
7N
EH 5.1 #re g (M), EERBLIRER (U;z') THREARXN

9 ®---®i®dzj‘®-~-®dzj'.

u iy

Tlo =T gem Bzt
MRS
Drly = 737 s @+ 5o @ do¥ @ -~ @ do* @ s,
D(D7)|y =715, ,,,af,.l ® ® a?:ir Rdr" ® - - ®dr"*®
® dz*f @ de',
nE

iein iy
Tida.kl TJ: ~Jaslk

— i1-da— l“a+l iy ia 11 “ip
- Z Tiv-da R‘kl+2 Tir-Go-1ddbtr-is RJ,,I:I‘ (5.5)

EXHFA Ricci EFK.

R B A EEENSE.

BIE, B—FHFRHKITIR Rice HER.

MTEEH X € X(M), UE 7€ I7(M), 7 ¥ X hEe¥
Dxr 3RE 77 PR, Bilt, hESHETF Dx Ll * Ry L
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HIVE B — A R

Dx : 77 (M) = I (M),

7+ DxT,

EEKER (AR SKBHMTEM) LM/ERTERE Leibniz N1,
FHHGRBOEFBZECH. HR4IBMBEHETFHEL, X TAEE
B XY € X(M), URIEBH 7€ I (M), %

R(X, Y)T = DnyT - DnyT - D[X'y]’r, (56)
W R(X,Y)r € I7(M). BtESH Mg
R(X,Y): 7 (M) = T (M),
WHRIERE 77(M) L thERF. FEFY, XTHTRAE TN
B
(1) R(X,Y)r = -RY, X)r,

(2) RUfX,Y)r =R(X, fY)r = R(X,Y)(fr) = FR(X,Y)7,
K re (M), feCo(M).

A, R(X,Y) %T?KE?R?%E Leibniz %0, 3B 55k &5
I E .
H R(X,Y) BEXR (56.6) FTH, XTFEEMN f e C2(M),
R(X,Y)f =DxDyf —DyDx f — Dix,y)f
=X(Yf)-Y(Xf)-[X,Y]f=0. (6.7)

2 rhs >0, MF 7€ Ir(M) WRIEEM b, ,a" € AL(M),
Xla"' )Xs € x(M) ﬁ

(R(Xv Y)T)(ala' Tt aarale' . 7Xs)
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=R(X, Y)(T(al,... Jof Xy, , X))
- if(al,-~- ,a® L R(X,Y)a%, 0t - a7,
= le"'aXs)
- ir(al,--. L7, Xuye e s Xooty R(X,Y) X,
- Xper, - X,). (58)
TRIEWT
T 5.2 W (Mg) Bm BARERE, ris>0,1e (M)

WX FEEH o, 0" € AAM) URIEEN X1, , X, € X(M),
(5.8) AL

TEHHER, (5.8) XLFr LR Ricci HERX (5.5) HHFMER.
ARHX— M, RBEEBNRBLER (U;2) F, £ (5.8) AFR
Hi R BT

0 0

RER—gtE, 7 X = 5F Y = 32" H K

8 9y o __; 9
R ('a? 5*) ozt = Tk g (5.9)

BBl i (5.8) f1 (5.7) A,
(= (o 5m) ) (3) === (= (a2 325) )

A R

FRXMFERH 7€ I7(M), r+5>0, Ik

i O 9 ' j
Tlu ZT;:W;:Bzix ®-® ;9?:®de1 ®:--®da”,



256 Fw¥ dﬁ—?‘- v

0 . X

Drjy =71 ;:k—am“ R ® 5 ® - ®dz* ® dz¥,

D i O ® - ®—a—®dxﬁ @de®
DD7)v = 7j1. gkt ggir dzir

® dz* @ dz',
W (5.8), (5.9),(5.11) 1 (5.7) BABE

9 9 i1 in 9 2
('R (%’ﬁ) T) (d:v oo dx B "6z1->
6 9 i iw 0 9
=R (W, @') (T (d:l: R ,dz ' G’ ’al'j’>>

. i1 i Y 2 ia ia ip
—;T<dz yroe sy date? R((’)" Bl )dz ydgtett ... dz'*,

o . _a_)
Oz’ * Hzd.

S (ot g 2 (B )
1

b ! Ozt ’ ’ 6x]b—1 ’

8 E;
dziv+r’  Bxiv

. . o B
—ZR,HT (dx",--- ,dz*s—t,dzt,dgtet, - - datr, pre
.. _—a
’ 3Zj-
8
i ; .0 3] 0
J 1 “es tr - —
N EijHT (da: feeeadet Bzh’ T Qgde-17 fxd’

b=1
dziver ' Bgis
—ZRzkl ;: ;: e Z kal .;: ;: 1JJb410s " (5'12)
ER—HE, BEEXR (65.6) HEHHET

g 0
R(W’;’TJ)T_ #D%T—D%Dsﬁr
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i, O
- 4 ...17‘ e ...
_D# (lel"'jay’ axil ® ®

®—q.— ®d:1;j‘ ®-..®dzja>
Oz
o 9
: ...1,‘ ...
~De (ij---j.,km ®®
(?‘ Rdr' ® - ® dz’*
Ozt
TR iy e d P)
=(T;11--'_;.,lk - T;:"';"kl)é—mi_l R 61:_1"
®de’ ® - @ dz’.

®

BHRE (5.12) A ELEBR
T T = = L R
=1
as . | .
+ Y R TR i
b=1
HEP Ricci EHR (5.5).
J 8 ©

1. i (M,D) BU T HHERKBHHHKEZE, R EREHH
REF. EH: ¥TEEN XY, Z € X(M),
R(X,Y)Z +R(Y, Z)X + R(Z, X)Y
=(DxT)Y,2)+ (DyT)(Z,X) + (DzT)(X,Y)
+T(T(X,Y), Z) + T(T(Y, 2), X) + T(T(Z, X), Y).
2. @7 E—> MBXEBIHE M EHRERNA, DEZMEMNL
BB EXBUH R :T(E) x ¥(M) x X(M) - T(E) T
R(X,Y){ = DxDy¢& — DyDxé — Dix vy,
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VX,Y € X(M), £ € T(E).

S XM TEER XY € X(M), £ € T(E), URMEEH f € Cx(M),
TR ARAMAL:

(1) R(X,Y)¢ = —R(Y, X)§;

(2) R(UFX,Y)E = R(X, fY)E = fR(X,Y)§;

(3) R(X,Y)(f§) = fR(X,Y)E.

BLAT R BRA BN E X THE D 77 ghEEKE.

3. W f: M — N ROtEREZEMEERS, DRN EH—4
BEZ, w:f*TN— M ZYA TN EIBE f & M EHHENA (&
BFE—EHE 9.2). B EHE 8.2, MM fTN BEHSBE D,
Hir Rk (WAEIESE 2 8) iLh R MF M LHERYRRS
W& (Usa?), UBRIEEH V €T(TN), £ £ =V o f, M £ e T(f*TN).
ERH: :

(8 0 — bij 9
R (5;’%) £€=TR (f* (5’;) ) e (%})) VIf(M) )

Doboé=DaDye+R (f,, (-afi—) . (-a%)) v| .
f(M)
Hob R BTN LRt

4. WX RREWE M EN—4 Killing MEY BBEFE_E
B 23 &) st

Ax : X(M) = X(M),
EEXFEEN Z e X(M), AxZ =DzX. XEEK
f:M-5R:f(p)=|X(p)?, VpeM.

MR poe MEfH—MEFRR G dflp, = 0), IEH: WTFERN
Z € X(M), TRFRTE po ML
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(1) {Ax(£), X} =0, (DJle, Z)=0;

(2) (Ax(2), Ax(2)) = 5Z(Z(f)) = (R(X, 2)X, Z), R R 2 M
B Bl AR

5. BWy:[0,0] > M EEERE M E—FRABME, XeX(M)
H X|y0)=0. 4 X' =Dy X, iEH:

Dy () (R(Y, X)) = (R(Y, X')¥')(0).

6. R o: M o> NEEEREZRANFHBEE. IEH: o %
iRk BRAEEHEKRBELRT, PXNTEEN pe M, UREEN
u,v,w,2€ T,M &

P (RM (u,v)w) = RN (pu (), 04 (v)) 1 (w),
RM(U,’U,’LU, Z) = RN(‘Pt(U)HPx(v),‘P* (w),‘P- (Z))

R IL, BERIENEEHRERTSE TRERE.

7. & {ei} BIEHRGHEBEZE (M, D) LH—NREFEY, 5
HXBERVGRIGIER {«'); D MREEXAHEE XS FIR o
Q5. ER TEREAFXEAREY:

(1) dO = wk A Q) — QF Awi;

(2) Rigp + Blin g + Ripey = 0, FoPHY Rl n B (214) BX.

8. WG RER, sBGLIEN—NINFEREER SEF T
JE% 16 &), D RENHEERKE, XY, Z€XG) £ G LWER
Ry, JER:

(D) R(X,Y)Z = [Z,[X,Y]]/ 4

(2) WmE X, Y REMEXHEREREA RS, Nd X,Y e
o AR E A E )

K(X,Y) = 11X, Y]

B, K(X,Y) >0, #SMLHAMNY [X,Y])=0. hETRERL
WAEREFRAFEANBEHER
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9. B M E—NERENERRENY, REENEREME. iE
Bl: £ M EM&E—A Killing M X HEHFR A, FEESp e M,
f#18 X (po) = 0.

10. & M ERERE. iEH: MEMNTEEN pge M, EM F
Aelp Bl g MPATHBI S8R p M ¢ WHIRBR TR, W M g
REEAE, BIXMTEREMN X,Y,Z € X(M), R(X,Y)Z =0.

1L @& M EBREWNE, REMEGHMEKE WEDR=0 M
M A RBEBEXREE.

()& M EREREXMFZME, v:[0,00] > ME M EARH
£, X,Y,Z B v WETERES. EH: RX,Y)Z By hREA
95

(2 M EEENRERENHKZN, HH dmM =2, EH M
T W W K28 ().

128 f: M- M EREER, XY,Z,WexM),X,Y,7Z,
W e (M) BHNGKTEA SEE-EIWE 25 H). BERM
REGHR M A M EGlRKR, () BRAR () EELHR.
TEBA:

= (V.21 X W)/ 4+ (2,7, [X, Y]/ 2

2) K(X,Y) =KX, Y)+ 3|[X,Y]"?/4> K(X,Y).

13. (RHRZEE) /A () TR n+1 EEHFE CH &
# #5/& Hermite JR, B

(z,w) = 2@t 4 ... 4 et

Yz = (zl’___ ’zn+l), w = (wl’.” ’wn+1) € C"+l.

T CrHl = CvH\{0) LEXMTRRBER (,.): MTEEN z €
c,

_ Re(V,W)

(V,W), = , YV, W € T,(C**) = C**1
(2,2)
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.
(1) iEB: THER 0 < 0 < 2n, BFGEH V7100 S04
S+l B—ANERE; ttE—20 0, TTRE CPM LSIA—IREE
B g, FREE—EIEE 6 EhE B f: S 5 CPr BR
BER;
(2) IEH: XFLAREXNESER g, CP" WREHESL TR
Sl WTFEBRALMEEWRANEY X,Y € X(CP"),

K(X,Y) =1+ 3cos®p,

Hercosp = (X,V-17), X, Y #5IR X, Y 7 S+ c Cr+ gk
FiRF.

1. & {e;} REBHE (M,9) LR—PREITEY, DR M L
MREBE, 9 = glei,e;), I (99) = ()7 B XBS

trD?: A"(M) = A™(M), r>0
mF

tr Dz(a) =g¥ (De; D, — DD:.- e;)
:g‘j(De‘.Deja - Dp,,;a), Vae A™(M).

BREY trD? BRly A"(M) LAY i Laplace ¥ X A B M ki
Hodge-Laplace HF.
(1) & a € AY(M), YIFBY X &

9(X,Y) =a(Y), VY € X(M))
HE, EH:

(Aa)(Y) = —(trD%a)(Y) + Ric(X,Y), VY € X(M).
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(2) IEFR I T 89 Weitzenbock A=, :
(Aa)( Xy, -+, X,) = —(tr D*a)( Xy, , X))

+ Y (1) g (R(es, Xa)o)(es, X1, , Koo+, Xr),

a=1

Ya € AT(M), VX, -, X, € X(M),
HPWmEET R B (5.6) REX. KK, (1) iR Weitzenbdck
2 A H;
(3) Wilej)a R E e; SHIMASR o« AR BEE—-EIEE
54 B1), LB Weitzenbock AR M TER:
Aa = —(trDHa + gw* Aifej)(Riei, ex)a), Vae€ A"(M).

15. % S™ & R™ FWBAIRE, REHRSEE.
(1) SEW. MFER pg € S, UREBHAZHEFEN 7
T,S™, 1 C T,S™, FAE—ASHE o S™ - S™, {18

elp) =q, @u(n) =1

(2) MALG® (1) iEB:. S™ RRX#EME.

16. Bt M B—AREWE. EH:. M ERBRBNHEEYE
R FER—RIBIAREE 7: [0,1] > M UREBHBRLIER
Mia & e1,e; € Tyo)M, BEHH

K(elie2) = K(P“r(el)’P‘Y(e2))a

Rt Py B M iy V7B
17. @ (M, g) B m(> 3) BREWE, RE M WREMRHKRE.
B MRM TR XY, 2,W € 2(M) %E FIHESR.

R(X,Y,Z,W) = —— (Ric(X, W)g(¥, Z)  Ric(X, Z)g(Y, W)},

MR i A ().
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18. @ M REEWE, pe M. FH: MIESp yHEHE
S(p) WTHRRA

S(p) =

m / Ric, (v)dVgm-1,
m-—1

m—1 JS§m—

H w1 RYIZE T,M PRI EARE S™ " #RFH.

19. R g5 g & m4RRE M LHR I HEHEEER,
BIAYEH B p € C2(M), [E1] § = e g(BEH T IBSE 20 B
F 21 ). NBIE M BRELIRA (Use') T, REEE g M g K9k
HokhE, REMWAKE. Ricd HRKRMT BB MBI F N

1
Rkij, Rz]kl: Rz]a S Rln]a t]kl; Rija S.

(1) ﬁEiﬂTﬁ'l%%ﬁﬁii

(a) R} = Riy; + pri6h — prjt + 9kig™pp; — 9k Ppis

(b) Rijut = €2 (Rukl + gjtPik — ikPit + GikPit — GilPik);

(¢) Rij = Rij — (m — 2)pij — 9i;9" pias

(d) S = e72(S - 2(m — 1)g¥py;),
He

2
5= Guraes ~ Tk~ a5 + 949" 5

2) & (U;z,y) RZHAREWE (M, 9) H—PRTPLIFER, BE
B g WREFERE g=F(d2? +dy?), P F REXE U EHL
RARNFHIRER. FA 1) EH: M 8 Gauss #i 3K

K= FonlogF
EE Ao = Zr + £
20 #m>2 UCR™ BRR" WEBHFFE, FEEXEU L
HAESARAFHEEH. B R™ LHRIRRY - ,2™), %
%
gij = FQ‘?
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N g=gidride! BRU LW—AREER. iC
_OF 0°F

F= dc’ “Y T 8zidgd’

'I:,j'—_—l,"',m.

(1) iERA: EH g RAEFBREME c WEDIVERFEMNTEE
B i#j
F; =0, F(Fjj + Fyi) =c+ Z(Fk)2§
%

2) MA (1) B95RER:. B g RANBREME c RSV E
%{¢%ﬁ&#ﬁ Q, bi, i, i= 1; st .M, ﬁﬁ

E(4c,~a -Y=¢c, F=Gi(z")+ - +GCGn(=™),

K*B@ﬁﬁ G,’(.’l:) = a,z2 + b’.z +c;;
(3) % (2) F4 a = c/4, b = 0, i = 1/m, /BB Riemann Fiéd
HEAR:
8ij
(1 + g Ek(xk)2)2

WEt, g RENBEME c Rk, Ye<om, ERoE—1
BRSO, B2 /V-c BFRUFER BQ/V-c) REEX, 3#H
R SE & s

(4) MAE c>0,iEH: # 3) PHRUNREER ¢ £ET R™ L
FEX, BEFRRTEH.

2L B (M, ) R m EREWEY, (U;s') B MBRBLIFE &

gij =

X
Chij = Rhyj + 8joni = 8iipxj + 91:9""00i — 989" ppis
He
S
= Ri: — g
Pij m_ oy 2(m_1)(m_2)gu7



3 Qw 265

Ri.i, Ry; F1 S 251 (M,g) Kyph KR, Ricc il F ok B AR il
. BR, C,; HHT M EH—4 (1,3) BKEY C, B

iyi o
C(Z,X,Y)=X YJZ"C},,.jb—,,
i a i a i _ 71 0

i C RARERTE (M, g) # Weyl Vi KR, iL9:

(1) Weyl 3L s &Rk & C FETERBR (BEREHEL 23) T
REAZ, B C UEER g KITEFMIHx;

(2) ¥ C =08, M HHRKRT LA ER Ricci MZARIKEMEL
BHRERRNT:

1
Riyj =—— 5 ——— (8} Rij — 6iRxi + 9k;9'" Rpi — 9kig'? Ry;)
S
+ m(ﬁ%;‘ ~ 8i9k;)-

22. ) (M,9) B m R ERE, RicH S 452 M & Rice gl
FRBMKEME, m>3 £ M LIANNTH 2 MihEkERY.

S

3m - Dm -2 %)

o
(p(X, Y) = -n:—éR.lC(X, Y) -
HERA:
(1) LB iRk E C TUH o BEMT:

9(C(Z,X,Y), W) = R(Z,W,X,Y) + p(X, Z)g(Y, W)
- ‘P(Y, Z)g(X’ W) + g(Xa Z)‘p(Ya W) - g(Ya Z)(p(Xa W)a
VX,Y,Z,W € X(M);

2 4m=38, C=0;
(3) BX (0,3) Bsk#¥p D, 8

D(X’Yv Z) = (m - 2)((DZ§0)(X$Y) - (DY‘P)(Xa Z))1
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VXY, Z € X(M),

W DXTFY,ZBRRX%Hw, BE

m—3

zi:g((De,, C)(X.Y,Z),e) = —— D(X,Y,2), X,Y,Z€X(M),
Het {ei} B M EHBRAIERARES, D..C RITEHEKE C b
R €

(49) Hm =38, KEY DRIEAEN; Hm>3,FHC=0
B, D=0.

2. = m BRBWIY (M, g) A BEATTIE N, MR g &
R EICESN TP HNREER, IMNTEEN pe M, BFEp
HB—MBR U UR U ERARERY o, 178 § = g BTHIR
RER. EH:

(1) % m>38, MARWMITETHEYTSBEEZMR:

(a) 4 m =38, FEIJEE 22 BHEXNKEY D=0
(b) 2 m >3 B, B MKKE C = 0;

(2) W H R 2 W R R EITE T8

(3) 3R M 2 REITFETHEY m(> 3) 4E Einstein ¥, W M £
R

24. B (M, g) IEBE m(> 3) EREFY, B8 Ricc fiRIKR
Ric SREFEH g LML, EIFFEE X € C(M), E7F Ric = Ag.
ERA:

(1) (M,g) % Einstein {iJF, HMEYEME S =m) BEE;

(2) 3 M BBEME S £ 0, WE M EAFERFOTHUINE
s

(3) IR m =3, W (M, g) W Rz .

25. LM EH 5.1



SHE Jacobi ZFIHE S

EEZRO2FMAMITR TRERE LN HMER. R
B, MHALNXFRTERESREFHOMELX. R, RERE
R I R E M R R E AR BEERBENRENEY
B, BAEE XA — KB R INIR.

Biin, 7ERRECTH E? $1, Gauss BIREXNE, L2
HZ. B N —SHENEERZANBE LK S SE BT,
R, ENR KB 8. WAE Gauss B NIERE 1 B9 N1
B S? L, R ESRMER. tet, RMAR S° EHAEE, B
MN—BH A IEER AR STEX SRR MEAR. XEE,
— R R R M R SERL AR, HEHE, B W
S M.

BEXREWE LN — S KM RH X R 3 st
W TR, BEOBERIENME v AR —REREALHE S
PR, EERZMELE » W—PEEEEAY MBS,
HEEMNMESEERY U mRXNESEEY U AR H
£y WK s BMEY, NXEMBRREEBE, WRESEEG U
BT RASNE BINAT R (PR ZHEIT RN &), N —iEih
LR KXELFT S M T,

EX—FEE, HEITeH — RN A RT3 5, BB S
B R — 1 B R AR (B Jacobi H12), EWIHRA Jacobi(]
)%, THKSED, Jacobi FEESHMET, FFLL Jacobi gt
SEEEREHMERERAEYIRSR. FHI, Jacobi HERE LM
FEENFRLA.

EARER, RITEHAH Jacobi FFRIEFILNR T AEERE L
{elf) 2 2.
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§5.1 Jacobi i

B (M, g) B—F m BHRERE, v:{0d - MEBM EH—%
M. BE ®:[a,b] x (~¢,6) > M B v K—F5, FHAXMTHE
—AMEEN u € (—¢,8), B 7. = ®(,u) : [a,b] » M BEBHLR. XH
BASFA v —1 RiHES.

/\_Q\

- i) - 0
T(t,u) = <prlt(i!,u) (52) ’ U(t,u) = Q#(t,u) (5;) ) (11)

W T AL v = &(,u) HYIEE; U ZBEBR o, = 9,
wvnm g, EEML v EARE

U(t) = U(t,0)

=y RS ¢ S NERY SBER=EM §3.3).

WRE Mg LtttiEKE, DRRM LHRERERTHE
HEMN O TM FRFERERSE. 4 DRR O*TM LHFEFHREN, W
RAR w B, WD ANEREA (v)'TM LHFERRE. RIE
BNEIEE 3 BHER,

D&D&z}=DB%D%T+R(T,Cr)T. (1.2)
BT ¢ RRMAES, BMTFE 1 ue(-¢ce), v ZMHL, & (B
ER_EMEIL 8)
DT =Dy, =0,
HPFE—-NSSEHH DR M LHWREBE. FR

Do DU =R(T,U)T. (1.3)
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LAEMIR RS U XT o RPKBETH, THM R
MR KR, 1 (13) R4 u =0,
D,DoU= RE®,U).

e
DU(2)

dt ’
D2U(t)

dez -

U'(t)=DgU =Dy U =
U"(t)=DyDpU =DyDyl =

R L E RN
U" () = ROV, USY (O, (1.4

XA RN Jacobi FHE.

T 1.1 ®y:labd>MBmERERNE (M,9) Ly —%m
W&, U=U@l) BEM Ly EXH—MeRIEEE. MR U
W2 Jacobi HR (14), MF U BRIFMML v f—4 Jacobi milksh,
¥ % Jacobi 3.

FR, WEsiTRA s T T Wy

GH11 Ry:feb > MBEEBRE (M,g) LH—RMIHE,
JUf ~y B R RS 43 B9 75 43 ) B35 BT v B Jacobi 3.

A TAEAXA GRS, TBEXN Jacobi HHERANT #.

B 53t Jacobi FRIE—EITIR, WERRN B B BT
WEMNERSTEA. i, Bt ot BUME v WMKSY,
FEWE v BT BRAIERES {e()], BE en(t) = +'(1).
m '

ft) =D ei(t) =0,
Ht D B y*TM LHESBE.
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iU =U®) BY v € XHEBYIERY, £ERRH
Ut) = Uites(t). (1.5)

i=1

TRE
U'(t) =3 U"(Dei(t), U"(t) =Y U"(t)e(t),

1 1

U ()R (1), UD)Y @)
=D _{UY(t) = D U7 () R (Y(®)) Jei ).

Hik, Jacobi 2 (1.4) FNTHEA

Ut(t) =Y Ui ()R ns(1(1)), 1<i<m.
J

ERD g = glei, ;) = 0y, EXTURE R

U (t) = > U'(t)Rmimj, 1<i<m, (1.6)
j

HF Rnimj = (R(em,ej)em,e;). HILATW, Jacobi F#& (1.4) LkF Lk
REXFHEEY U =Ul) WOBRER U(t) WEEFTR ¥R I
RAH.

REE B T ROER, A

EH 1.2 B y:(eb) > MERERE (M,9) LH—FMHhR,
WX FEER v,w € Tyo)M, 1 v FFEME—B—4 Jacobi 3 J(t)
2

J(@)=v, J'(a) =w.
MIEEH 1.2, THERH#EDRR BRY:
It 1.3 WM v : [o,b] - M B Jacobi 3 J(t) BEHH

SME J(a), J'(a) € Tyo)M ME—H5E; IFH, W v 89 Jacobi ey
j(’Y) %lﬁlm? T’y(a)M @T'y(a)M E‘J 2m g&ﬁ]%?ﬁlﬁ]
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#it 1.4 1 J(t) BRIERIHL v B9 Jacobi ), TR J #0, ME
AT RIS,

0 1.3 M 14 IR ES R EENE .

W J B v # Jacobi 3. FEHRA (1.6) F, 45U = J, HRi=m,

WA J™(t) = 0. Brbh J™ (1) B ¢ RERE, BARH L peR &
=

J™(E) = M + p. (1.7)

Xt t RFWH
(J'(t),em(t)) = J™'(t) = A,

ELEM (1.7) Ap4 t=a, WH
A= (J'(a),em(a)), aA+p=J"(a)=({J(a),em(a)).

5] 4
p = (J(a),em(a)) ~ a(J'(a), em(a))-
A 1.7 X8B3

{(J(t),em(t)) = J™(t) = (t - a)(J'(a), em(a)) + {J(a), em(a)).

GaLEMITR, WA TEKEHE:

EHE1.5 Rv:(e,0» MERERE (M,g9) Liy—&KRML,
J = J(t) BH v B Jacobi B, M

(J(1),7'(8)) = (t - a)(J"(a),7'(a)) + (J(a),7'(a)).
ik, J5 v RRERKFESLERER
J(a)Ly'(a), J'(a)Ly'(a).

EX 1.2 BJ=J0) REERE (M,9) FIEM#LE v #9 Jacobi
%, MR JE v LQER, MK JRE 8 % Jacobi 15
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XF#: Jacobi 3, A TEMER:

#it 1.6 BRE v: (00 > M ERERE (M,g) FH—RMUM
2.

(1) & J = J(t) BIFMHLL v 85— Jacobi 3, WRFERDA
ﬁ,‘f—i tlat2 € [a7 b]7 &15
J(t1) L' (1), J(t2) Ly (t2),

m J Bk Jacobi 3.

(2) MEA £() RARTE M LIERIHE v B3k Jacobi H¥E
&, W gLy B—A 2(m - 1) fREZEE.

B &g (1) & (1.7) AW EERR; 4w Q) TTH#ER 1.3 M
EHE 15 S, AYESAEEECER.

THE, SHERHERSEPE Jacobi HERER.

B 1.1 ¥ K7 EFH Jacobi 3.

B (M,g) B m GERHBTE, RBREHEREL c HBETEY
EH 32, MTEEH X,Y, Z,W € X(M), M WREMBKER

R(Z,W,X,Y) =(R(X,Y)Z,W)
= - c({(X, Z|Y, W) — (X, W)(Y, 2)),

M, HMiEKRR
R(X,Y)Z = —c((X, Z)Y — (Y, Z)X). (1.8)
BERE v:[0,l] » M B—FIEARML, W
YO = &' ),7'(#) = 1.
B J = J(t) B# v B3k Jacobi i, Nk (1.8) R

RO I = —c((v', vV = (v, I)y') = —eJ,
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Hi J iR Jacobi M A J(t) = —cJ(¢), Bl

J"(#) +¢J(t) = 0. (1.9)
Wy RTATH BALIE IR {e:(t)}, BB em(t) ='(t). 4
J(t) = Z T (tei(t),

W J™ =0, 3H J() WREFEREREFRE ML EL
J(E)+cJi () =0, 1<i<m-1. (1.10)

B R B
—j/'—asm(\/ét) + 1 cos(v/et), mE >0,

JHE) = { At + 4, MR c=0,
\/)i—c sinh(v/—ct) + u* cosh(v/=ct), MME c<0,
Hep X 1<i<m -1, REEEH. ic
sin /ct
7
Se(t) =< t, c=0
sinh /~ct
v—ec ’
MR HLR ~ B9 Jacobi B —BJEXRR

J(t) = Se(t)A(8) + S.(t)B(2), (1.11)
e A1), B(t) REERPIM + P47, B 5  EXK RS, %50,

J(0) = A(0), J'(0) = B(0).

BRTEVE R 60 1.1 938 SRR AL
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EER 17 Ry:leb) > MEZERENE (M, g9) FH—KN
Wk, J=J) By W—4 Jacobi . M J R v BEA M AR
SRS A E .

B AR a =0, i p = 7(0). X TEEEEN v,w €
T,M, & M PIR—FABME 0 =o(u), u € (—¢,¢), R

a(0) =p, ¢'(0) =

e, BT AR w #+/(0) ¥ o B8, BEIB M o TITH
FE W) Ml T(u), u € (—¢,¢). XFEER (¢,u) € [0,b] x (—¢,¢),

/%

B(t,u) = exp,(y) HT (u) + uW (u)),

W FHE—EEH v € (~e¢), K v = 2(,u) BMHE, 3#AH
Yo =v. FrEA @ Rk v fydh Sy FAR S il S A BT B 22 )

B-¢7bpily S ) 5 ) 5
res.(2), v=s.(2)

RIFERD 1.1, U = Ulu=o Y} v 89 Jacobi 3%, BA

U(0) = @, (a%) 0

t=0,u=0 - a_u
B (1.2) &,

(2(0,u)) = 0'(0) = v;

u=0

UI(O) = Db‘i‘f]lt:O,u=O = D%T|t=0,u=0 = Doz(O)T(O, u).
= 0
7(0,4) =80 (37 ) = (Exoq)a(T0) + ()
=T (u) + uW (u).

B
U'(0) = Dy o) (T(as) + uW () = W (0) = w,
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HAHAT T(uw) M W) ¥ o BWFTHE. LERHERE, U=U1)
&y EWRVESRM UO) =0, U'(0) =w 8 Jocobi 3.
BTE, Bv=J0),w=J0). MU JEHEEY L v,weT,M
B Jacobi 37, MTHEHE 1.2 ByrE—HB 5
J(t) =U(),

BJ(t) BHE v SIS @ WS RS, JEE.
LHRIESRERR LA T 2R 1.2 WEEER S8 JLAHE
B, F&, BB TR

g 1.8 B v: (0,0l » M REFREWE (M,9) EH—%
W, J=J@t) £y LWR J(0) =08 Jacobi 3. W J B
B(t,u) = exp, g t(7'(0) + uJ'(0)) (1.12)

BRI R .
RS MBI E LA (1.12) KNF

0 )
J(t) =Pu1,0) (a) = (eXPoy(0) ety (0) (tJ'(0))

=t(exP'y(0))*t'y'(0)(JI(O))' (113)

(L.13) AMEE®ET: BIEHERM J(0) = 0 #Y Jacobi 3 J(¢)
RS VIS RR T HE. WRIE T, )M HETE tv'(0) 4y
YZ ] Toyr (o) (T M) FRIEFE, W tJ'(0) B Ty0)M HHETER

I(t) = t4'(0)

EXRYIERY, KEHRERTSH , BMKREN T,oM PHHE
It) R X —4 Rt MBS EB—FE, T,o)M EIKESHE
REHMEESTROEMEEE, BWHR () B ToM Pyl
W REH 11, KRB ¢7'(0) B TyoM FHERHE (1) &
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Jacobi . EWEMITIRULEE, M P ERMS J(0) = 0 B Jacobi
J(t) B Tyo)M PO HEZE XK “RIE” Jacobi HTEHEEBST exp., (o)
RIVIBLE TR, IER Jacobi 5 MM Z B X FEBUEKR, &
1§ Jacobi M AR & JL{EH —HEETFE.

SEZFPRAH Gauss 518 (ME=FMHEHE 4.1) FIFRAT: BH
BREHR R SR AR IE TR, B2 m R 2R A 07 2 AR
K. TIE3E TR0 i #2884 U1 e By 1€ BETEFR Bt T B AR B8 L
T LAALE A KT Jacobi HRyMKEHHE. Hm, 4t xio/he, i
THiR:

T 1.9 i v:[0,a] » M EBREWE (M,9) LH—FRML,

p=7(0), v=1"(0).
T FAEEN w € T,M = T,(T,M), # v #5 Jacobi

J(t) = (expp)sto(tw)

B2
OF = [wl'? + (R}, w)t* +o(t"), (1.14)
Hrh,
iy % =0

W BAR JO)=0, J(0) =w. 4
f@&y=J@,J0) = I,
&
F1O) =2(0'®), J @), f(t) =20J"(t), J () + 2(J'(¢), J'(2)).

i
fO)=0, £ =0, f"(0)=2w>
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Xt f(t) GESEKRF R E
F1(8) =6(J" (1), ' (8)) + 20" (2), J(¢)),
FO() =83 (8), I' (1)) + 6" (2), " (1)) + 2(T D (2), J (1))
FIH Jacobi 778 J(t) = R(Y,J)y BF
£"(0) = 6(R(Y, J)Y' s I Memo = 0, f(0) = 8(J"(£), J' ()} e=o,
3#H
(J"(®), J'()) = (Do (R(Y, I, T
=Y (RO, I, ) = (R(Y', )y, I")
=7 ((R(Y,J), ) — (R(+', )y, J")
=Dy (RO, I'W), I) + (R(Y, Ty, I
= (RO, I, J").
Bk F9(0) = 8(R(v, w)v, w).
B Taylor BF A B
1) =10) +4£0) + 5110 + £ 570) + £ 1900) + o)
=[ul*# + Z(R( w)o,u)t + o),
He

o(tt)
7

#it 1.10 B v:(0,]] > M BRERE (M,9) LHY—KEHM
&, p=7(0),v=7(0)(v]=1). mE

weTpM, |wl=1, wly,

#E. J(t) = (expp)ttv(tw)a )R"Jﬁ

-0, t—=0.

TP = £ - %K(v,w)t‘ + o(th), (1.15)
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He K(v,w) £ (M, 9) FEA p T ZHBE b Av] WREHE. 2%
i, A

[J(t)| =t~ é—K(v,w)ts +o(t?), lim oft?)

t—0 ¢3

=0. (1.16)

Bl BT viw, v = |w| = 1, (R(v,w)v,w) = —K(v,w). AT
(1.14) Xtk (1.15) K. T

MOE t\/l - %K(v,w)ﬁ +o(t2).
FHA Taylor BFR
VT:;=1—%z+dm,
EpRl B3] (1.16) . iEHE.

§5.2 A

B’ (M,g) R5ZHEE m AREBWE. & Hopf-Rinow EH, T
K pe M, TP exp, ZEVIZWE T,M LALHENL. BH exp,
EFFR 0 L YIBE (exp,)wo FRT LM = To(T,M) LEyESBR
W, EmRIEERAE, TR (exp,). 7 0 € T,M HRAMHARLLAL
HFiBfeny. EEREMELT, (exp,). 1 T,M FHIR DR LIEER
fegy. T, LR R BATERT A FIRE X —

B’ M RBARE

n+1
S" = {SL‘ € Rn+1; Z(:l:a)2 = 1} s
a=1
(M, g) R MR, MEMER 1 RITHE, ¥ FERE pe S,
W p R BB U AL RE p ISR ¢ = —p, FrEXERHE
o F p,g ZIEMKREE (BIIKK) ¥4 . B, £ T,M FUZHR 0K
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b, Bhom BRRRERE S™ () TERHBRAT exp, TRIBREQR
{g}. ¥5RIH, XF T,M %ETE 5™ () LRER—FIEREL o)
A

exp,(o(t)) =4q,
A,
(expp)es(r)(0’(t)) = 0.
S, M exp, 78 5" (n) C T,M LRAALBILA.

ZIEPBSTERARE S® LHXHEARRIE R, TUFIA
THEEX:

EX 2.1 & (M,g) REEH m BRERE, peM,veT,M.
MRFEBBLS exp, 7E v LRBAN, DEFEEFEZUIRER
w € T,M = To(T, M),
#15
(expp)*v(w) = 0,
TFR g = exp,(v) € M & p & (HFHIHL +(t) = exp,(tv)) B FERR.
BE LT, ST pe M iSRS

¥(t) = exp,(tv), t€[0,d],

ATLME v EWR &M J(0) = 0 4 Jacobi 3 J(t) RRA ToM H¥st
&t tv XN — N RERRGIEVIBRS (exp,). THKR. Bk,
AR Jacobi ¥R E p sHIILHEA.

EE 2.1 ®#y:[0,b) o MEEEEERE (M, 9) LIH—K&N
W, p=7(0),qg=~(). W g p S v WP H, YENNFE
W v B3R R Jacobi 8 J = J(t), R ‘

J(0) = J(b) = 0.
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B BE, MTEEMtc 0.0 A
(t) = exp,(t7'(0)).

B J = J(t) &Y vy H¥RE J(0) = J(b) = 0 ByFEF Jacobi 3. WE
1.2, J'(0) # 0. REHER 1.8 PIK (1.13) &K,

J(t) = t(expp) ey (0)(J'(0))-

BT JOb)=0%F
(expp)xby (0)(J'(0)) = 0.
FRARRIEE X 2.1, ¢ = 7(b) = exp,(07'(0)) 2 p #F v HIFLHR, FH
HEBIE.
SAELEHE, ¥ g B p AT SITE, WAEFRAR
we T,M, {#iE
(€xPp) by (0) (w) = 0.

X FERER t € [0,0], 4
J(t) = t(expp)-t'y’(o) (w)a

W J = J(t) B# v iy Jacobi 3, HH J(0) = J(b) = 0. iEH.
#it 2.2 @ pge M MR qg=0) 2 p=0) HWH#K

y(t),t € [0,0] IR, W p SR ¢ SHEWMHE (1) = (b - t) B3t
A _

EHE 23 # ().t (0,b], REERERE (M, 9) LH—%N
WK, p=7(0),¢=7(b). WF ¢ RE p KW v WyH K, MXTFIE
BWveTL,M,weTM, %y LEEE—H—1 Jacobi 3 J = J(¢t)
#18 '

J(0) =v, J(b)=w.
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T BRIV (exp, )b o) FBML, FTTREHFIH.
B, FEWE—H— 1 @ € T,M = Ty (T, M), 78
0 = (X0, oy (0) ()
XFERH ¢ € 0,8], 4
J1(8) = 5 (X0, )t 0) (D),
W Jy R v 89 Jacobi 3, WERFRMG

Jl (0) = 0, J1 (b) = (expp),,b,y,(o) (’IIJ) = w.

EFH—HE, RIERR 22, p R ¢ KOS B, X
PABBIAY v I8 Jacobi 3 J, BEE J2(0) = v, J2(b) = 0. &

J(t) = Ji(t) + J2(8), Yte][0,b],

W J BHT v i Jacobi B, FEWE J(0) =v, J(b) =w.

PIEIE BT X Bl Jacobi HMME—4E. BRE J # J RBE—IHE
EHERE Jacobity, MJI=J-J By EHE

#3EF Jacobi 3. XiRH p=7(0) M g = v(b) ¥y v ENHFA, 5
EEMRETE. A —vRar. EE.

B 2.1 W R E PRI A,

B’ (M, g) RIEEEH M HEZE, HBEHEAERHry=1(t)(te
[0, +00)) B M EEJ—RIEMMHL, BIA (v,v) =1 BB L1, %y
LR J(0) =0 Hig v EE3EHY Jacobi 3 J RHEFAR

J(t) = Sc(t) - B(t), (2.1)
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He Bt) BiF . BS v EXWEE— 1T TFiraEs, 5
J # 0 <= B(0) #£0.

l:V}cSOBTj‘; %ﬁsc/\;ﬁ‘—‘/\gﬁt 05‘€|C>OET SE‘J@
=) .
s

t= 7 k AR UERL

MR, ¥ c< 0B, (Mg LHE-ITEBERERELA WY
c> 08, & p="7(0) v W*HELH

Cq= 7(%) , kB RY (2.2)

e, HEW M G R kB R 1 /Ve BARERRE S™(1 /Ve), W
FIRIEE BB gor—1 HE p WXRE, T BHE p HES.

XFFMHER v : [0,0) - M, i

Fo(y) = {J; TR vy Jacobi 3, FH JO)=J(b) =0}, (23)

W _2i(y) BRE—~THBRZENE. RESH 21 00EH, TEED 28()
LWLt exp, 7€ by'(0) LB YIBLET BB ker((exp,)uey (o)) 1 (BB
HEIWE 1), BE L2(v) C ).

FE, FUSINmMTHEE:

EX 2.2 &), te0,b] RERBWE (M,9) LH—FRHL,

= 7(0), ¢ = v(b). FEHIBH dim 2P(7) HHH ¢ XF p & (FWH
2 7) By HEEH.

TR, ReBp JERME v AL HNY g XF p 93t
WEEKTE.

KXFHEEY, THWTH—RER:
EIR 2.4 W (M,g) REEAN m BREWE, WHT M LHE
BRI v (0,8 » M, #E

dim #(y) <m—1.
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B ARIEIEIE 1.3 WM v 7E ¢ = 0 LW FHY Jacobi HHgK
—A m g EEE. FhfER 1.6 fEH 1.5 /55

Ho(n) c{J e F(7);J(0) = 0}
={J € #£(7);J(0) =0, J'(0)Ly'(0)}; (24)

e

dim #5 () < dim{J € #(7);J(0) =0, J'(0)L+'(0)} < m — 1.
EEE.

Bh, REF L1, E—-PREHBREHER >0 m ERERS
WL, MR g SR p AIERME v WE—IHE, ARG E
B—gRm-1 Lk, f(21) RATHE p,q FAREEH Jacobi

% J 5Yla# B(0) € T,M ——XtR, Wi J FRENE: Jacobi 3
Bf, B(0) ATLABGE T,M F A Y +/(0) EKYIM&. ditBa

dim #J'(y) =m -1,

ﬁ* t1 :7'{'/\/6.

§5.3 Cartan-Hadamard FI§

ME—THE, E—PRFEEREHEYHEHRERF, £
—RIBEENZAH RN EE R R, XA H LT

HEEEMREEERE RN T ERERT, 3 TIEW Cartan-
Hadamard & ZE.

ATRARNHE, B Ku RERERE (M, g) HBEMER. mE
EMOEE—& BHE I ARERE MRS RETY,
Bt (M, 9) R &M Km <O0.
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3158 3.0 & (M) REEWRBRY. ME Ky <0, WHFE
B pe M, UEM p M RWEE — R v, p BRHW 7 13
BOA. KRR, FEERE exp, : T,M - M B4 REHS R

EBR Vpe M,/ 4(t), t€[0,+00), B M LN p SHEH—5%
MR, X v (EE— L Jacobi 3y J, 4

5 = IR, V€0, +0).
e
£1(0) = 200'(), I,
£7(8) = 200 (®), (©) + (" (1), ()

= 201" (OF + (R(Y' (1), J@O)Y' (1), J(¢)))
=2017' 0 - K(Y' (0, Iy () AT®I) 2 0,

Hep K(y'(1), J(8) RHFHE +'(¢) f1 J(t) Toie i LR iy A T o
R, #H

I (6 A TON* = (¥ (0,7 )T @), J(t)) = (' (8), T (1))

MR p S5¥y vy BHEH ¢ = v(to), to > 0, MFEW » WIEF
Jacobi ¥ J(t), E18
J(0) = J(to) =0,

FTRE f(to) = £(0)=0. F f'(t) > 0, K¥L f'(t) LIABN, AW
fi(t) > f(0) =0.
Bk, eR¥C f(t) LR AIFBMRY. B, H0<t < H,
0= f(to) 2 f(t) 2 f(0) =0.

BD fliogo] = 0. TR Jjo,o) = 0. F#5IH, J'(0)=0. ME®12,J &
F Jacobi 5, HRIZFIE. FTUL, p EEBALIEAH.
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BT (M,g) REEHN, YU exp, FRMIZN T,M LHE
M. BUTE p AT, XEREWST exp, £ TL,M LEBLR, B
M exp, BRBA. BT

dimT,M = dim M,
B TR v € TLM, E v & LM i —PFWMR U, #58
exp,: U - exp,(U) C M

BRI BAiER, exp,: oM - M RREHMARE. JEHE.
L OEM 3.1 % MNBHEARERRE, f: Mo N REGEBRS.

MEMTFHE—H e N, BEK §—IFPR 0 UER M HTFE
Ua,a €1, 5718

f_l(ﬁ) = U Uq,

a€l

IR TRk
(1) MFEEN a € I, Uy & M PHIEZTFE;
2) M TEENFRER o,8€ 1,

UaNUg = §;

@) MFEEM a el flu, : Us = U RMARE,
WF f: M~ N 2 WRRS, HH M 2 Nt ARKY.
HTHERR, EX 3.1 FHFFR U HAHE § € NCETEEBR
H K BFER 5, dE MR R RS

S5IE 3.2 & (M,9) M (N, h) BENMRERFE, f: M- NE—
TREBYSIFRE. MR (M,9) R7EEN, FEMFEEYpe M L
REER ve LM, 8%

|fep()ln 2 olg,
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W fREBRRE WE, (N h) BRZEH.
WS ;T fREBMAREE, &g=frRMIH—-IRE
B, W f: (M5 - (N,h) BRRHEFFE. EH—7H, BEE
[vlg = 1fep(@)|n 2 |vlg, VDEM, Vv eET,M, (3.1)

UK (M, g) Me&tE, FEESY (M,5) BRZTE&HN. FxELE, B 31)
-

d¥(z,y) > d°(z,y), Vr,y € M.
Bk, mE B R (M, g) PEBE—ITEHFAL, W B HE (M,g) $H
B R4, B Hopf-Rinow E¥, BEM HERTHE. XHRIEHAT
(M,9) W& UTHM RZRRERE (M,7), AstE f 2RSS
Ba.

RTIEHBE f:- M - N BEBUWY, HAREESH F 21
st BT f RREEE, HE% f(M) vE N H—FFH FA
T f(M) PEE—FUBL 5 : [0,0] - F(M), ¥F (M,7) PHIM
HEk v(t), t € [0,a], HH BELREIEE I H)

y=for.

RIE M B5EEYE, v B ST IERE] [0, +o0o), BT 7 AT LALE
#3 [0, +oo). XRKIAH (f(M),h) REERERE. REF=_ENE
6.7, (f(M),h) EARERBRATESES. FFL

f(M) =N,

Bl f BWES. #50%, (V,h) HEZEHNRERF.
BARIEHRS f: M — N WEE X 3.1 ¢,
Vg € N, RIS /MYIER 6, 5618 U = 2;(6) & N Fh § H+
O B NERIBRIRREE. BT [ BWE, TR

f_l(‘i) = {Qa}a€1~
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T M e = T5N
lequa lequ
M f = N
K o2

MFB—ael, % Us = %, (0) & M FLL go APl LA S R¥
RETRHER. T EHRHKIKIE -
(1) flu, : Ua = U RS RAE;
2) f70) = }éU";
3) Ua EAHEXR.
HENE: 2 hHERETRHRY, BE
exp; 0 fuq, = foexp,, :Tg,M — N.

Ex b, ATERH v e Ty, M, 1(t) = exp,, (tv) & M FM] go K
£. FE5 o MUHRRE. By f BRRSE, HU

fox(t) = foexpy, (tv)
B N PiRinE. £5—-FH,
J(t) = exps(tfeqa (v))
R N P —RAME, FH
70) =G = f(ga) = f07(0), ¥(0) = frg.(v) = (f o 7)(0).
AT 300 3t 26 6 ME — 75 B

foexp, (tv) = exp;(tfuq, (v)).
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A t=1f78 foexp, (v) = exp;ofuq, (v). BT HIE.

HIER (1), A B3(8) 1 By, (8) A HIRA TyN M Ty, M FLAR
ARG, PO RERITR, BIELmBRRIMRERHE B, (6)
£, 8

eXp; ©fsg, = foexpy : Bg,(6) = U.
B,
exp; ©fuq, : By, (8) — U

WA FEEE. B, exp,, : By (8) = Us RIEAIBAT (exp,, ). HE
B BTLABRES exp,, RWMSRIE. B ER, RMIR B, (0) HER
do BEAIREA. TR

flu. :Us =T

WRMST R, SEFE.
FEH (2). BN

f (UUa) =Uf(Ua) 20,

Br A

U Va c @)

acl
ER—HE, MFEBK pe f1(0),4D=fp) €U, l=dp,q§) <0
WU BN 5B §RREERRMER 7).t € [0,]). BF f RAWH
SRRE, T veT,M, {EH fip(v)=7(0). M FNp HHE. 3F
HE v MYIKRBLZIER (1), t € [0,+00). FIA f RABSEY S
L, B foy BN SN HE. MHSE 7(0) HYIARHLE, N
B R R HE—HE, 5= ooy BT,

fO®) =30 =4,
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M (1) € £72(9). FFU, FETE a € 1, (818 4(1) = ¢o- EEEF

d(ga,p) < L(Vog) = L(3) =1 =d(g,p) <4,
BEpelacC gUa- B p AEEHEEE
F710) c |V
BIGEH 3). o, Bel,a# b BEYREM FTHEE g Mys
M—&BENME. BT
flaa) = fla8) = 4,

foy R N HL ¢ HEKMN—FRMLIE. HHN £;00) 2§ KH—
AEAFTEREE, T FHFHER— K p, 1 $4(0) TEEH
WHE R —%. B foy FREMERE B;(0) 2. Frik

d(ga,q8) = L(y) = L(f o) > 2.

XL Us N U = 0. SIEHEEE.

518 3.2 R—AMHAAREGE, K4 (M,9) HREERLEY
&, ERREA (N,h) HS &R,

AT LEEHESTHE, RAETLHES TEK Cartan-Hadamard &
2

EI 3.3 (Cartan-Hadamard) % (M,g) BRZEZ&N m HRE
W, MERBEME Ky <0, WMFHE— pe M, IEHBG

exp, : T,M - M
REBYST: 5, MR M REEEY, N

exp, : R" =T,M - M
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R85 FE.
B B 3.1, exp, : T,M - M ZERMBHSFERE. 127 =
(exp,)"(9), M g & T,M LWREER, HEH

exp, : (T,M,3) - M
RREWEE. EEIMTEEN ve LM,
Y(t) = exp,(tv)

B M i, il v() = tv & (T,M,9) B, FEATU
TR, XBEWRE, (T,M, ) EARENEETEY. Bh3IHE
3.2,

exp, : T,M — M
REBWS. XHN R™ = T,M BYEER,

exp, : T,M - M
Jl BB

Frhls, mE M REEEN, Mexp,: R = T,M - M LEH
SFRE. UEEE.

§5.4 Cartan %EEEE

BSf:M-> MEmBREREZ NS, UXTFEEHY
PEM, URERBH vyw e T,M, % vAw|® £0 B, HRER
Kp(v,w) = Ky (f(v), fo(w)).

BAEZBKEE: & MM M ERS m ERERE, WREEH
SRRE f: M= M, #EEMTFEEE pe M UR v,w e T,M, %
lvAw||? # 0B, BT

KM(’U,’LU) = KM(f*(U),f,(’U))),
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M2, By f RERFHER? EEEITFRBEZH, 5B —4 1.
Bl 4.1 WA R Rk

S: 7= {au,bv,au? + bv*}, §:7= {au,bv,au’ + b},

Hfbab=ab#0 & f:S5->35 EXWKMTLEAHRASHE
(u,v) R ZEBIRTR, B f BRBMAFEE, ¥H S5 S WK
EAMFER Causs M (EMREME). B2, % (a2, £ (@5), B
(a2,0) # (b°,a%) Bf, BEME S 5 5 ZARFRTEERESE (&
BEBHEICHK (2, 85 149 |)). BYRA, B f RulRERSEE.

Bl 4.1 3, FEEEHRAENERESTEHN. HE, mEE
RN E T RIEXT AR RS, NTUNS, MR
SRIEREHE. IHEATENHN Cartan FEEHEUREEK
JEE BT~ — Cartan-Ambrose-Hicks S#. Cartan B Jacobi 3
B — N

"M MBS m BRERE, pe M, pe M. RE—SIEH
KRR 0 : T,M > T;M. B2 U C M 2 p SB— M ERIREH,
{518 exp; T 0 o (exp,) ' (U) EAEEX. M TEEN qe U, 4 (BF
& 3)

f(q) = exp; 00 o (exp,) " (g). (4.1)

ER—TE, MFEU AN p A AMEE—RERMHR y: (0,1 -
M, H
P :ToM = TyyM

Ry Mt =020t ®FTH30. XM, RIMRE 7 R-BE M F
W R

70) =5, 7(0)=0(~'(0))
By, N 1Y0) =1, B 7 LR ERMMBE. A

pt : T[,M - T"y(t)M
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FORWE A M ¢ =0 Bl ¢ (T8 MFEEW t € [0,1], BICBRE
e TynM = Ty M,
{5
pt(v) =P ogo P (v), YveT,yM (4.2)
SEE 1), W o REELRERH.

T,M = T;M T, M = T;M
lexpp exp; 'P, lf—’c
f y b -
M>U - M Ty M ———— Ty M
m 3 M o4

I 4.1 (Cartan HFEFIE) Bt RS RAFEm BRER
BMEMMUREHEBKE, peM peMo:T,M»T;ME
— M EENRERE, U R p SO —MRLIRBEES exp; &
o((exp,) 1 (U)) EAREFEX. WRXNTF U Fh p SHEHEE—%
R 2R

7:[0,1] = M,

0 (4.2) RBEEGBRET of : T, M - Ty M R KM

R(u,v,w,2) = (p; R)(u,v,w,2)
=R((pt(u)7 ‘pt(v)v ‘pt(w)a ‘pt(z))a Vu,v,w,z € T'y(t)M) (43)

M (4.1) X% Ceymest

U= fUycM
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ERmEEE, A Jfop =0
B EAENH, diE XA (4.1) BE

fep = (€xP5)e0 00 0 (€Xpy) 5 = 0.

Hit, REEILY f BRHWSE; ®#aEH, REEH. Y FEEH
qEU, fug: TeM = Ty M BEVIFM B KERE. A, BRI
v:[0,0] » MR U $%E p, ¢ HEANBEESAME, » = 70),
g=7(1). BT U R p AWELHER, XTEEN ve LM, BEE
v B Jacobi 3% J = J(t), B

J(0) =0, J()=v.
TE ToM FEE—ANRAIERE {6}, #18 em =7'(0). A ei(t)

R e #y v VATBE AR R, B ei(t) = Pu(e:). TR Jacobi 3
J(t) TJUARRA

J(t) = f:f'(t)e,-(t), JH0) =0, 1<i<m. (4.4)

=1

XHE, J BT RET Jacobi TER

J(t) = Y F(t)Riem(t), €5(t),em(t), () =0, 1<i<m. (4.5)

i
HIRH, 7 M FERb v Mo BTGB
F:00,] » M,

EWREM 7(0) =5, ¥(0) = o(y'(0)). BT o RFEHLRERW, 7
RIEMBMEL. B X

&i(t) = peles(t)), 1<i<m.
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WA o BIEY, &) WA 7 TATHRALIER RS, #A
€m(0) = 7(0).
HTFEER 0], 2
J(t) = J(D&(t) = e (J (1)),
W J = J(t) R 5 Mriy. REBEEMNBIE (4.3),
R(em(t), €(t), em(t), €:(t)) = R(Em(t),8;(2), Em(t), &:(1)),
Frid A Ra (4.5) TUHE R

JH(t) - ZJ’(t (Em(t),Ej(1),Em(t),&(t) =0, 1<i<m. (45)

XEREEEY J REWMR 7§ Jacobi 37, FHEME
JO) =0, [JOP= ;(Ji(t>>2 = o>
BINEH
J'(0) = J¥(0)&;(0) = J"(0)a(e;) = o(J'(0)).
icw=J'(0), N #Ek: 1.8 f1 (1.13) XBH
J(t) = (expp)uty @)(tw),  J(E) = (exDg)uty(0) (to (w))-
FR, v=J(1) = (expp)uty(o)(lw), FH

Fa(0) =(exD5).t5(0) © 7 0 ((€XD,)strr(0y) "} (0)
=(exp;)aty (o) (lo(w)) = j(l). (4.6)

[fea(@)? = (TP = [JO)F = o],
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EEE.
SMT EEIEST AT LU, AR L BRI T T e
#it 4.2 Bl pe M, e M, FAMTHENRIERN

o:T,M — T;M,
LB p EHERMER—~REMAMME +(t), B (4.1) W (4.2) BRE

SRS f g
(1) iR f R/HMEE, WE

Fuatwy = 01 : TyyM = Tpon()M;

(2) RGBS
exp, : TpM — M il exp; : ToM — M
HWEMSFER, NEEE 41 %4 4.3) F, Bt
f=expsooo(exp,)t : M - M

ZHE.

AHEH, WTREHRAKEHE c WX HREE, eH41H
&M (4.3) HR . BREBIWMTHER:

Wit 4.3 & MM REAREHRAREHE ¢ 69 m 8%tz
B. MAFEEH pe M, peM, UKk T,M M TM KIEERH B
S (e} M {&:), WFFEFE p,p WM U, U, URSE f: U U,
#75

fp)=p, fple)=6&, 1<i<m.

Wit 4.4 WM EAFREHE c iy m HHESE. WxTF
BN pg € M, UE T,M f T,M MEBRH A BMERE (e} A
{éi}7 M‘#E D, q %ﬁ%ﬁ U7V7 u&%ﬁ f : U — Vy {ﬁﬁ

f(p)=q7 f#p(ei)=éi7 1515"1
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TERERBRAT exp,, : T, M — M REWS FEHMEL T, BREHE
41 IEEATHE N M Bl M BRSTRATIRERS. B, EATENH
#, RRWTEHIE:

&M, M REAEEN m BRERE, peM, 1), te[0,] £
M PEE—#SBCRWERRME, HE +(0) =p. X [0,]] 1
—ARFO=to<t1 < - <t, =1, HERB—BRME Vi, 1., BEK
BRI (0<i<r—1). L% =or), A P BREF YNt =03
t BT 3.

B2 0 : T,M - T;M B—ASEMNRERN, NEM LTUE
FHEML 7 T HES

M (t) = exps(ta(+'(0))), 0<t<ti.

W 72 : [0,£2) &> M B8 X
F1(2)s 0<t<ty,
Fa(t ={ -
exps, (1) (t — 1) P, 00 o PH(Y' (1)), 1 <t <t
ﬁq’f’t; 7 Mt =05 t, BFTH3).
— i, B i1 :[0,tia] > MBS, MEX

07 [O,ti] M
K
Fi-1(t), 0<t<tiy,
Fi(t) = exps,_ e_y{(t — ti1)B,_ o0 .
o PN (Y(tE_,), tici St<

Bt Py, BWE Y Mt =03ty BTATBS. BES

¥ =% :[0,1] » M.
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M5 BT M E—&SBRBHEMNME, EhMHL v fE—
BE.
REPRKEEAY Cartan FEEH. MNTFEEN poe M, H
CI(M) FRIE M FM p Bl ¢ WITAS BUL R EMR M ER RS
FEFE 4.5 (Cartan-Ambrose-Hicks) & M, M BRZ&H m HR
B, B M REEERF, peM,pe M. BE R RAHR MM
0k RN S

o : T,M = T3(M)

REEMRERE. MRMNT M PEENL p HE S H5BIEEY
IEMMHE v: (0,]] » M, URAERH ¢ € [0,1], A

R=¢}R,

HABRE o MEXAE (4.2) R, WMFEEN ¢ € M, UREEY
TEGHM), E M L5 v XML 7 AR (0 5 7 HER
Tk, Besh, H

g=() - flg) =7()

WEMBL f: M - M RRBSENEBURE.

SEM 4.5 MAEE ST RIE M B REEE, T EEN e M
DRIERE 7,7 € €M),y 5§ 7 BRERH. EHTHENES b,
WU v 5 7 ZEHEA— RS BOCHERHE B, 0= < 5 <

S <sp, =1, {HiB

fBO =7, ﬂl = '_77
FFHEMMMBE EXWTF ¢, B SBBEER AN — LIRS

BN XERIEAELYSHE 41 C2OBEAHEE. BTEE, 4
FABRR, AXNBHEETTUSES %R (15, £ 39 &)
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§5.5 =EFR

B e i = AT AR RE
X 5.1 ST, HEENEHRTRFY ZETR.

LAE, B M™(c) B c HBREMEY n ZEPA. TEHRR
BTS2 T 0k

B 5.1 BRIKER R 2EMMER c =01 n £BEEA.

Hax b, mENENEA 11 3.1, R REEREEE 0, BEM
SEEEERBEMTHH Cauchy WHER, HAEBER BRI

B 5.2 RVF BBk r > 0 BARHERRE S™(r)(n > 2) BEEIHR
He=1/r # n BERER.

b, SM(r)(n>2) BREXEEN, BHN, AMXEZE
B, ER—H, *Eﬁ%:ﬁ% 2.2, fEH

=S"(r)\{N} #1 V = S™(r)\{S}
3 R MERIR B A L RELRER (U;6), (V7)) F, S*(r) L
MBESERMRERR
4o = 2 2(dE)’ gt = A 2(dn’)?
(1+cX,(€)n)? 1+ ¥, ()2

HF S=(0,---,0,-r), N=(0,---,0,r). RIFFWEHH 3.1 [A,
SMr) BEMEBERE R c=%

Bl 5.3 WZ=EE H"(c) (c < 0) RBBEY c iy n HZHER.

R MBI 2.3, 7£ R*+! 15| A Lorentz YR

(2? y)l _szyz — gzl n+1
i+1

Vo = (zla"' ,$n+1)a y= (yla"' ,y"+1) € Rn+l,

FFLL R+ R Lorentz ZE[E] (R™!, (-, -)1).
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FE Ry RS g A AY L et

H"(c) = {z € R*";(z,2)) = —d®, 2"*" > 0},

Hia=1/V-c M (0 1E H(c) EMRAFFE H"(c) LHR
SRR g BRAREIER g (0T H7(c) BE n 4EXHZE. &
B™(a) HEKIRZERE R* FLURSAFO, B o BT, B

B™(a) = {(8‘) € R";Z(W < aZ} :

it |
i azx’ ,
€=y 1SSy

WEMBA ¢ : H*(c) » B™a) ST H"(c) LB—PMEELERR
(H™(c); €'). HH, BR g URRH
ds® = 4a* Zi(dfi)'z _ 4Zi(d£i)2
(@ - T,(697°  (T+eXi(E))*
REFWER| 3.1, H*(c) HREMHBE LI c, Bl H™(c) B n ¥ h
. BR H (o) REEBNHINER, AEEEHENEEE.
& Hopf-Rinow M (F=FH & 6.3), ZIEH H"(c) B%%&
B, RERERBAR

(€) € B*a). (5.1)

p=(0,---,0,a) € H"(c) c R}*!

HRE G — AR v AT, NTIRIET $5505 exp,
T TH o) LRLEEX. p RTRBBIFER (H); &) HRER
B (0,---,0), Tl p HEMERMME v WERFTBRIBE (B8
HE=2HP 1.3) ’

¢ = \/U__ctanh(

Vet

5 >, 1<i<n, te0,+00),
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Hep (v') R
S =1
BEAR M LA ¢ IR SH. B e NEXRMXIE [0, +00) L,
B H"(c) B— 1T REHRERE.

FHEBHFERRI, N TEENEE c UREEHBRE 2, U
c HBHEMEMY n Z P ARGFEY. FVREIEY, EFENE

XF, LaflFEhr LRETIAMZEER. ik, HRBEMRX
THEH— 5 E.

I 5.1 i fi,fo: Mo MEmBERERE MM M ZFEY
FAREEE. MRAFE— K pe M, {5
fi(P) = f2(8), (Fi)ep = (f2)sp)
WA fi = fo
B EX M BTHE
A={geM; filg) = f2(@), (f1)sg = (f2)xq}> ,
BRARMMW—AEZAFR TEEIEH A LR M WFTE,
M M §EEHERM A=M, XRIEHAT fi = fo.

RESE _EWmE 2.2, X THEEHN ¢ € A, TTRAS/MY 6 >0,
{§18 f1, f» TEELIRERAI B,(0) LHREIHRED M NHEE. I
q' € B,(5), WA\

veT,M, =1,

818 ¢ = exp,(bv), HF b=d(¢,q). %
v(t) = exp,(tv), t € [0,b].

T fi, fr RIGEFE, B frory M fooy HE N PHMMER, 3#
A

(f1oM)(0) = fi(q) = fa(q) = (f207)(0),
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(fr o) (0) = (f1)xq(¥'(0)) = (f2)+e(7'(0)) = (f2 0 1)'(0).

MER R —E, MTEREH 0,0 F

fron(t) = fao(b),

R 51 Hb,
fi(d") =fi(exp,(bv)) = (f1 o 7)(b)
=(fa 0 7)(b) = falexpy(bv)) = fa(q').
BT ¢ € B,(0) WIEEHE,

(Fi)l@,6) = (f2)l2,(5)>
A TFEES o € B,00), XA
(fl)*q’ = (fz)'q'-

HIFTI, %,00) C A Bkl A B M R T8, EEBIE.

5.2 B M () RREAMEN c ) n AZEER, W

(V) Hc>0m, M) 5¥BNr=1/vc BWIRERE S°(r)
£3:2P

(2) Y c=08, M (c) 5EKKZE R* %5,

() Hc<obt, M"(c) GMiERE H"(c) HIE.

W B (2) M (3) iR, R

c=08 c<0,

A N(c) RE R 3 H"(c).
B p € N(c), p € M"(c), URFEHLIERH

g :TpN(c) - T M"(c).
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BT N(c) Ml M™(c) BEBREBENZRRENE, HEHMEEHLRE
1ER], 18 Cartan-Hadamard ;g3 (B 3.3), f5 ¥

exp, : TyN(c) = N(c) M exp; : TsM™(c) - M"(c)
RS FRE, MBS
f =exp;o0 o (exp,)”! : N(c) = M™(c)

RS FEEE. XEA N(c) ft M™(c) RAARNHREHZE c, i Car-
tan SFEEEH (BH 41), f RR/WSFE. LA, fRFHE.

MF c>0WEE, #r=1/Ve. BERERpe S™(r) Mg
P € M™(c), 3R —p Rr p AXBRA. BT p E S"(\{-p} LE
HILH R, BRE

(expy) ™" : S(r)\{-p} = T,S™()

HEX, FHRMN S*(r)\{-p} B T,5"(r) FHTFER B,(rm) LKW
FIAE. BUE— R ERH

o : TpS™(r) = T;M™(c),
FiR
fp = expz 00 o (exp,) ™! : S"(r)\{-p} = M"(c).

BT S*(r\{-p} M M"(c) RAMRKERENE c, & f, BREF
BB

I, X FEBRENR € 5" (\{p,—p}, B §= fole), NES
BE LRI

T = (fp)eg : TyS™(r) = TzM™(c),
PGB &P EE

fo = expgor o (exp,) ™! : S*(r)\{~¢} = M"(c).
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R n> 2 Bl W= 85"(r)\{-p,~q} & S"(r) WEEFTER, ¥#
HqeW. BN,

fol@=4d=fpla),
(fo)eq = (expg)uo 0 T 0 (€xp; )ag = T = (fp)uq-
MBS 5.1, folw = folw : W = M™c). XER
S™(r) = (S*(r)\{-p}) U (S"(r)\{-a}),
(S*(M\{-phH A (S"(H\{-¢}) = W,
BrUATTLASE SCI S™(r) B M™(c) BT f: S°(r) = M™(c), R

fo) < {fp(z), mE z e S"(\{-p};
" filz), R zeSMr\{-q)

HR, [ ERWHE. M\ 3.2,
f:8™(r) - M"(c)

R—ATEBYRS. BT S™(r) 1 M (c) BREERN, & f BHSH
e, HmEFE. EE.

MFREE—MREWNE (M, 9), MR
T MM

27 M- EERS, W« BDREHHSFEE, BWLRA. FU
g=n"(g) B M FWRBER, HAEEEBRE M Ly ARER.
TR (M,5) B—1MRERE, HALERRS

m: (M,§) = (M,g)

RFEEE. XB, 18 (M,9) FHRERE (M, 9) 1 REABT(H.
e, THRE 48 (M,§) LS KRBT N (M, g) Ly
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Wk, FHEEH, 4 (M, 9) REEREREH, (M,7) LERTEEH.
535, RESERBEREMEALE, ShEE 5.2 TURR W TR
w:

it 5.3 & M EBRRABME c WREFFHEZ=E, WEKEH
REFEBSWIKEc>0,c=0Mc<0HFEHETF S"(1 /), R* M
H"™(c).

BT LMHERIR 44 T RAMTHRBEELSR:

B 5.4 B M () BRBREMEER c ¥ n EEERX, WXMT
M™(c) EMEERA p,p YR T,M™(c) Ml T;M"(c) PREER
(LIERRE {e:}, {6}, FEE—N—NFE

f:M™ec) > M™*(c)
18
f(p) = ﬁ: .f*p(ei) = éiv 1 S’I« S n.
B fRi%
o:TyM™(c) = T M"(c)
BHo(e) =& (1<i<n) MEWFERERNY. RE\SHE 5.2 Wik
B, FEFE f: M"(c) > M™(c), £
FP) =5, fop=0:T,M"(c) = T;M"(c).

HH5HE 5.1 BAIFNSERE 8, TEGE.

RERE (M,9) LHL2EFERR SEF_EE L 2.2) WL
HREXTRHME SR —T8, FAIRERE (M, 9) & HEE
BB Iy (M, g) B I(M). FTLHER (M) B—A3E. 8 54
HIRRAL, n BZEEER M"(c) WEETRB (M"() HERR
n(n + 1)/2.

B (M) BRm BRERFE, n:M-> M EEH—AERBE,
WXF M LWERER §, » RRVSE. £ h: M > M 2EFH
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B — M EEBER BESH M (13, F 159 W), B h B M L
B moh=rMHSFRE. BT« BRMWFE, »LEFE, B

h e I(M,3).

BR, BEUWS « W2 ERTROAR—1 8, FIEER NWESR
BB, TR UM, H— TR

RERE T 2— 1 E8E, FEEE » 08 0F M £EF -4
fEFl ©:Tx M — M. IR © HRUTHEA K-

() MFEENze M, BEEz H—PBRU, FBRE {(he
L; (h-U)NU # 0} BARE, HHP h-U={0(h,y); ye U}

() R z,ye M, }#H z ¢T(y) = {O(h,y); heT}, NKF z,y 4
R UV, FR

unr-v=49,

H+
T-V={6(hy); hel,yeV},
PR © BRI EXRWE M Ly AFELEER.
#®O:TxM-MERHET EXBIE M EH—PHERE
SfEM, 4 M=M/T. MRUERABREREE, WEM LEE—H

KEEH, BREREE »: M - M B—1EBRE (BESE R
3, B=%, §5]). MERZAMERREMEN, MTFEEM heT,

ToO(h,") = ().

ik, Ok, ) BEE «~ — M EEER. RZ, MTFHBHE M H
EH—NEBRS 7 M > M, MR BT HRYERAREEH
EHEREBER M L, FHBARDA.

£ LEMITRESERXRER, BE T £ (M () B— EET
#, MREE M) LAE-MRERHEMARELERN, WHZEHE
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M = M™()/T B—5%&W n R iR=0E, HBEHERAY c K

2, B M EBER-A%EHN n fWHREE, FARAREHE c
WA UM ) —PEEFHT, URT & M() EH—1TER

ﬁlﬁé@%*i&éﬂ’ﬁﬁﬁ, % M FETREE M"(o)/T.

L ET I, EEXTERE H Ry ¢ i n 4E5EE W i R EFEITH K,
MREIFR UM (o) MIFAEBTH, FXMENETHER. Rim,
EXHRE—NTHEEHHE. g, >0 WEELLBITLHR
B AXBHEETUBESE M 31]. FAETHER, EXE
HABGR BREBHEE R —1 4R

SR 5.5 WM E—TREMEN 167 2k F58 & MR,

W M p5RARE S LG ER RP?, B

3 &8 &

L #y:[e,b] > MERERE (M,g) LH—FKHRME, J)&
iy B{EE— Jacobi 5. EH: R J 20, MEMF SEMILY.

2. IEEIHER 1.6 ISR (2).

3. iEFA#ER 1.8.

4 We<O, M ZRAKBEBE c HERERE. BEv:0,] >
M B—KIERMME, mBveT, )M HHRE

(v, 7)) =0, | =1.
BRA, () R 1(0) HEEA (BEFIE 3.0). EH: ¥+ HERA
JO)=0, JO)=v

B Jacobi 3 J B TFRLH

sinh(v/=ct)
I = smh(\/_zl) w®),
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He w(t) By —FiTmiy, 38

w(0) = (225, w0 = (ex050) Ty ¥

5 3 v:[0,a) > M BREFRE M LH—FMMEL, X B M
8 Killing [ #1. |
(1) iEBH: X 7E v LESBR

X(t) = X((®)

RHUT v By Jacobi 3;
@ MA Q) EFEAS=EJFFE 8 &: mE M BEEHN, 3F
HEELApe M ER

X(p)=0, D,X=0, VYweT,M,

WX EMEERE.

6. % MBEERE, peM BEMTNp SEEMEE—%K
3 2%

v:(0,6] = M, ¥(0)=p,

iy BAEE 1 Jacobi 3 J MEK J(t) = FEQ) MER, H+
E(t) B¥ v TATRI AL Y.

(D) ®RV CT,M & T,M FRE—ABETZEE, TR0/
E¥ S S

V={veV; gvv) <8}, S= expp(f/),

ER MELR p WFWRE. EH: FEEFRS/DY 6> 0, FEMFIE
E%ﬂﬂﬂéﬁ v [07 b] - M, /\%

Y©0)=p, Y(O) €V, v([0,5) C S

W M i v WPTBIHE V 2R TS
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(2) M dimM > 3. EH: M ERQ p BRI RE S ZHREH
87 S0k 8 1 8

7.y [0,0 o M BREWE M EH—ANHE, 4
FE() = {73 TR v 8 Jacobi 5, 3H J(0) = J() =0},
T F() FRHEBAL (exp, (o)) ooy BRI,
8. By : [0, +00) » M REGRHMMHEN M (SHEWETE
% 11 ) LH— WML, p=1(0). MFERM ¢ € [0,+00), BL
SrERST
K, : t)M - T (t)M

W
Ki(w) = R(w,y' ())7'(t), Yw e T,u)M.

(1) IEBIBRST K, R B 3tYEAy, BP
(Ky(v1),v2) = (v1, Ki(v2)), Vor,vz € Ty M;
(2) R T, M #— A BALIERE {e;}, Ko 3T A4k, BF
Kole:) = iei, 1<i<m.
MAFTHS, e BRI v TATH MRS, IEH:
Ki(eilt) = Mies(t), Yt € [0, +00);

@) # '
J@) = Z Ji(t)es(t)
By v h— sy iEW. J :% Jacobi HEMTF J(t) HEFBA

d?J
dez

(4) EH: Rp i v BFFESER v(kr/V), Bk k RIERE, A
RS Ko MAEE— M ERIER.

+XJP=0, 1<i<m
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9. & M REERERE, f:(Mg) - (N h) BRFEWEFE, iE
B ST TAER—RWHBE

B :[a,b] > N,

UREE—R pe f71(B(a), & M PHEEM—N—FRRHLE 4, F5
foy=48.

10. Hp REEREWE M LW —K. WREEBYS exp, TiB
R, M HIR, p SRR, NFEEp I M B—1 BRASE
18 3.1). B, RAFEREHENTERENTE LG —4 S5
RHEBA. B MREEMNBEERERE M HHRA, W M MEK
G2 [R) )6 1 R BE.

11. # M B R P — A iessihym.

M={(z,y,2) eR®; z=2*+y°}, p=(0,0,0).

iEH:

(1) p &R M B— s

(2) M Y Gauss IR A TZF.
EERY, REMEEERZERERTARSY—ATHE&E, B
FRBELME.

12. % 7: M > MBERERE M W—AERWE, TH: M
XTEBERREZEMLENY M REEMN.

13. @ f: M > N RREWBZ HHRESE. RE0HH, 4
N RREHME, M R—ER2EM. '

4. % M £ R = R2\{(0,0)} W:EFIEBRE, HNGESEH
Br: MR EH: METEREREATEEN, BREZE
(9. BT, RAEEEAGLEEERAGS, B HREREY
{H.

15 BEEWE (M,g) WREHRESNE, peMUR MK
R p WER—MELAFAR. W exp,: (exp,)'(U) > U C M £
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FEE.

16. Bt M RRERIE, peM,>0Fa/D, ERAUMEK Z,(5)
M I p RE—TERIRTE; 0 B,(0) - £,(0) B— BB
Gt WMRXT By(6) PHE—FRAMBE () (1(0) = p), BE

a(y(t)) = v(-t), V¢,

M o B M TE p S —1 BEBMHREMGE. EH: M EREFEWI
KREE RS DELGR M EG— S RFEEFEN RT3 HRE L.

17. % S7(r) C R*! BN r BARMERRTE. IE9: S™(r) LW
FEE—NEFELHRER R EHERTHRE S*(r) LHRE, BEW
FIS™Mr) =0(rn+1).

18. HREEHIHER 4.2 &R (1).

19. {REE_EMHF 2.3 B _EIJEE 23(2) WM, R XTF
Lorentz R

($;y>l — E?:l ziyi — $n+1yn+1’

vm:(zlv"'vmn+l)a yz(yl _”’yn+l)€Rn+l,

HI AR —4> Lorentz ZE[d] RP™ = (R, (-, -)1). #
H™(c) = {z € R"";(z,2); = —a?, ="' > 0},

HPa=1/V=c; H*c) LWREER g (,')1 BF. A On+1,1)
R R L{R$E Lorentz WHRABHW A B HRITWRNE, BR
—MREER GL(n + 1L,R) F8#. 4

G={A=(a§) €O0(n+1,1); detA>0 H alt] >0},

I, 0O
e:( )eGL(n+1,R),
0 -1

HAf In Fom n Brefo . e
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(1) FHEEH A e GLn+1,R), 4 € O(n +1,1) BHNY
AteA =¢;

(2) MTAERHY p € H(0), n(p) = —p & H™(0) A p ) 80
W, B

(m(P),n@EH = -1, {n(p),vh =0, Yve T,H"(c);

(3) MTAEEW A€ G, ATE H*(c) LRIFRH Algn( & H™(c) L
WIS, I ERFF H(c) WE AL,

(4) X FRERY p,g € H™(c), URTE T,H"(c) M T,H"(c) L5
RIAFFR AL IEREIR {e:} #1 {f;), ] A B

ei = fi, 1(p) — n(qg)

B RS, WA AcG; BltH—SHH H'(c) REEHNERE
R






BRE WMEHEZZTHAK

BRERFRBEILMUARFRZ — B=EELHFIINK
HE—ESAR, BMKZERH—NFHRERX. ITREAEHE
REASGHMEBERERR. WRE-DRNKRZEH 28, FH
BIAMKPB_ESAR. BTEERSAXFTHASREREY
A SRHI T, T e B TR B 502 il SRR e AR e
WEETR. X—%, BEEESHIKNEZHIAX REEEA
THRMBKN BREENRE RGO RIFE.

§6.1 MREYEZZTHAR

B (M,g) Bm HRERE. R\EF=ZVMOHL 3.6, LH—%
STEOCHRHE v [o,b] » M RMMA L HNY + REEHEE -1
FEEmRSHED TRRZEHER S ATHE-RRUBRRER
EEZHR AN E BB AT RELR, FETHMRZENY
“Hr R ARIARBMKHE AL AKX

B (1) (¢ € [0,0]) RBRWE (M, 9) FH—RIENHRHL,
WBE=EHE 1.5, HBH ¢ LEERIRKRLA. &

®:la,b] x(—¢,6) > M
&y =L, WX TEEM ue (—c,6) HES L
7u(t) = q)(t’u)r t € [ay b]y

Hef v =7 #HZ v, HIKR

b b ’
L(u) = L(v,) = / v, (B)|dt = / (YL (1), 7. (8)) 2 dt.
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Hig, wmRe

- 0 - 7] ~
T:(I)* (“a_t‘) y U—Q* (5;) ’ U-U'u=0a

MU =U BES eEsaREYy BF SEE=¥1 38 RX)
(Do, T)
(T T)t

L) = $Lw) = / (1.1)

He' D REFEEN & TM EHFEFBRE. H (1.1) A3 v FARCK
%, /%

2
L") = L)
1 e o (DpUTNDETT
/a {(T,T)%%(D%U’D— (T, T)% dt

_/b (DaD,U, ﬁ(ll)%U,Dagu_T)_(D%UJ:C)? o

a (T’T>§ (TaT)i

2 U,T)+ (Do U,Ds U D, U,T)?

_/o{m;;DﬁU, 2+~<1§U, z0) | Y §> }dt, 12)

a (TvT>§ (T7T)2

HpMATERD,T =D UBEHZEMN (37
EEy AR, DI'J*E%%IZHEEE% 3B H

DeDoU=DpD,U+RU,TU.
B A

(DpDpU,T)= Do U,T)+(RWU,TT,T)
d

(D
6t(<D;J7 7)) - (Do U,D 1) + (R(U,T)U,T).

W]Qa

BMFH =08, =7 UL, Tlo=+,%H SELE-EH
i 8.1) : .

Dy Tlh=o=Dygy' =0, |Tluo = /| = %HL



1 mReESEIRL 39
#4 1= Liy), W
b
I=Ly) = / ldt = [/ (O)] - (b — a)
a9

[Tlumo = O] = 7

£ ERERRAN (1.2), BER

_a'

L"(0) = d2 k)|
=”_‘T“./ {5% ) ,7’>+(R(U,'y')U,v’)+(U’,U’)}dt
_ ‘13")3 / Wy, (13)
Hop

U'=DpU=D,U
RS EES U ElE « MRS (SERE_EHN 8.9) X).

HTAME Q3 X, AU RRESERY U, 5o EXEE

o, WA
(b—a)?

U.L =U- 12 (Ua 71)71'

BB

b—a)? b—-
U:UJ__I__( l2a) <U,’)”)’)’I, U/:U_Ll ( a) (UI I> !

BT A
Uty = (UL',UL')—F 2(b— a)

2
PR}
+ (b l4a) (U/ 1)2(71 ,Yl)

(U_LI UJ_I)+( ) (U' /) (1.4)

U, NU' )




316 F * %Ké‘:% EHnk

HFAT
W) = 2wty - W Dy =0
8 (1.4) A (1.3), XHIERA T T M & 2.

EE 1.1 B’ A(),t € o], REERE (M, 9) FH—FRML,
WRF EI’JE%#"’}E% $: [a,b] x (~¢,€) = M, FHIARMAL:

L"(0) = (DUU Y

+(R(Y,UH)y, UD)}dt,  (1.5)

Hep I BAME v WKE, DRFESNA &TM LeifESHRE,

FEHH, WOR @ By M- REEERSHES, N

L”(O) _ b-l—a

+(R(Y,Ub)y', U*)}dt. (1.6)

AR (15) HH WEHEZBHARX. X THE 2R~
W, ERARTEEAMRES MBS UMM THLE v R & U
U 53E v MU BEFEEMERS. BHit, £5ERHBLIN
KR ZASE, B RA\IHE v MErERMEES, BMEER R
% U 5L v RAESR. i, REBEBBREL, ZHAK
(1.6) 4K

—_ 2
L"(0) = b ; / {|U |2 - & IUI) K, )}dt. (1.7)
i, BF

(U',0") = U - 0", 0),
B U0) =U(1) =0, (16) RXTBUKE %

Lll (0) - _

- R ,U)Y,U)dt. (1.8)
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§6.2 Bonnet-Myers EI%

A ESFH Bonnet-Myers FHE KB M ILAFHRENE
HZ—, ERBRTESFRWHESENTREHIMNIER, BHK
AN AR EBNA.

EX 2.1 REFE (M, 9) ¥ HE M) B

d(M) = max{d(p,q); p,q € M}.
WREER dM) < +o0, MFF (M, 9) 2 HRB.
AHEENTRRERNBEREAN, HERE +oo.

ER 2.1 (Bonnet-Myers) % (M,g) REZH m EREWHE.
HHIEH a >0, {#8 (M,g) 8 Ricci R « HTH, BPMTFEHE—K
pE€M UREBHM IR v € T,M & Ric(v) > a, U] (M, g) %E&K
it mvm -1/vVa BEBRERE.

W BpeRMEWERRA Bh M EZEN, BARSE
RIIEAL R v [0,1] - M 78

7(0) =p, 7(l) =g,
MH | =d(p,q). BB v FATHRMIERITEY {e:(t)), FE
em =7,

FHK
Vi(t) =sin7th cei(t), 1<i<m-1,
W Vi(0) = Vi(l) = 0. RIBHE=% §3.3 BT, FIE ¥ WHBEERA
#E45
) 1 [0,1] x (—¢,6) = M,
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8 00 LV, WY TRE (L8) X, 25 oV Fixt il
KEZENRARE

1
L/(0) = - / (VI = Ry Vi, Vit
0

= /Ol (sin th) <l2 + {R(em,€i)em, € )) dt,

1<i<m-1.

HhENEEE 42,

3

m—1 -1

Ric(em) = D K(eiem) = = 3 (R(em,eiem; €i),

i=1 i=1

B
ZL"(O) [ (07 (Grtm - - icten)
(G- (o)
M (Zeen-d)

mE > ny/m —1/y/a, N
m—1
(m—l)—a<0 S L) <

i=1
ETEERENER i, 1 <i <m -1, {8 LY(0) < 0. XRHFXFAS
[ Vi BRI s 00, % e FEA/NET, BIZR v TEEE p,q HIH
593

{795 u e (=e,6)}
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FRERK, XSME v WREEMETE. Hit,
dp,q) =1 < 7vm—1/Va.
B p,q B EMEEHEEN
d(M) < m/m=T1/Va.

FH Hopf-Rinow T (SF=FEHE 6.3)(3), M BEHH. IEE.

JRfER L, 7E RS R AT ARG A S E A
MR, ETURATHARBHHR. Bonnet 7 n = 2 WHEIEH
TERE 21, MXMEEAEERERT M H— P EEHE RIEEE
FERERR M HBREMEEFETH o BE Myers XA
550 EH 2.1 FIRURI &M, B M & Riccl HEFENTH. EX
B, s \EE MR R4LER Ricei M FMF, AR EREN
AT LmEprRBH R

it 2.2 B (M, 9) REEWEBRY, B Ricc MRAFIEH
THa Wl MaERERRLRERN,; I, M OERE M)
RERE.

WA WMo MEBEMuGEREAERS, R M EWES
B, M (M, 9) WRERER (M, §) HRZEHNRENE, HAHE
B r hRESE. T RRSERSREMERE, # (M,§) 1
Ricci BERMUES o HTFHR. BIEEE 2.1, M REBWE, B

M- M

BT EBREARGERRS, IXMTH K pe M, 771 p 977
WRU, 1/« (U) B M PERENMNERAZHFRUs (e € D) 1
H&E, FEXNTEEN e,

7T|Ua U= U
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RS ERE. Hert, M @EERRMT 7 M - M WRBTRE.
BEX M BEBERBRRE (Use eI} ZIANESREE, UMK
BEAR m (M) HR. L.

§6.3 Synge ¥}

Synge REELR I 5 A4 A 53— MR i i B R 4,
HIEBNREXRER BT RAERRE. EX—F A Synge
ERHIEY, BEMB-A5IE. ATHERR, A B RRRE
R P BOCRE M RE; T—& MR N5 a2 %E 2 MRy
BIAEZ, HmERLLKEN.

33 3.1 & (M,g) REREENEBRENE, HEMERNE
BHE M BRERY, NE M LHFEE—FFETRN. BREREN
PRI S 2%

WER i M QR RGEEEU R M BB, M TFEE—&
pE€M, 17 (p) BEERANBALT 2 HMRE, BEWWR

7"‘_l(p) = {ﬁl"'. ’ﬁr}, r 2 2.

RERBUS « WEBTRBREBRNIE (M,5) HWSIERRBHNT

B, EE ) LMERARN (B, 5} MERE, FERMTE
g3 i (M).

By:[0,1] > MR M U p hEIHEFHABKE,
7(0) =~(1) =p.

WM TFEES o, 1< o <, HABER v TTUARFN M PIK f. HE
HIBER Yo, HE K

Do = Ya(l) € W_l(p)7
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}?E Pa' # Pa. RILE, XF 771 (p) PHHEBRMANAFE K bo, o, T
M FIEHE Do, Por FIIER—RIBR 1o TEHBBRS © THR

¥ =70

B M Bl p HEEHEZLARR. A, BT « ZEHHBFE, &
B2y SHEMEAER . BEHENRKE, B

L(v) = L(7a)-

BR, BIER 10, 1 <o <7 UGS TEEBERR n (M) LA
.
Tk—ftE, EEFRS TR

d(p1,p2) = ;‘;};‘, d(PasPa)-
B 7, 2 M PEE b, HREAHE,
L(;YP) = d(ﬁlwﬁ?)a

iR v = mo T Wy B M FE—FKE P R AW EFREER,
SEELRE p SRS v, SbEEYCH IR ELIE R MMATTR, FEA

L{vp) = L(%p)-

Fit, v &M LUp K P B O R R K B B A P B
i2.
BT LRI, M EEXT —TERK

f:M >R,

FERMTEEMpe M,
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THEEWRY f 2 M LoEERi. #X L, X TEERN p.p € M,
M v, 7 BIBREEA R (ZFE 5)

L(vp) < L) +2d(p,p),
L('Yp’) < L('Yp) + Qd(p,p’)‘

A,
|£(®) = F(0")| = |L(7) = L{vp)| < 2d(p,p').

Xt f & M bRy Lipschitz lR¥, HifiRESLEE.

Yp

L

B/ 5
BT MEBERN, VAN pe M, H5ELERE 7 p ST R
IME. RIWE: 5 p NS v, BE M F—REFTHHRER
LR, JEIXANETE BB IETIEN ~, 7 p SAGEY. hil, %
7P = ’Yp(t)v t € [Oa 1]7
m
Yp(0) = 1,(1) = p,

HH v, EFFRIE (0,1) £, ER—& to € (0,1), i

q= ’Yp(to),
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Wy, WRATLEE— K ¢ HESHHARR. Hitd v, WEEERE
1840

L(’Yq) < Lvp)-
SRR p SAERE, XF

L(')’p) < L{v),

Fr A
L(7vp) = L(7,)-

HUAT I, v & M L ¢ RARSHEFTR. BRERENAR
B v MAUA ¢ FESKHBRICH 8. BE (g P—R
RERFA 6 R M PEEHREMBENE. REFSEHEE 35,
BRM PRI, BB =ncf R M PHRME. B BT 4
REASE, v ARETE R MAHI TR, HFHIM, v, 1E p AEIEHE.
BrEh v B M P—R AL, WESIEKNER. EE.

I 3.2 (Synge) W (M,g9) REEHREWE, HBEMR
Kv REEH TR o, B

Ky >a>0.

(1) MR M BB m BB, WY M aEmEet, M EREER
#; %4 M RA[EME, M @EAR (M) =2,

(2) MR M ER m BREFH, WM LEFEMM.

iEBA (1) #B1% Bonnet-Myers ¥, M REHEWE. HBE M
RO EME. MR M AREERY, Whike 22, CHEAEER
M EERE. FRESIESL, EM EEE—LESHN. BRE
RAKHARNRLE, £

v:{0,1] = M,

Heb [ B~ HRE. 2 p=(0) =~().

Cr o oy



S FA¥ BEGR-ZAMK

i P : T,M = TyyM BRl v 9 FE8, W P RN T,M 5
BB BERERN, FH

P(Y'(0)) =~'() = +'(0).

Eit, +'(0) 2 P @FFILEN 1 BIFIERE. T M BT ZREE,
T,M W — A pp BHAEMLL p HE QR AR RHET EEABRNE p
M REIRE R b 45 p —H BESEXR B, F28, A8
6.1)). A, XT T,M PEE—ITRAIERE {e) W

[Pi(e1), -, Pi(em))
BHT To,M BB H (e, em) Wy BELESE. EHilk
P :TyM - T,M

RATPIR R 1 IER Rk BAVWE, EAERFBRBIFE/RSRMR
B ILYi A R, R 1. BN P AR 1, U, mE -1
REMSFERE, MEEROIER. 6T M OEH » ZBE, HE
H1WEHOLEREMAE. TRV FES—MEAYIME ve T,M {E
8 viv'(0), 3B P(v) = v.

MHTEER 0,1, EX V() = Pv). WV =V(t) &y P47
HARERT v (RAIRY. 28 v MES

®:[0,1] x (—6,6) = M,

78 |
q’(tvu) = exPy(t)(uv(t))’ V(t7 U) € [0$ l] X (—E,E),

W o RS RHH V. AMKHEEHAR (1.5),

d2 ! l 1
gzl = DvVi +/0 {IV'? + R(+,V,7,V)}dt. (3.1)

u=0



§6.3 Synge X® 325

Xt F R E Y ¢, SR 2
oi(u) = ¥(t,u), u€ (—~¢,¢),
R, e
V(t,u) = @ u) (5%)

X iR Y&y, WL DV =0. 7 3.1) RF L u=0,fF
B/ DyW=0,%8
DvV,7)o=0. ~ (32)

Wit BTV 2E v BFiITREY,
1E (3.2) f1 (3.3) RN B.1) R, FHEE v,V KRN IERWAER
H B,

d2
-(EL?L(%‘)

1
= —/ K(',V)dt < —al <0.
u=0 0

XERE, 4o WAXETSD, 1 BE y AEKHEE, BF
L(v) < L(), X5 v BEHAETE. G, M peRpElE
B

B MRATENN. NEMN_EEES
Mo M,

18 M R EAGRRE (BESHOR [25). %5 R M LHE
BERE, WREHE (M, 5) EREBRS « TRE (M, 9) TSN,
B (M, ) B—MBREENTTE R SHE, 3 LRRElREEY
TR o HBATEBRINER, M RBYEEEN. B, MBEMHE
AAERRY. BEED «r Z_EHE, ¥ M HEEH n(M) = Z..
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(2) & M %S m RER. MR M ERTEMAY, WE M6
TERGHE
(M, §) = (M,g),

8 M ZREME, b g RERER BT (M9 WREHE,
(M, ) WR7TE&N. WFERM pe M, 7 (p) MAREHMR, R
HRA (PP} W M FEE—FKEE 51,5 WHE 7 E 7 THR
y=moy & M HLl p HEEMAKE, FHE LM HEE—IER
pp Wy EEEAEIEE) p FTBBINE M iy f& pp BEIFE M. XM
BERFNAR BREMER KX, M FEE—FKU p HEXH.
HEREBIRE TR ARG v SRS M FEE b, b 89
#®i245, BF
L(y) = L(v).

RAEBE 7 & M PEE p1,5 WBREMBE, Wy =roy R M
T p HER. FARFHEERERN. KERSHRARE.
FMASIE 3.1 BHEHFRIFNRIETH, £ M PHFEE—LKERSE
B, R B R B A T s 2R

v:[0,1] = M,

e L= L(y), 3H v(0) = (1), ¥'(0) = ¥()). FHE4 p = 7(0).

MAETEEHE—H, BE P RIEHMK v O TT83. iTF v &
ARRERER, P oE8 M EE, B

B :T,M —» T,M

RATHAN -1 MIERZES. EL, -18 P ®—/MEEE, FAR
HERER. BT M OB m BEYR, P WEE 1 RESEY
¥ EH



§6.4 RKdphRzlE 327

HEA—NEUTIER v e T,M BR B(v) = v, R vL1y'(0). F
A5 (1) MEME, TLHER: U V() = P(v) AR R
A5 B(t,u) = expyy(uV (1)) T, WHL v REHE R —FKEH
B/MAER, EREREREERER. X5 + WBETE. IEE.

AL 3.1 A Synge EHEAXMEEA B EME 5.5, LR
BAREENE.

§6.4 F AR5 [E

By 0] > MEBmBERBRE (M, g) PH—FKIEATME,
I=L(7); ®:[0,]] x (—¢,e) = M By — P HE ML ES, FE
HASmES ULy, TREMTHRRE-ZESAR (B (16) R):

d2
Fu2 L)

{
- / (U, U + (R(Y, Uy, U}t
u=0

REUIE, EXFERTTFEE—ME v EXHLBAREERY V HR
AR, BELK L(V,V), B

I
L(V,V)= ]0 (V' V') + (RO, V)Y, V).

ER—MRT VI ZKEL KR, B TEERMT v & X5
Bosgmgy vw, 4

LV, W) =3 {L(V + W,V + W) - L(V,V) - L,(W, W)}
/{V’ + (R(Y, V)Y, W)}dt, (4.1)

WAIBEIEHE R L,(V,W). ETHA ¥ (1) RRTRHL v & X
HSBRABRGHRNEES, ANEXEMTFEENT:

Yo(7) ={X € ¥(v); X(0) =X(I) =0},
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Vi) ={X € ¥(v); XL1v'}, %-(7) = Y%(n) 0¥+ ().

AEHEN, B (41) & XHBRE
Li: V() x¥(7) 2R

B AR R K.
EX 41 NERHHR L, HAMME 1 B IBHRBR.
HTRAES, EXRLSIRBHRAFELT, ¥A I %ER L, |

I(V,W) = L(V,W), V,W € ¥().

TEXXTIR, BREXERBRHE (M,g9) LHXARRE f BpeM
B fi—PERE (Us)) Bp RHNEE—TRBLIER, U f 8
Hessian 3§ &
Hess (f) = D(df)

E p KM BIEHR f H_KIRFE:
2 2
(Hess(f))< 8 a)=5@_1__rk of _ _8f

8z’ 8ri zi0zJ U gk ~ Oz’

BIE, ML v BWKEZE L(v.) HER S EREFER T BHY
FR¥ L B Hessian. HEL E, RFIMEKHE TR AXURIBIRE
KEYEN, FHRIRBRL:

oM 4.1 By Ry, WXMT y HEE-MFEERSHES
%K
d2

—L(7u) = I(U-L’U-L)s
du? u=0 :

HPURSHWESNES, U'RUXTHHRE «ELR

BV,W € (). RARS VW ERR [, 4] LRKRE,
R
V', W) = SV W) = (VW)
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B IV, W) AT R

T 1
VW)= SV OO - [ 07 =RV W (@2)

i=1

Hro=to <ty <--- <t =1 BXH [0,]] §—PRI5, EBV EF
— /PRI [tio1,t:) EABREER R E .

S 4.2 BRiZyREL, JRIEyH—A Jacobi 3, WMFHEE
MWev(y),H
(L, W) = (J', W)l

B & J B— Jacobi 3, ¥R Jacobi AR
J" =R, T
BT J 8y BB, MV =JRA 42 AFEBIIRINTENS

.

BI38 4.3 WV BRE (M,9) HEXENEMEZ v:[0,] » M L
HYEE IR, H V(0) =0, MIFFTER v & X Wt IR A®),
)

V(t) = tA(t),
3H A0) = V'(0).
R % {e(t)} B v FATWRMIERRES, WE

V() =Y v'(t)eilt), v'(0)=0.
REFE—TEHTIE 4.1,

vi(t) = ta'(),

Hof o'(t) RIGEEH, FFH o'(0) = v¥(0). B
A) =) _ai(t)eud),
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M V(t) = tA(t), 3FH A(0) = V'(0).

THIERA -T2 EEHTIH.

SI3E 4.4 (EXIBIRSBE) B v: 0,0 > M Em HRERE
(M, g) FH—RIEMALER. BE p=7(0) 7 v EERAREA, HEH
J = J(t) B v —A Jacobi 3. W3+ TF ¥ B KAt

X(0)=J(0), X()=J({)
HEE—ITHEE X c v(y) A
I(X,X) > 1(J,J),
HEHFSRILBHENY X =J.
W EERE X € ¥(y), H5
X(0) = J©0), X()=JQ).
T ERR S P RE TR S 58 LT I FE A TE AT

W1 J(0) =0.

EYEE TyygM q’gl*ﬁ‘ﬁﬁlﬂf?ﬁ%@ {e:}. BT () FRp
RS, REFAENWEE 2.3, MFE 114, 1 <i <m, AR
v # Jacobi 3 J;, {18

J,,(O) = O, Jl(l) = €;.
REFIENEH 2.1, WRFHA {4} EXE (0,1) LRSI R
By.

BT Ji(0) = 0, RIBFIH 4.3, FAEW 1 BB EES A),

E75

Ji(t) = tA(), telo,l),
FH 4i0) = J{(0). BAWF: {A:()} 7 [0,]] EALMRHETR. X
TIEWX—, EEF

Ai(t) = 20,
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BN (0,1] LRAGRIETRY, Fr ABERAMEE {4:(0)} 2
RYETKMBIT]. Lk, WFEE—AZH N, i=1,-- ,m, HE
]

Vit) = Z A Ji(t)
Y v 89 Jacobi 3. MR
D ONA(0)=0, B S AJH0) =0,

WAE
V(0) =0, V'(0) =0,

ATTHERAENEE 1.2, V=0,
Y X)) =o.
BT {Ji(t)} £ (0,1) LARbER#ETE, Frul
M=...= ™ =0.

HEATR, {4:(0)} BEHETXN.
FRE0,]) LFESBOEHRY X(1), 5

X(t) = ‘Z:X’i(t)A,-(t), X0)=o.

i=1
REE—HHFIHE 41, FRAOE, FESBICEEY X(¢), 5
Xit) = tX5(t).

BT Ji(t) = tA(t), BIBE X (1) %F Ji(t) WRER

X(t) = Y X @A), (43)
i=1
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B4

m

it =Y X'0aw), (4.4)

i=1

W J 24 v iy Jacobi 3, HEH
J(0) = T, X*(1)J:(0) = 0 = J(0),
JO =X, X'\OLW = X0 = J(1).
MASHETE 2.3 WE—HEBm J=J, &

J = X') (4.5)
FRMRFEHL 4.2,
I(J,J) =(J'(), JO) = (J' (), J1))
=Y XWX, J5(0)). (4.6)
i

ER—FME, H (4.3) XBF
(X', X'y = AXIXI(IL, T + 2XP XL, Jj) + XV X3, 0j))
i.J
=Y (XX, ) - XX, Tj)
iJ
+(XPX - XVXIWIL T + (XY, X)) @)
BT Ji,J; B2 Jacobi W, BH
d ! ! H "
3o i) = (i I3)) =1, J5) = (i, )
=<R(’)‘,, Ji)’)’,’ JJ) - (Jia R(’Yl, Jj)')'l)
=R(7I’ Ji) 717 JJ) - R(’ylv Jj, ’y,a J‘l) = Oy
BTG (L, J5) — (Ji, I)) = c(B%0. 4 t=0BRc=0, &

(Jisd3) = {Ji, 7).
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TR,
DX = XUXIT, 3y = 3D XXV T5) = () =

i.J i3

RN (4.7) X752

2
. (4.8)

Z Xi’J,'

i

(X', X') = Z{(X'Xf(J', ) = XX, )} +
B, mERER I(X,X) 82 XUE (4.8) 1 (4.6) B3
i
IC6,X) = [ {0 X) + (RO, X7, X) e
0 l | .
=(X*XI (I}, TNl + fo |‘;X"J,-

{
_ / Zx*’xfu,f'—R(w’,J.-)v’,Jj)dt
0

6

dt

=I(J,J)+

Z th

21(J, J).
BR, EXPRETHLYHRY
Y X @A) =0, te(o,. (4.9)

BTE 0,0 £ {/i(t)} RALRIETXA, ¥ 4.9 KBNT
X" t) =0,
Bl X°(t) = X*() R¥¥. BTUA, & (4.5) RBA
X(@t) = Zi:X*(t)Ji(t) = Zx*(z)Ji(t) = J(t).
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W 2. J(0) #0.
A

X J=0, X=X-J,
M X(0) =0=J(0), X() =0=J@). FRMAKE 1° &k, 8
IX-J,X-J)=I(X,X)>I(J,J)=0, (4.10)
HPSERIWANIVELGR X =J=0,0 X =J.
¥ (4.10) RER BB

I(X - J,X —J) = I(X,X) - 2I(X,J) + I(J, ]).
B4 J B Jacobi 3, FRRAM6hER 4.2 8%
I(X,J) = (J', X)lo = (J', D)o = 1(J,J),
M IX-J,X-J)=J(X,X)-I(J,J). B, (4.10) XM F
I(X,X) > I{J,J),
FHRFESRIYHMNY X = J, 5IHBE.

TEAHAEERBRIRGERF RN B

B 45 ®OO0<t<) BRBUIE (M,g9) L—FKEHR
WL, FEE v EREE p=7(0) WA i€ v() =q Wy H¥E
R I EEE %(y) LRIECH. 5H, ERMRIE v HITEE
B p, g WRSBIERIAET, My WRENRE.

B EHh g FR p SBIWA, UK + & pg LBEHEY
Jacobi H RAF M EY. MBS 4.4, W FEEWH X € %(y), 5

I(X, X) > 1(0,0) = 0,

FHFSRILYANRY X = 0. XBIEA T HFER I £ %(y) Ly
EEH.
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B’ RMUME v HEE— T BARHFEERSHES, H
BB H U WU KT v BIESR Ut € %5 (y) C %) B
415

d? L oyrk
[ vt uh >
du2 (’Y’u) I( bl ) - 01

u=0
FHY UL #08, EXPHRTESRIEL. BEuw=04, BEvw =7y
A, Liyve) BEIH/IME. EH.

T 4.6 FEERMME v#)(0 <t <) HFEEHR p=(0)
BSETER, T g = () B p WILHEA (B o B p WML v 1
), Wy WIRER 1 7 % (v) LR¥IEREN, #FHq
RET p KRR ERST [ £ % (v) PRFLTER

AN ={X € %G (7); VY € % (), I(X,Y) = 0}

HI4ERL

B AT qRp R YHHME, AEAENER 21, FEH
v WIEF Jacobi 3 J, 18 J(0) = J(I) =0. B 4.2,

I, J) = {J, ) =0.
XMFEER a,be[0,l],a<b PR VX € ¥(7), BX
,
BOGX) = [OXOF + RE, X0, X0t

WA I(X,X) = IL(X,X).
EERE X € %'(y), THEWNE-KERY X, € %-(v),
a € (0,1), {8
Xal[o:,l] =0,

FHS o - U8, Xo(t) % (0,0 E—Btle T X(t). Bikiutesk
WwF:
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B {e:(t)} B v VATHRRLLIERIRRSG, £18 en(t) =~'(2), W
X(t) TUARR N

X(t) = ZX*’(t)e,-(t), X™() =0.

HFo<ac<l,

e
Xalt) = {ZX (5)e0. ostse

0, a<t<l.

Ty

ILM~X®V={‘ |
2 (X7, a<t<l,

R Xi(t) 72 [0,1] EE—BOESEHM R&M
lim X*() = 0,

AHEER, MTFEEMN >0, FEI>O0, FB/BY0<I-a<sBt, Xt
TERE ¢t € [0,1] —BUot A

[Xa(t) = X ()] <&,

B Xa(t) 2 [0,1] L—Botl T X (). MFH—1 o, HE é € (a,1),
W p T Ypa LBAFEE EED

Xa'[&,l] = Oa
Xalo,a) € Y%o(Vjo,5) TREIEH 4.5,

I(IJ(XCUXO‘) = Ig(thxa) 2 O
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ER—HHE,
I(l)(Xa7 XO() =Ig(Xa, Xa)

- /0 a{\X},(t)l“’ +(R(Y, Xa)7's Xa) }dt
IO
+/0a(R(7’,Xa)7’,Xa)dt'—)I(’)(X,X), a—l.

B, I(X,X)=IL(X,X)>0. XMIERATHIFER [ £ % () L
K1 IEEHE.

B J Bt v 8 Jacobi g, WRE J(0) = J() =0. M@K 4.2,
MFEBEHY e (DA

I(JY) = (J'(), Yo =
Bl Je s Rk, BRE X € A, WFEKXE [0,/ #—R5
O=to<ti < <t =l

{8 X, 0 BIEWEH. BRASBICERER F:(0,] - R, HEMF
EEW 4, f(2:) =0, f 7 (ti-1, t:) AEEEAXTE. 4

Y(t) = f(t) - (X"(t) - R(Y, X)),
WY ev(y). BR X e, L
0=I(X,Y)

1
= / {(X"Y') + (R(Y, X )7, ¥ )}dt
_Z (X' Y / (X" =R(', X)y,Y)dt

/ £ IX" < Ry, X )y PPt
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FR¥E REKHF-EHaX

FEED f EEANFRE (o1, ) REKTE, F
X" - R(Y, X)¥'| =0,

B X" =RE&, X)Y. B, X 2 vl B Jacobidy, 1<i<r.
B X B v 89 Jacobi ¥, BFERH X W+ B)6wEny, BP

X't7)=X"(¢f), 1<i<r-1.
H, BY € ¥t (y), #ig

Y(t:)=X"(tF) - X'(¢7), 1<i<r-1

[

E)

I(X,Y) =) (X'(), YO,

-1

' (X'(tF)y - X'(t7), Y (t:))

-

==Y Ir@)f =o.

=1

TR, Y(t:) =0, B0 X'(t]) = X'(¢]). FHIE Jacobi HEMRAME—

EEERRRE, ARBH X BXEY, EWEWE v Jacobi .
Zilh, CRUEWTRME v BIEFER T WBILEE & F8

SE SOt HAEF DM IR AL BB MY Jacobi Ry A ESH, B

A = Z5(7).

B, dim At FFHq=70) XFE p=+0) WEAHER BFS
HEH §5.2). MEHE.

FIL 41 FHERIE, MEZEERERD, 187 () 81R %),
EAREIm T e .
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EIE 4.6 EEEHMHE ()0 <t <) HABREHp=1(0)
BB, T g = (1) B8 p SLFER BIH ¢ BA p A v 19
BT, Wy RIRER T & %(y) LR¥EEW, FH oA
XF p KM ERET 1 £ %() PHTLTEN

A ={X € %(7); VY € %(),I(X,Y) =0}

B4R
EIR 4.7 MRENHME » I HER p=7(0) ML, T
WIERX T 7 % () LEAEN; BMLEEZTHEY X € %-(v),
#75
I(X,X) <0.
A, HETRIMIRER v —EAREE S p M g =) HREHL.

B HBRETH, FEO<I<L, BB i=YO) Rp HEv W
TS REBEELENTEHE 2.1, FEFRHLR 7|0, #Y Jacobi
B 5 £0 75

Jl(O) = Jl(b) = 0.
WIS MHER &, BB/ b—e>0,b+e <1, BTE Yp_c 4 LRA

B BT yb-e) AR p AWHTEA, SL1(0-¢) £0. TREE
HF Yijp—e,p4e) B Jacobi 3 Jo, 18

Jo(b—€) = Ji(b—¢), Jo(b+€)=0.

REF MR 1.6, THERE M L, BRYE v EXRY. W
X mT (BRAE 6):
Ji{t), 0<t<b~¢,
X(t)=4q Jaft), b—e<t<b+e,
0, b+e<t<l,



MO Rk REGRZENNA
NAE X € ¥%-(1). A5, £

~ Jl(t)1 b—€_<_t§bv
Ji(t) =
0, b<t<b+e.

BT Jy RIEE Jacobi 8, J fE t = b LRAFME, EMARMN
Vp—ese B9 Jacobi 5. B Ji # Jo. RIEEFIRSIEA

I(X, X) =I7°(X, X) + [X(X, X)
=137 (J1, 1) + I2¥E(Ja, J2)
<IE (1, Jh) + XL, o).
FE

I(X,X) < I=(J1, 1) + Te_ (1, 1) = B (v, Ja) = (J1, Ju)lg = 0.

ER—FE, ER—& b € (0,0). BT p=~(0) ERHEK vloe L
WAIE, IO T V(s LREEN. BR—AEFHEYS
Y € %)L('Y‘[O,bx]) ﬁﬁ% IS‘ (Yl’YI) >0, }Fi’&

Yls Ostsbla
“lo, m<t<l

W I(Y,Y) =10, Yh) > 0. B, 7 %(y) ERERAEH.

A J2

b b+e 1
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TR X B v S SOFHER M RSLREFE. 5 v 4
SERMSBIEEEY. BE v — U X RS EEGHEE
TS @, M b HE 4.1 TTH

d2
gl =1(X,X) <0.

u=0

AR + FEWMEIE {7} PREMKOBEKRE, HUATHE
BEE p o HAHREL. SHEBIE

BEELAFZVERNRMRSEESZN Morse IR EH. #
(1), tel0,]]

RERME (M,9) EW—FKEMMMR. HTFEEH b€ (0,0, A v(b)
RAERER I EZR % (V) PRELFZRGES, WRE
(b)) RFR p=7(0) BIIEL. 4 () FR p W ET,
v(b) = 0. Bb5t, A i(b) TR Y5 (Vo) PEBWER 1§ K HEiiR
RFZEE LR, FHHRZ BB I OHEBEWMLE v [0,0] » M
HIHEH.

Morse B¥ER EE—RIEMMBL v: (0,1 - M HEKR
HIRE, FHETE p=7(0) ERBME 0, LFFEHMIHER>
fa, Bp

i) = 3" w(t) < +o.

t<d

SE AU AT LA ZE B 8% 3O (5, §9) K [15, 45 4 ).

§6.5 Rauch E¥ER

Gauss 5| BEIFRA], MRIERSFEER p WU ZHEERET
ERG TR ZE, MRS exp, 58 MM RN T Xt
A%, FAMREBRRKEY. EFBE exp, £5R H ML E K
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B Ve RTE I BE L A B S e R 3R 8 R0 T A S i A T il 2R D)4
* (BEHEALENER 1.10).

ER—FE, FHESHNERNENRENE: B, EETH
—REEREMER, —FHERNFERREESEIELHF R
FEFTHE. EEEHET, XNEHERERENHERITFROE
EREHBEHHRY ERARNTR. FVEITRH Rauch HEEHEKF
ERX . ERAFEIHIEIEN Rauch KB EHENFEERXE
HIEM OB NTREEIUTUREERE L RPRHIRE N
TH. BRT Rauch W EHI, FHEINWAREAWHLEEHE, Hlin
Toponogov HAER, KRB ER, Laplace L¥EH, Hessian b
BRERSE, CNABYREUMERAN T EE{RAZL, EXERR
ENBT, EHTLUSESHICE (15] A1 [5, §8, §11].

32 5.1(Rauch LEREE) B’ M, M 512 m,m(m < ) %
REWH, K KFRRMMOBEEHE ~1(),5(¢) (e 0,]) AL
MMM EOERWBE, 5(0) &5 LR T T RE 7
#y Jacobi 3, {£18 J(0),J(0) 255 7,7 T t = 0 b4EY], HWEK
1%

(J(0),7'(0)) = (J(0),7(0)), |J'(0)] = |J"(0)],
£(v'(0), J'(0)) = £(¥'(0), J'(0)).

IR FEEH t € (0,1, UREREY

(5.1)

X eTyyM (X Ay #0), X € Ty)M (X A7 #0),
#HE
K(,X)<K®#,X),
WIZ-FIERERY ¢ € [0,]]) EBRER |I@)| > |T@).
iEBl HRE®E JL1y, JLY WiEk. HE,

J(0)=J(©0) =0, |J(0)=]|T0) (5.2)
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Rigyifk J RAEF Jacobi 3, HEMERAEW. BTE Y EBA 4(0) 89
EHEE, MEFHEEMEE 2.1, BRI BT t = 0 ZINEHHA
T, BIEHERE

:ﬁg:z >1, Vte (0,1 (5.3)

M L’Hospital B (5.1) B

i WO _ (0, 70)
=0 TP 0 ((2), T0)
i IO +
=0 (J7(2), 3(8) + (I
_IOP _
TP
()P

A, RFBEIEH TOPF 2t MR, PN TEENt>0F

d (IR
dt (|J(t)|2) 20
NEAE J(t) # 0 BSR4,

1104%)4xﬂ_uﬂ@ﬂ

24\ @R/ () (J, 0
_MAC%H_@ﬂ
TG\ G ) '

'(
(

()

), (8)
I0)

)

i
t

Frik, RWEIE J 7 (0,]] LA NE#FA

(JJ0) (I, )
G 2 G teon (5.4)

—~

&€ r € (0,1), 78 Jacobi % J 7£ (0,r) LB A. HEER
B (5.4) XEXE (0,r) L. MTFEBREN ¢, € O,r), BT



M RAF BROF=RSAA

_JO o J®)
th(t) - ‘J(tl)l’ th(t) lj(tl)‘
W (5.4) RFE t =ty MBI Y HNY
(W, (8), W, (D) ]e=ey 2 (W, (8), W, ()=t - (5.5)

H o W, Wy, BIR v M 7 L7t = 0 RBUF{ER Jacobi 8, Frid
M6 4.1 774

(Wt,l (t)7 th (t))'t=t1 = I(t)l (th ) th );
<thl (t)’ th (t»'t:tl = I(t)1 (th ) th))

XER T T HFR MM PREME v, 5 OIEFER. X, BiE
By (5.5) XARFM TIRIFEANAFRX

I(t)l (Wh s th) P iél (th ’ th ) (5-6)

ETEE M FU Yo, B XK R RS W, FEH M FH Fljo 4]
HrgY U, E#%

U@ =Wa @), U= W, (®)
HE UMW, % o) WPFRBAERMME. X, XNTF
iél (Ua U) ﬁ I.él (thwh)

BT LA F AR | AR e, RRHRARET M, M QR R0
BEXMTF I'(U,U) 1 I (Wi, We, ) HEAT B

7Y RBRTAT RALIESARRY {ei(t)} F {&:()}, (7B

€1 (t) =7I(t)) e2(tl) =W (tl)a
E(t) =7 (), &(t1) = Wi, (t1).
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B JLy, BrRATTE

W, (t) f:w' thei(t),
Py W) WA
w2(0) =---=W™(0) =0,
Wit) =1, Wit)=--=Wm(t)=0.

HRER T R LA V() = 3 W08, 1
U(0) = W, (0) =0, U(t:) = éx(ts) = Wy, (ta).
T2 Tloen EVEA 7(0) BHILE, RIBEAIRIRIIE,
I8 U,U) > I (W, , W), (5.7)
# 5— T, WA
I o, W) = [ WL + (RO W W)t
-/ " WL = W PK O, W)t
Bpov= [ U+ R0, V)
= [“owr - orke vt
WRIEA RS U Bl |
VR = Wa @R, 10®F = W, @)
BHEENER K(,W.) < KF,U), il

I3 (W, W) 2 I3 (U,). (5.8)
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#E (5.7) F1 (5.8) WAFERE
I(t)l (th ’ th) e iél (th ) th )a
B EP BRI AR EF R (5.5).
El, BLIER: XTFEBNteOnNF

W, J@0) o @), @)
(J@®),J0) = (Jo),Je)’

Rp

|J(®))? . 25 (2 ’
TOF > 1, HEMH,  JOI 2 JOF (5.9)

KT ERE—-HEFENEN, SERARNERY J £ 0, LXF
A MERR, ¥F re (0,1, 8 J(r) =038 J 7 (0,r) LR
HE. FEP JE 0 EERNE, £ G RAPLS /T, FE

0=1J()? 2 I >0,

XERRARER. FHik, (5.9) XM FEEK t € [0, B

BIEX B —RAETE. & J(0), J(0) 815 v, 5 ABY1, Wi &4 (5.1),
&)
|7(0)] = |J(0)].

i J(t) 70 J(2) SRR
J(t) =JH(E) + (T (@), 7 O (@),
J(t) =T (1) + (J (&), ¥ ()7 (1),
TR

[J@)F =|TE 012 + (), (1)),
@P =7 0F + (J(0), 7 )2



§6.5 Rauch luiix® 347

REPHRER (1.7) ARH
(T(6),7'@) = (J'0), 7 (0)t + (J(0),7'(0)),
(J(1), 7' (1)) = (J'(0),7"(O)t + {J(0),7'(0))-
0 J,J B R (5.1) 18
(J(®),7' () = (J#), 7' @)
FEL, O 2 |0 HEANY [JE@))? > [T )
BR, XTF J,J HBRESK JL0) =JL0) =0, BF
|JH(0)2 = [J'(0)f* — (J'(0), 7' (0))?,
[T (O)) = |J'(0)}* ~ (J'(0), 7'(0)?,

AT |J4(0)] = [JL(0)]. & (5.2) A BESE J- M JL HE
M—MEERNRGE, BF

E@F 2 1T+ @)P,

BT I 2 1J(¢), EBBE.

Wit 5.2 WMEmBRERE, pe M. MTEEMRMLY
M X e T,M, 4

Y(t) = (exp,)(tX), 0<t<l,

Jy

(1) 3 M ¥y WREBREHE EEEE +() H_EREHE
EH#F)K > 0, BYE v LA p WL EHE

(expy)ux (V) < Y, VY € T,M;
(2) 2 My WRABEBR K <08, &

l(expy)uex (V)| > |Y], VY € T,M.



M3 RAE BRME=ASAR

B R M =T,M, $EEEERKER. 4
¥ty = tX, J@t)=1tY, Y e T,M,
Wy R M bR —&RIMLE, TR M BH 5§ Jacobi . mMES
J(©) = 5 exp, HX +u¥)lumo = (XD, )urx (),
W J R M Uy #5 Jacobi 3. MR
JO)=J0)=0, JO=J(0)=Y, v(0) =70,

B M, M,~,5,J 1 J 2 Rauch i E BB ETH &4 DAL

IS i, SBERENTIE 3.1 Lhr ERHER 5.2(2) H#R, IEH
B AEEEN .

THEEEAET Rauch HERERN—PNH.

EH 53 W MMEHDm BRERE, KK AR MM
MBEMEE, peM peM, p:T,M - T;M B—1SEHRHER
W BEW MW = o(W) SBIRLE T,M f T;M fESHFR, #
LR CE U

exp, : W — exp, (W) C M M exp;: W —» exps(W) c M
HEWSFE. MREESHXTNE
g € exp,(W) Ml § = expzop o (exp,) ™" (g) € exp;(W),
FHERB R o C T,M, 6 C Tyl 3%
K(o) > K(5),
T W FER—REBIR S(u) (0<u < 1) FEASRM L.

L{exp, oB) < L(exp;o(p o B)).
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B Rek—ftt, TLURE 8 A NT (B 8 FERER).
% 58 I #1738 5Y

<I>(t,u) = exPp(tﬂ(u))a 0<t<l 0<u< L

s
Uit = @ey (35 = (0ot (1)
n
U(1,0) = o (exp, (B(8))) = (exPy)epcu(8'(w),
L{exp, of) = /0 U, w)ldu.
R 1
Lepgopo8) = [ 100widu,
s

0(1,1) = e (expy(ip 0 B(w))) = (eXPp)epopter (98 ())

SHTEREEH ue (0,1), BEEMWME
yu(t) = exp, (tB(w)) 1 Fu(t) = exps(ty o B(u))

B R Utw) 1 U(u). RBEREENME 1.1, Ultu) M
U(t,u) S BIRH Yu, 7o B9 Jacobi 3. BIEX,

U(0,u) = U(0,u) =0
D
DU 0,u) = ptw), 2 (0,) = pl8 ),
70) = B, 7.(0) = p(Bw).
RIEEE, MTFEBN X eT, oM X e T"yu(t)M A

K(.,,X) > K3, X),
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R 7 S 2 5.1 77
Ut )l < |0 (2,u)).

551 Hy,
[U(1,u)| < |U(L,u)],
& ]
L(exp, oB) < L(exp; op o ),
EFHE.

3 | A
Ly 0,0 M RRERE M EMABEREL, 2
b
B =3 [ WP,

TFE E(y) Hyih£E v 19 BelR. BiR @ : [0,8] x (—¢,6) > M BBIR v 1Y
—HAABEIWES, U M o, u € (—¢,¢), RAEMMGESL mRG A
SR mEN, UMy 72 (0,0) LRESN, HFERXME (0,5 &
—A R4y

' 0=ty <ty <-<trp1=0b,

BB U AR (o, 6] EREWE. HTERS 0 c
(-2.6), & B(W) = B(v). XWEH E : (-c,0) - R HAESH 0
t RRZE.
(1) ESITH RRH—BH st
b r
B0 =~ [ (U, D g1+ 3w, vl
i=0

b r +
= ——‘/(; <U(t),D&7’> dt — E (U(t’)”ylliz—) + (U,,YIH‘I;’

i=1



JHx 351

HY DR M LMBERBENEN & TM LHFESFRE.

(2) FIA ) RAESARIER: + BlBERYS BIUOSYMFERN
R~ EEEE RSN BICRES ¢, EREHNMRERIZEY
RS, B E'(0) =0

(3) iEHT: WE R B M iR KRE, + BRHK, WEEHTH
HERE_THAK:

)

E"(0) = <Dbi(1> ((,;1) .

b r
—Aammwm—myﬂwmniyuwm

e (B

—/«Wlﬂw—m%UWMt

b

b

—Eww CHUUR,

HF D ZIAEMN ' TM LHFSFBE. S5, mME o2 yH—4
RAEEERSNES, WE

b T +
B0 = - [[(Wo,0"0) - Ry, Up)at+ Y- @09
i=1 '
(4) % (3) MER LAED. RSB B ARTURE Y

E"(0) = L(U,U) + <D£—‘I’ (ai) ’7I>

R I, BRI v HRER.
2. ZBIRH, FERERE N REARSFHE M, BER

]

¥

0

d(M) > d(N).



2 EA¥ AREE=ZAAL

B RR LN NZEEEFR, K EEH Gauss BFK.
UEHR:
lim inf K(z,y)) <0,

r—00 (z2+y22r2
Hi (z,9) e B RER LR H—HZEMETHREFR.

4. IRIEBA TR 45 (Bonnet-Myers EHHH): &t M &2—4
ZEMRERE. BEFEEH a>0,c> 0, FEMNTEETEN
R pg € M HIBRAIERRML +(t), AW v € X, FEHERG
[f(O] < c BB Y f, BB TRERAFRRL:

d
Ric(r' () 2a+ 33, v,

WM BEHM, AKERL dM) H—4ERMEHT. WRc=0 WL
R4 E 1N Bonnet-Myers EH.

5. A Synge EEIEHERLENNE 5.5

6. ¥ M BREMKNBRERERNE, FAAHEEHEREHR.
By 2 M P —RARME (B ZREE S £ M HHBA, ¥#
B v &8-S ENRENZTE). I8 & M FEE—&H
Bk 8 FESHF ~, BA L(B) < L(y).

7. AR 4.5 ERHRTERHN THARER (FRH Wirtinger
AHEK): & F:0,7] - RBEFH C? ¥, WE f(0) = f(z) =0,

i ] ]
/0 < /0 (F)dz,
A BRI ANY f(t) = Csint, KB C B—HH.
8. I M REEENT ARSI, BENTERNA pe M, &
P W BT I A0 5 — A S SR — & g # p, 3 d(p.q) =
r EW MR M MRERE K <1, 0 M 5EARE S° B,

9. ®a:R— REFAMNEBEH, HH o0) > 0. EW: BE
[ 8
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W% o ELE N EMFIH—MREFA.
10. it M REFEREHEYN m ERERERT,

v:(—00,00) > M

REAMML. MAREITEE 9 BHNERIEN: FIE 6 >0, R
PUHELBE V[ —t0,10) BITEHK

index(’Y'[—ﬁo,to]) >2m—1.

1L ¥ v : (—o0,00) &+ M BRERRERE M L—RIEHNMH
£, MEXMTEREN t1,t2 € (—00,00), t1 < ta, Vi, 15) B M FER
y(t1) T y(t2) BIBEMIHLR, N+ RERERE M Py MpES
8. MR M @REMRBERE, NE M EARFERNMBELS. 44
RAERAEARE SR ETHERNE LT RFEERN AR,

12. WRIEEHE 4.5 PRBRE %() BREE V1 (1), REREST
MaL? Rttar

13. MAH#ER 5.2 iIEHERENTIHE 3.1,

14. {EBAMM T Klingenberg 5[8: & Ko B— 1 EH, M E
AERIHME K < Ko ITEERERNE, pqe M EFIMTREA,
Yoo B M FERER pq WRARRKRMELE, FH Liv) < Ln).
MR M EFE—N pg HAREWEL M RIEK o,(s € [0,1]),
B

Qo =7, 1 =m"-.

JUFFFE s0 € [0,1] BEB TRIRFRML:

2
vEK

AR, 81K 8 n WAFEEREHEBLSE —&K K" W
& (LA).

L(v0) + L(as,) 2




R R

% 14 BE

15. Ff Klingenberg 5| EFHEH M TH Hadamard EIH (S
EFAENERE33) . Bt M ERFAHEEN m FRENY. MR M
R ME Ky <0, MM TR p e M, IRBBG

exp, : T,M - M

R ER.
16. (Sturm LEREIR) 1 £, f S HIR T HEB AWM BIE:

f'®)+ K@) f(t)y=0, f(0)=0, f'(0)=1,
e+ E®f@ =0, fo)y=0, f(0)=1,
K(t) > K(t), te][o0,b).

(1) BB AE, MTERE t e 0,b)
t ~ - -~
0= /0 (U + K )= F(F" + R )yt
t
=(ff' - ff)I8 +/ (K - K)ffdt.
0

B fMERARRW F T RGHE, BMTEES e (0,0,
R FHE(0,00) WATFE, W f 2 (0,6) HUATE,
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(2) B f 2 (0,0] LATFE, #A (1) EW: AER F(t) > f0)
£ [0,0] EAMAERSL, SRS ¢ € (0,6] ALY HNTE [0,t] L
K = K. RIEAX—Z RSN F EMHRBE Rauch HEEHE.

17. (Sturm MHEHE) Bt M REBGH _ARERNE,

v:{0,4+00) = M

R—&MME, K(t) R M v B Gauss #13K, L(t) BE XFE [0, +0)
LR EE, to € (0, +00). BiR:
(1) FFEEHT v =8 XY ¥: Jacobi 3 J(t), W &4

J(O) = J(tO) = 0,

FHTE (0,20) 3 J(2) #0;
(2) TR t € [0, +00), K(t) < L(t). -
EEH: &

F' &)+ L) f(t) =0

WE—ME f ERE (0,t) LELH—-IMEH.

18. & M RERW _BRERE, v:[0,00) - M B—KRH
£, K(t) B M (t) & Gauss &R, p=~(0). /A Sturm B
PRIERR. iR

>
—4t+1) Ve 20,

W p sy &ﬁéﬁﬁ.ﬁ- X — G5 HR 9 7E B L ) UL 96 A B9 Kneser
.

19. 8%y :[0,0] » M BRREBHE M Fi—KEMMHR, &
v(0) v BRI iR J(4) BWE v B93% Jacobi 5, WE

J(0) =0, |J'(0)] = 1.
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(1) BRFFERY B, HBMTERN ¢ € [0,b) UREET v(0)

K(v,7'(t)) < B.

WA, % B >0 RHEBRE b< 7 /VE. EH:
Si“f,‘ft’, mE 8> 0,
@O > 4 ¢, WE =0,

sinh(v/—Bt)
J:B b ﬁu% ﬂ < 0'

(2) £ (1) F, mMBREEGBE K(v,7' (1) > 8, SFHABNE
w? R,



BtE RIBAMHTRE

FREMEREMS VAN ERRE. &Y, MOLMERPR
SHRICER PR MM BEAATER, FIFRFEUHRECINHTERY
TEATRAL. BXFEAFRKEZE AFHEHES, F. Gauss &
B, MM Gauss EBENE—BEREAZLHE. NI, BFdil
HHFE—EAB R P VT EERN—N PO UE. RRBFT/ 3
HREJLMERT W. Riemann X Gauss By BARTEREHHA# .
N TFRBIAEER, FRENERDREEEY. &k, FELEE
HREREREENCLRBHZN (WKKZEHE, RES) HTRHE
HIEy; mERRZRED IUTEDNRARFREE LA R EERY
Z2RY. IR, T RERABREEBLANRIHERR BT
MEHAR—NEEHERME. Wi, E—1RESH HIRER
) &, FRENESRTHERERN, RP0EF2 99 8. B
FSBRER FRE: ENMFEEE. H—AULEER, DRTI
BHE T MR R — B R UM R BT, TR,
EXTHNFRIESXTRERBASHFRAELEBBENLE
k.

EFXE, EAESEREZAFTHENEEARNELFE,
REABREZ A FRBOEREHE, HMRLEERE R/
TREGBMSHEENEL. ST TFRENMSLALELRINEA
THERHNEH, RPQEUSFERENHREE, FHEY
WEEENMBENHIRAER, ERNGEMBBPXXLESEE
RN BRRTAEHBRATILY. K2EH HFRRLFHE
JUTERHEFER, AR REERN—BEXRSH L, B
AT, HEART FREMSLAN A S BOHRELE
HHER .
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§7.1 FRMHIEFAT

W (N.g) Bn BEREME, (f,M) & NH—T mBRAFR
. ®E2Z, MEmAERE, [ M- NZMENFH-
THEBA B f BT f. L3R E). WX TEE—Kpe M,
WHEE p —DIFMB U C M, 18 flu - U - N GER]) A
MR, G- TBATRE (f, M) ERFLERRATRE. B
EE TN REMERE, FHEE (f,M) 2 N B—1 m ik
FHE, HFAEEFHREXTERILS f RIS £ . RYIBH
frE%E B, W MM F(M) FFREX, FAMNTEEM pe M,
BYVZER f(T,M) M T,M FFRER. EENME, ERTFRELN
REAERE, HHARABRS i M o> N RRIABA f.

MTFG—Rpe M, YZE TN XTREER (), =g TS
9 IE XA

T,N =T,M & T, M, (1.1)

Hep T,M 2 M fE p &MYIZE, TiM E T,M % T,N FHIER
#h, BR

Ty M = (T,M)* = {€ € T,N : {¢,v) = 0, Vv € T,M},
WRFHRE i - M —» N 7E p 5y ERE. X8, EE—-/ WK
v € T,N # [ LAME—Hb o348 K

v=v' +uvt, (1.2)

Hep ol e LM HAUIRE o BUI0R, ot e TAM #H v 35
'

é\

Lar —
M = | J T} M,
PEM



§7.1 FAMEELNX 359

WAEZBEAE T-M B M _EH—N BN, FAFRE M >N B
EAM (11) ABE]

*TN=TMa&TM. (1.3)

EWZEE T,N FRRERAR (), FHRHEE M & p KBYIZEHR
T,M fEZE R T, M L, SEiIaBRAKKmEZE, AN
FRARMREEMIKBT A pe M. T, THE i: M > N §H
A TM MEATM SFRERRFHRELEH, FEIARBR IR
SHEN. M, MXTHESER

g=13
2= m ERERY; W, Qw5
i:(M,g) = (N,3)
BASERA. Hif, XTHERR, WH M,N S3RFZRERE

(M,g) M1 (N, g).

B DREERE (V,g) LHRSHKERTENEM i*TN LA
RIS MTEREERIINEY X,Y € X(M), i.X, i,Y € D(*TN)
& N FRFHRE M 2 R RY. B ERR, XY 5
WLk XY, RABAE RN LESBENE N, DxY e TG*TN),
ER N FHETRE M EXOARIERY, ERERLRTHE
M YIEEY. FASRR (1.2), T

DxY =DxY + h(X,Y), ' (1.4)
e
DxY = (DxY)", R(X,Y)=(DxY) . (1.5)
BHEAE (1.4) KFRIFRE i: M - N 4 Gauss A
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T 11 Ri:M->NEnBEREWE (N,g) PR m 4

BAFRE, Wh (1.5) #5E—X00E MRS
D: X(M) x X(M) - £(M), (Y,X)w DxY

BMIHBESERBHENRERE. RN, & (1.5 HEZEX
BB b : E(M) x 2(M) - T(T*M) BE TFHHEHE:

(1) k(X +Y, Z) = h(X, Z) + h(Y, Z);

(2) X FAEBH A € C°(M) H h(AX,Y) = M(X,Y);

(3) h(X,Y) = h(Y, X).
BT, h:X(M)xEM)>T(TM)REXEM £, #EEM
R A BB X BR S B AR Sk B 3.

B M THEEM XV, ZeX(M)F

ﬁx.,.yz = ﬁxz +_ﬁyZ,

H i,
DxiyZ =Dx4+vZ)" =(DOx2)" + Dy 2)"
=DxZ + Dy 2,
MX +Y,Z)=(DxsyZ)* = Dx2)* + Dy 2)*
=h(X, Z) + h(Y, Z),
REH

Dx(Y +Z) =DxY +Dx2Z, h(X,Y + Z) =h(X,Y) + h(X, 2).
Hoh, MHTFEEH A Co(M)H
DixY =ADxY, Dx(\Y)=X(A)Y + ADyY,
B LA
DyxY = (DaxY)T = A(DxY)T = ADxY,
Dx(AY) = Dx(A\Y))T = X(\)Y + A(DxY)" = X(\)Y + ADxY,
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#H
R(AX,Y) = DaxY)t = A(DxY)* = Ar(X,Y).
HULAT I, BR4T D: X(M) x X(M) = X(M) & M L#yEkss, HBE
h: E(M) x X(M) - D(T+M) RAER (1) # (2).
mRSBRE D WERETH (SEE_EH 87) ), ¥ TERE
#X,YeX(M)®E
ﬁxY - T)-yX = [X, Y] € X(M),
BT A
DxY —DyX = (DxY - DyX)T =[X,Y],
h(X,Y) - h(Y,X) = (DxY - Dy X))+ =0.
HBL% D MREILHR, FH h: X(M) x ¥(M) - T(T+M) &3¢
ey, BI¥ER (3) AL

BJE, MTERN XY, Z € X(M), RIFKSE D IREFR g 1
HEEEE '

=((DzX)",Y) +(X,(DzY)")
=(DzX,Y) + (X,DzY).

XRERE D NESTER g =g BRHAN. TRRES-ENEHE
45 D: X(M) x X(M) - X(M) RESHE (M,g) RSB,

EX 11 Bi: Mo NRnBRERE (V,9) PFR—F m 4
BAFHRE. W (1.5) 85 R XBBE b X(M) x X(M) -
D(T-M) HATFRIE M(E N +) t§ BoBERR. S50, £5—
Mpe M, E_EABRAHT — A XREWEEBSH

h:TpM x T,M = T,;-M.
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EX 1.2 Fi:M-oNEERERE (N,§) PH—1 m 4
BATFRE. R M YE_EEERXEHET, WHEME N FH £
B FFH.

B (14) XFH, #Fi: M > N £ N, g) 9Ll FRE, N
MFEEN X,Y € X(M) F DxY =DxY. WA, M iy
& N PHRE. Rk, &Fv:le, b o> NE N PR —KMHE,
FHH v(a) € M,¥'(a) € Tyo) M, W v TETE M .

SETHE A MR, 8 X € X(M), £ e (T M), W ¢ € D(E"TN)
& N PFRE M g XnEs, RaBESEENEL GBS
ZEHIP) 8.2), Dx¢ e T(i*TN). 4

Dx€ = —A¢(X) + Dkt (16)

He
Ag(X)=-(Dx¢)T, Dxé&=Dx&)* (1.7)

BEHK (1.6) KNFWE i : M - N #) Weingarten AR; Gauss 2>
M Weingarten ARG FRTEHES AR,

FE12 Bi:M->NEZnHERERE (N,§) R~ m 4
BATHRE, WH (1.7) 5 R E CHBg

DL D(TH M) x X(M) - D(T+M), (£,X) - Dx¢

R M EREA T M EHEREE, 58 T-M MR ELH AR,
:LIEEE EEI‘& X’Y € X(M), 5761362 € F(T‘LM) )rl'.lﬁ

Dx.yf =Dx¢+DyE, DR(6 +&) = Dy& +Diés.
mEE, XFERM A e Co(M), XE

Dax€é =XDx¢, Dx(A) = X(\E+ ADx¢,
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Dix€ = Daxé)* = A(Dx€)* = ADx¢,
Dx (M) = X(NE + A(Dx&)* = X(WE + ADx¢.
AR, DL :D(TM) x (M) - T(T M) BN TM BB
%
5, MEREKE D 5EE § WHERETH BEF_EW
(8.8) )
X(61,&) = (Dx&1, &) + (61,Dx&) = (Dx &1, &) + (€1, Dx &)

Bk D S%A T-M LWBRSRESWEHATN.

X 1.3 MTHATHE M > NWE, B (1.7) HE=-KX
BT & LHIHREE D+ T(TH M) x X(M) - D(T+M) BRREZTFREY
B TAM Hi EBE.

EHE 13 Ri:M->NEWERERE (N,g5) PH—H m &
BATRE, WMTFEESN e TTM), B 1.7) HE—RNFHEH
Mo

Ag : X(M) - X(M)

2 M LXEe (11) BkEY, mRE A BE M LR
LAY, NES—Kpe M,

A¢ : T,M - T,M
RETHSER o 09 00ES, HFLRERS

(Ae(v),u) = (h(v,w),8), Vo,w e T,M. (18)
HE, ES—Kpe M ERNKEBS A:TLM x T,M - T,M {8

(§,v) = A(§,v) = Ag(v).
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B kERIEH (1.8) . MEE XK (1.7), X FHEEM X,Y €
EM)URERRK E€T(TM), BT (Y) =0,
(Ag(X),Y) =(~(Dx€)7,Y) = —(Dx¢,Y)
== X(£Y) +(£,DxY) = (DxY)*,€)
=(h(X,Y), &),
B (1.8) RAL.

REER 1L, A(X,Y) XT X, Y RARERER, BrLl A(X) %
T X RERBER, BB A X(M) - (M) & C(M)-LRHER.
B, A EB—mpe M BET —TREES

A¢: T,M = T,M
SEF—ENEHE 6.1). K& A(X,Y) BN LE (1.8) XiiH
A¢ : T,M - T,M BREHRER. HELE, MTFEEN XY e T, M,
"
(Ag(X),Y) =(h(X,Y),£) = (h(Y, X), &) = (4¢(Y), X)
=(X, A¢(Y)).

BiE, (1.8) RFWRH A4(X) MTHXR (€ I(T M) HAFHK

BAR, Wi, MTEBRSH e Co(M)F
=A(AE(X)’Y) = (AAE(X)>Y)a VX,Y € X(M),

BT Ase(X) = Ae(X). RI\F—HEH 6.1, 51 A(,v) = Ac(v) B
—Hpe M BET —AREHBE A: TAM x T,M - T,M. EEBB

EX 14 XNTFpeM T M, HER L3 FritiRiRIEm et

Ag :ToM - TM FAFRE i: M > NEp ERTFRERNE (N T
RN F = Weingarten FHi.
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FIC 1.1 HF—MOFEBRA f: (M,g9) > (N,g) AERRR
kb ARRHL,  f BITEAR

L
M= |J T;M.
pEM

R LETHRAENE, FEBA f HESAXRFMTRER:
Dxf.(Y) = fe(DxY) +h(X,Y) (Gauss A=),
Dx¢ = ~fu(A¢(X)) + Dx€§  (Weingarten A=),
VX,Y € X(M), V¢eT(TM),

He D BELEMN f*TN ERBESBKE, DR M ERRERE; b
(6 X) — Dx§ BAERIBL

DL : (Tt M) x X(M) = T(T+ M)
HHFERA f:(M,g) - (N,g) 8 (A LK) ®KERE, B (X))~
Ae(X) % Hi B BR Gt
A:T(TtM) x X(M) = (M)
#H f 89 Weingarten BB REF.

RERFE (N,9) HRBBE D EFREHUAMEALESY
B4 D, DY, UBRE_EEXER b MIBRETF A BRRETFRE i :
M — N WEXRJLATNE. E£TE, RICXEEEILAHERRHEH
BREFREE. BEAEBEFNRELBRMT:

ISA,B,C,"'S'I’L; lﬁhJ,k,Sm, m+lsayﬂ’71"'sn'

Bpe M, WFEp RE M FH—IFBR U, URE N hE
XEU LHBMUEXIIRY {ea), B8 e B U LMYIMRY, HE

(ea,eB) =6ap, FHH e €X(U). (1.9)
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R, {e) BREMNTIM EU LRBAERGEY. HTHEER,
EEXIE U LHREM (1.9) WIFEY {ea} HRATRHE M EU L
W —A (BALIEZ ) Darboux #R3EL.

HIE (1.4) f1 (1.6) R, FHE M B Gauss A2 Weingarten
NVl W)
D.,ej = De,ej + h(ei e;), Dejea = —Ae, (&) + D, €. (1.10)

MBAME X, FFE N R —AFFa U 8 U = MU, 3£E1R
B {ea} BT FNENIE U LHBRATERIES {64} 7 (0%} R
{ea} WXHBIRERS, 3EA (0F) RRREBY D FEBIRRES THB
wRR, WE

dg=w%,, dot=o0PAof, oB+0f=0 vgeU. (111)
WRBBE e; = élu, ea = é&alv, BN
W= @), wr=i@*) =0
XHE, Y qEU LTI, FH
dg = wle;, w*=0. (1.12)

FREA, {w'} RFREFRENTIIFEG {a) MHBRIXTITERY.

EER L, (1.12) APl o =0 RE, 4 ¢ & U LEFN dg B
U LHYIRE, RELSBAF. BRETFRE - M - N LHESE
BE

9=14"g=(dg,dg) = ) _(w')%. (L13)

i

e wh =0 = of|y, W (1.11) 7 (1.12) REF

dw' = w? Awj, dw® =W Awf =0, (1.14)
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Wi twi=0, wft+uwli=0 wltwi=0 (1.15)
REBREER of WEX, U LF
Bes, (1.16)
B EXBRHE U LER
De; = wier + wlea, Deq = whek +whes. (1.17)

EXRTRLEF AN H—MHRALA.
B (1.17) #1 (1.10) FIRH

De;e; = f(e;)ek, h(ei, ej) = wi(ei)ea, (1.18)

A, (&) = — wk (ei)ex, Dlea = wB(ei)es. (1.19)

S48 (1.14), (1.15) f1 (1.18) E—RBHM, o RESER Q1)K
RBBRBERES (e} THBREER. (119 WE-RJH 2 R
B TEM LSRR REIRES {ea) THBRERR.

REE (1.14) =AM Cartan 3|8, Tig

wi =hiw!, FH A =hS. (1.20)
TR (1.18) W _KRK
h(ei,e;) = hijeq, h=hiw' @ w ®e,. (1.21)
A5k, (1.19) WE—-RTFH
Ad@=¥ﬁ@m=;m%

EShii}
Aoy =) hGw' ®eg. (1.22)
ik
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EX 15 &
h:X(M) x £(M) = T(T+ M)
BTWIE i: M - N E_EFERX, 4

1 1 1 «—
H = ~tr(h) = —~ }: heireq) = — Z; heq, (1.23)

M H & Darboux 17583 {es} MEBMER, HHTHE i: M > N
¥ EshEEn RS

WECTIM BTFWH i M —» N 7 p A—TREEME, 4

E= Y o H=(HO=_YHUY,  (124)

a=m+1
B H BTRE MRk ¢ MR L0
H* = H®*,

WA
H = H%,, (1.25)

e

Mo, TR AR H RE

| =, [3 (H=) (1.26)

WAFRIE M % N iy EHghE.
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§7.2 FREHEEXFE

Wi:M > NZnBERERE (N,9) PH— mGERATRE.
Lg=ig, M (M,9) B— P m AREFE. NTEENY.Z € X(M)
UBAEEN € € DT M), BWTHEFAX

DyZ=DyZ+h(Y,Z) (Gauss AR), (2.1)
Dyt =— A¢(Y) +Dy€¢ (Weingarten AR), (2.2)
H+ DR (N,9) LMBEEBRE (EREMN TN LREIFBRE), D R
(M, g) LRIRBBRE,
h:X(M) x £(M) = T(T*+ M)
BTHRE (M,9) BE_BEER, A RERHT, D' BEAT'M
ERIRBREE.

AFETE (V,7) WREMEKRBNTRE (M, 9) WREMB
sk, Bo_EFEAURBREMHBZ MOHEXR, HHRRL
FRE i : M > N HBEETE.

fEM X € X(M), ¥ (2.1) RXT X RthZEFHEE

DxDyZ =Dx(Dy Z) + Dx(h(Y, 2))
=DxDy Z — Anv,z)(X) + h(X,Dy Z) + Dx (h(Y, 2)).

B R SR B ST R SR 3 K

R(X,Y)Z =DxDyZ - DyDxZ - Djx,v}2
=R(X,Y)Z + Anx,2)(Y) — An(y,2)(X) + Dx (h(Y, 2))
- Dy (h(X, Z)) + h(X,Dy 2) + h(Dy X, Z)
—h(Y,DxZ2) - h(DxY, Z), (2.3)
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He R, RAFRRERE (N,g) # (M, 9) KBEBRHET. EHEE A
E(M) x X(M) - T(T+M) B GE M L3 BEEMN T+M HE{ER
o, MA (M,9) LHRBHKE D MEA TM BRI
B4 DY, FTBAE X b (M) x X(M) = T(TM) 6yESEIT:

(Dxh)(Y, Z) = D% (h(Y, Z)) — (DxY, Z) — h(Y,Dx Z), VX € X(M).
BAGRIE, H
(DR)(Y, Z,X) = (Dxh)(Y, Z), VX,Y,Z € X(M)
A 5E RS
Dh: X(M) x (M) x £(M) = T(T*+ M)

BENE M L, FHE T-M PREH=ZHHERRY, K4 LE
AR, XHE, (2.3) XN

R(X,Y)Z =R(X,Y)Z + Apx,2)(Y) ~ Anqr,2)(X)
+ (Dxh)(Y, Z) - (Dy h)(X, 2).

A5 H EXWw s Bk s B8 E

R(X,Y)Z = (R(X,Y)Z)T + Any,2)(X) — Anx, 2y (V) (24)
EHE, A (24) XA (2.5) AFRABRAERERE (N, 9) PHTFR
¥ M 8 Gauss 532 fl Codazzi 512
TR W e X(M), Gauss F& (2.4) A[LLHE—SER

(R(X,Y)Z,W) =(R(X,Y)Z,W)
+ (An(y,2)(X), W) = (Anx,2)(Y), W),



R(Z,W,X,Y) =R(Z,W,X,Y) + (h(X,W),h(Y, Z))

Hik, Wit (2.6) XA M § Gauss HE, B (24) XARFMHY.
R, 3T (2.2) KT X € (M) R E B

DxDy¢ = ~ Dx(4(Y)) + Dx (Dy¢)
=~ Dx(A4¢(Y)) - Apy¢(X) = h(X, A¢(Y)) + Dx (Dg€).

£5):

R(X,Y)¢ =DxDy¢ — DyDx¢ — Dix,v}¢
=— (Dx(A¢(Y)) — Apy¢(Y) — A¢(DxY))
+ (Dy (Ag(X)) — Apge(X)
- A:(Dy X)) + RH(X,Y)¢
— h(X, 4¢(Y)) + h(Y, A¢(X)), (2.7

Ho REYX,Y) : DT M) - T(T M) BB DL pyih R8T, 5
RY(X,Y) = DxDs — D$Dx — Dix.v)-
WY A:T(TM) x X(M) - X(M) HHHERMNS
DA : D(T+ M) x (M) x £(M) - (M)
XK

=Dx(A¢(Y)) ~ Apie(Y) — A4¢(DxY).  (2.8)
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BAHRIE, DAXMG—IEEREF C°(M)-B¥EHR, FHitDAR
—A kY. X#, (2.7 XMER
R(X,Y)€ = - (DxA)(£,Y) + (Dy 4)(¢, X)
+ RHX,Y)E — h(X, Ae(Y)) + h(Y, A¢(X)).

5y IS B IR YIS B BB
(DxA)EY) - (DyA)(€, X) = —~(R(X,Y)€)T, (2.9)
RH(X,Y)E = (R(X, V) + h(X, A¢(Y)) — h(Y, A¢(X)). (2.10)

FRE (2.9) M (2.5) BEMY. FELE, MTFVZeXx(M), % (29
KA Z FERRE

—(R(X, V)", 2) = —(R(X,Y)§, Z) = (R(X,Y)Z,8),
ER—E,
((DxA)(€,Y), Z) =(Dx(A4¢(Y)), Z) — (Apge(Y), 2)
- (4¢(DxY), 2)
=X ((A¢(Y), Z)) - (4¢(Y),Dx Z)
- (h(Y, 2),Dx&) - (h(DxY, 2),£)
=X((R(Y, 2),8)) - (h(Y,Dx Z),)
~ (h(DxY, 2),£) - (h(Y, 2),Dx&)
=(Dx (M(Y, 2)) - K(Y,Dx 2)
— h(DxY, Z),€)
=((Dxh)(Y, 2),£),
B, (2.9) RRH

((Dxh)(Y,Z) - (Dyh)(X,Z) - (R(X,Y)Z)*,£) =0,
V¢ € D(TLM).
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XEEFE (2.5) AWML ERIBBRETEM, EmM (2.5) XFLU
i (2.9) K.

mAT R, WA (2.2) REBBWFHFRAE (2.10) X, EBHHIT
W M #J Ricci 512
STFFRHE i: M > N ¥ii, Gauss-Codazzi-Ricci &

R(X,Y,Z,W) =R(X,Y,Z,W) + (h(X, W), h(Y, Z))

~ (h(X, Z), h(Y, W)), (2.6)
(Dxh)(Y, Z)-(Dyh)(X,Z) = (R(X,Y)2)*, (2:5)
R(X,Y)E =(R(X,Y)E)" + h(X, A¢(Y))

— h(Y, A¢(X)) (2.10)

RMTHSER =7, FEABRK h . UREN EHKEKE D
S5HERE=E N WREER g JENEHENXER. X=AT
BEHN FHK i: M - N HEFFE

MEREAFBRBAFRE i M - N LHEIREERY K.
R pe M, {ea) BE XTI p HMITH—4 Darboux #5435, WA

dq = wleia w* = Oa

De; = wlej + wieq = De; + hfwle, (2.11)
De, = wiej +wheg = — Y hfw'e; + D'eq.
gk
He
De; =wlej, Des=wfea, h=hiw' @w ®e,,  (212)
R Dh B E X

Dh = w' @ w’ ® (dhj — wihg; — whhg + wihl) ® ea.
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é\

hgpw® = dhg — wFhE; — whhg + Wikl (2.13)
BT by = hS, BH b, = hSy. B, ME Ry # Rapcp 55

B MM N RS HRKELAE Darboux 7733 {ea} TR &, N
Gauss-Codazzi-Ricei H W IRRA:

Rijni = Riju ~ Z(h"‘ hg — (2.14)
h%k hzkj = Rauk, (2.15)
Rigi; = Rapij — 3 (h&h5, — hShE), (2.16)
k
H
Raﬂa] (R (enej)emeﬁ) (2.17)

REFRETUNRERE (N,g) WEWFTBRINH. FLE, B
WEHER 2.1 HFFEA, OV h) WERBRR

o 1-—
05 = dwf —w§ AWl = §Rﬁcpw0 AwP, (2.18)

FH

R{ea,eplec = ﬁg(eA,eB)eD.

# (2.18) Ry O REBTFRY i: M - N L83

— , . . ;
Q= do! —wf AWl —wi AWl = O +Zh?kh?lwk/\“’l’
43

5] 4
QJ—'—Z(h h’il ka /\UJ,

X Gauss HE. FHE, BF

0% = J 8
Y =dwf —w! Awf —w] Awj
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= d(hgw’) — RGw! Aw — hjw* Awd
:Zdh% 1kw _hk]w +h )/\w]
J
d (e a Vi AWk
ht]kw A w 2—5( ijk hzk])w Awk,
DYS3
0 = duwf — wh Ao — Wl AwP

=0 + 3" Ak Wt AW
k
1 N ' '
:Qiﬁ -+ 5 Z(hkih’fj - zjh’gi)wt /\wJ’
k

X4 B Codazzi 7B Ricci 8. Frbl Gauss-Codazzi-Ricci 77
S0 T ‘

ke o
O =dw; ~w; Awk+zwi A,
' a

- ‘ )
Q, :dw?—wf/\w;‘-wi Awg,
ﬁﬂ:dwﬁ—wg/\wgJ,ng,\wf,

k
RE

J he a . l
Z hihgi)w™ Aw',
a

N’Iv—a

1

ﬁ (hUk lk] )“JJ A w

Q = Q—LB + - Z(h hfj jhfi)wi ij’

HAPAERE (N,9) MERRXEFRE (M, 9) LHRE, A o,
wB ABRYIA TM FiEM TM FRBEETRR,

(2.19)

hzh%wi®wj®ea
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§7.3 BRECZEPHIFRY

FRIEMS TUTEN — P BEREFER: HTAZSHHEIRERE
(M,g) 1 (N,g), m =dimM < n = dimN,
REFEBRABYT f: M - N, 18 f'7 = g7 BEFHER, (M,9)
REDEEHBAR (N, 7) PERNSEHTRE? T BML FEX
REXAEE, £ M FRETLIRER (U;v), £ N FRUBTRLERER

(Vizh), %
g= ZgAde ® dz?B, g= Zg,]du ®dul.
]

ML LEHHEITURR Y. REFE—HRY
zA = fA(ula"' 7um)) 1 S A S n,

WETEA

S04/ UL~ gtw) (3.1)

ER—AFEH RO MBS TRE, BEE—REL TRENRETY
IR

A, HEBXBHRER: —4 m EREWE (M,g) BEL
- RAYHAEKKZER R PH—MRATHE? REH, REFEAR
BRE (M, 9) B R* WHFERA f7 MEE R FERENER/RE
ARTE (2, ,2"), B4R WERTURRN

7= (de*? =Y det @ dzt,
A A
El] :(7,413 =4daB. ?%ﬁ&gﬂ (3-1) J&‘»‘J

Oz 5zA
_671751_1»7 = gij(u), u € U, (32)
A
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RMBRR—TERMTRA. HTRKBFEA 3.2), —HHPBREE
R* FRAEZITEHRBES 2, EE— 1 n(n +1)/2468HE,
#H 2 FEEHENRRETLASERIKZEHR R* EM—N—4%IE
THEHES. B, 2 &R SETREHILOERR. FHEZE
) 2, T RA (3.2) LA —4 Plaff FRA, NWEREERR
k..

HARB—T n SKEZR R* LRFREZEE 2. £ R FRE
—PBRALIERZIRR {064}, B

64 =(0,--- ,('f),.-- L0, 1<A<n.

M2, R PEE—MRR {pes) RAZE R FEE— K p M
B AMRETXEFE ea AN, EBRENHE {0;04) T, AT
B p MER es HRRRH

Op = 2": atéa,
. (3.3)
ea= Y a56p,  det(a§) #0.
B=1
FE, It (pea) HYETF—FPnx(n+1)EHE
a! a} al,
: I (3.4)
a® a? -+ at

BHE—FIR Op AR, BEEIIIE ca (5. BILTR, &
RAE P R RN g —ATFFHE, B (o4, 08) HAHRR. &R
P R EEMS, Fi

dp=) datsy=) 0%,
A A

(3.5)
des =) dafdp =Y 65ep,
B B
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He

Z bada®, 65 = Zbgdag, (3.6)
XE (bF) & (of) WA, B of WmEESR
ZagbA——Zb aA—(sA

LTI, 04,65 BENFE 2 Lo 1 KSR, ENSEERME
RARER {0564} BIBUET X, FATE R FIHIEITE {pea} AN
HE.

xt (3.6) ARSME 15 E)
84 =368 noF, dof =65 n6E, (3.7)
B C

XERE R MEWHR. HEL, ANREILANARE, 8—XRRE
ZD=dTHE B-RAEXT R WHEERNE.
MTFRAEKRKZE R FHTRE, BEEHFGREHERL
AMEERTR, REFAERERE (M, 9) BB RHHSERADE
HERRECZE1E) R™ 4 T4 B .
Bi:M >R RR Hi— m BRAFHE. & U;v) £
MW —REBBIRER, NS | HEPBRIRRERE

4 = 24!, - ,u™), 1<A<n. (3.8)
FREU LEBXT m AR
" 8 —0zh 8
B = 2wt BaA” (3.9)

FREE, BA RBANREEN TR o, U

' Bum
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LRAARIETERE, B n x m RERE

Ozt ozt
: : (3.10)
oz oz"

MR R m EUCM L, BRER g ATURTA
— oz4 8z | p
A,
w®E2Z,
o o\_ oot
<5ﬁ’%> T 2 B B
-9
T But’

h THERE (3.10) WK m, 3 TR p € U, HH p —14HE Uo
PABSE XAE Up L# n—m EH IR

ETHET

€;

é]
ea:zaga_zza m+1SaSn,
A

& 5

<W,ea> = 0, (ea,e,g) = 505,
Bl emt1,---,en TFWIE i: M > R § n — m AELIESRE B4
WEG. XEE, ETFRE M- R BE-—K8—PWR Uy LFE
Y {geiea}, HF {ei} B Uo LHBRIFRS, {e.} RFPLLIE
RERY. ERIER PHDERSHET D REFENMLHTF

d, FrkA ,
dg =w'e;, w® =0,
de; = wfej + witey, (3.11)

deq = wle; + wleg,
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wt = du?, w?' = F{kdu",
(3.12)
h"du y hg =h$

MA T & g; B‘J Christoffel i85, hy REZEABRNRY,
W = —w§ B THM ERBBRY DY BBETER.

HTHRKEZERE R MHEER 0, BT, FREAEEBR
¥ (BE (214)~(2.16) R)

i — it,
w"a"‘_ngi,

Rij = — Z(h"k 2 (3.13)
hix = hikj (3.14)
Ry = —Zg"’(h RS — hShl), (3.15)

Hrp

1_7kl (R(ekvel)en eJ) Riﬁij = (Rl(eivej)eavGIS)a
Riei,ej)er = De,De;er — De; Do ~ Dy, ;188 = Qh(e;, e5)er,
R*(ei,ej)eq = D, DJ‘ eq — D} D D[“;i,eﬂea = 048 (ei, e5)ep,
O = dwp - WP Awh, Qlf = dwf - wI AWB,
hfpw* = dhg — hwk — hGw! + hfw
RiE §7.2 Bi5—B i, Gauss-Codazzi-Ricci 712 (3.13), (3.14) #1
(3.15) FH T v, wf FIRWN R* FERHEH TR
dw' = u? /\w}, wj/\w;” =0,
dw! —wE AWl =W Awi,

t‘ k ) o (316)
dwf —w! Aw? —wf Awg =0,
dw? - w7 /\wf =uwk /\wf,
EE, ot ol BREFRE i M > R SHEKE m ARSI SH00
FRERAX OB, AR, HFEERERE (M, ) RTHSER
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AFIBRICZE R 3, BT M WREBERI, AFEMEHYTF
RENE _EEZERAUREN ENERESIUTER, MEENYH
5 B Gauss-Codazzi-Ricci H .

EE 3.1 (M, g) REEEN m BRERE, HFEEM LF
—BN EREEBN T E o M, RS LHAR (RESW) iD
A -} mR M

7:Hom(TM @ TM,E) - M

HA—AXMHRE o BIES—K pe M, 0p : T, M xT,M > E, &
—AMFRRIRERS), FERBA T E > M H—4H5HRES
MARNBE V, B M EHREKEE D —BHETH KM
VX,Y,Z,W € (M), ¢ € I'(E),

(1) (R(X’ Y)Z1 W) = {U(X’ W)7U(Y’ Z)} - {U(Xa Z)v U(Ya W)},
(2) Dxo)(Y,2) = (Dyo)(X,Z), Hh Dxo t5E X2
(Dxo)(Y, Z) = Vx(o(Y, Z)) — (DxY, Z) — o(Y,Dx Z);
(3.17)

(3) R(X,Y)¢ = 0(A¢(Y), X) - 0(4¢(X),Y),
Heb R ZEBN 7 E - M gBess V MRS T, B A, : X(M) -
(M) B8 LR

(Ae(X),Y) = {0(X,Y),€}, VX,Y € X(M). (3.18)
WFFESFERA f: M - R™ MBS [: E - T M, 578
mof=fom,
b m:TEM - M REAR SRR, 3

(F©,fm) = {&m},  Véme By
fle(X,Y)) = h(X,Y), VX,Y ¢ T,M;



382 FE¥ REAMGSTAN

f(Vx&) =Dx(f(€), VX €T,M, ¢ € I(E),

Hd hfI Dt BFERA f WE_EARIMEBESE (BEFIL LY.
Fig 3.1 AT HEMN Hom(TM @ TM,E), BE$—E4 9.5.
B % (Usu') B pe M WRIMBIRR, @

9 i

€= —, W :dui, w* =19,

YT Oud

9i; = 9(8i,&5), glu =) gijw' ®w’.
2%

A (99) % (gi;) BINHERE, FEA I‘fj it gi; B9 Christoffel i 5.

(3.19)

w! =, duF, (3.20)

Wi Dé; = wle; 8t (M,g) EHYREBE, FH do' =o' Awj. F
RN 7: B~ M 7E U L8 RALERRR Y

{€a}, m+1<a<n=m+k,
MTHE {éa,é5} = 0ap. &

4 -4 — a = [+ SR a
0(&;,€;) = hijéa, hj; = h3;,

|
(Ae, (&:),8;) = {0(&i,5),€a} = h{j,
Shii]
Az, (&)= g'*h3és.
7k
&
wi =hgw!, Wi =-gYw?, (3.21)

&

dw® = w* Awf = 0.
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AWl BRMEBAF: E > M LB V ERAIERREY
{eéa} THIERBIER, B
Ve, = wlés. (3.22)

WV MRS () HEAERA

El, BLEEXEU LB n+02 4 1 KSR

— J a _ o) 8 a
wh o wr=0, w, w=-giwl, wi=-wg,

Her ol w™ BRALRETRKE, HRY wf o' o™ 85
HAS, ENWESHTRE

dw? =wBAwd, whi+wf=0
RIERFREEIBRAMRME 1)~3) WEX. EED
(R(&:&;)8k, &) = (U (8:,€))én, &) = g (€0, &),
M (1) MEGR

{o(&i, &1),0(€j,8k)} — {0(&:, k), 0(é5,é1)}

=Y "(hGhS: — hAS)
= i(wf’ (&:)wi (&5) — w (€:)wr’ (€5))
= i‘gm(w? (E)wg (&) — wi (6)wa(é))
= iymwf A wer (&, €5)-
BlA, %M (1) FHT

1_2: !
Qk’_ wlce'/\was
o3



384% fgj"f,,,",i wA ﬁfJ;:J" :ﬁt, #

Bp

dot —wi AWl —wg AW =dwl —wf AWl =0. (3.23)
HEXR (3.17) 85
(D&, 0)(8j,6x) = Vi, (0(€),&)) — 0(Dz,&;,8k) — 0(&j,Ds, éx)

=&;(h%})Ea + A5 WA (E:)ép — W} (Ei)hf}Ea — wi(€:)hSEa

=(&:(h%y) — w}(En)hf} — wh(E0)hS + wi (€05, )éa

=(&i(wg (85)) — wi(Ewi (&) — wi(E)wf (&) + Wi (E:)wh (€5))éa-

X, #F(2) FHT
Ei(wi (€5)) — &(wi (&) — wi (@) (W) (&) — wil&;)) — wi(&)wi(€5)
+ wh (&))wft (&) — wh (E:)wg (E5) + wh (65w (&)
=&i(wi (€;)) — &;(wi(€:)) — wi ([&:,&;])

- (w;c Awla)(éiaéj)
~ WA w3 (i, €5)

=(dw§ — wh Awf — wh AwS)(Ei,8) =0,

A
dwf —wi Aw§ =0. (3.24)
HER Wk = —gFwr BAMES B
duf —wiAnwk =0 (3.24")
REHETTFAHERERAZRBXRE

R(E:,&;)€a = D2 (&:,8;)é5,
e 08 BB V EiERER, B

08 = duf —wl Awh.
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M&AF (3) B MWBE

0(4e, (&), &) — o(As, (&), €;)

Z Hh?kél,éi) -0 (Z gklh?ké;,éj>
kl

ki

TN

=Y g™ (RShE — hghY)és
k.8
=Y g* (Wi (E)wl (&) — wi @] (85))és
k.8
= ’\ wy (e., €;)ég,
k,B
Eb & (3) SHT
dw? - Wy /\wf =w§/\wf,
B
dwl —wA A =0. (3.25)

AT, EEAHES 1 KSR of BEAHHTE

dw® —w§ AWl =0.

ERRERE (M, 9) ER* THFERAN, RERETREEELL
R B.11) P {gea} BERARY, RFZFBE EXE, M oMW
YF

5?1 = zaAlsA
A
E‘J n 4\6}§ (alx te ’an)’ ﬁ—‘ﬁ\f‘ﬁlﬁ
€4 = Za,’:‘aB
B



HEUFEN n MR (a), - ,a%), FFULEHE n(n+1) MRAEH.
XE, REERE (M, 9) 7 R* FRFEBRAMY TRRES TEA

da? A

ur = %

Oaf ;

oo = Dhajl + hial, (3.26)
aaA g A A

—au(;c = —g-“h;-’;caj + szaﬁ,

Heh 0P, RuBeE DL AR, B of =I5, dub. A (0F) 32 (af)
MR, N EEMTRTUREY

A
duF ~ Tk
bg g‘;{: =T}08 + hg o8,
ﬁ%ﬁzﬁMﬁ$+ﬂ@g
Hwmsn TRARRR SN TRA, W EEHFBASHT
68 = 6P du*,

07 = 67w! + 62wy,

02 = —éfgjiwf‘ + 5},%2,

By
' =du' =i, 6°=0=uw",

ol =wi, 6 =ug, (3.27)
0 = ~guf =l 00 =l

o

TR, MBEZENEEREXE U x R Eg Plaff B4

{UAEOA—wA=0,

(3.28)
04 = 02 - (JJE =0.
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BT {64,604} f {wt,wf) MER—EWITR, U

do?d = dé” —dw? =08 A OA —wB AWh
= (68 ~ wPYA OB + WP A (08 — wf) =0 mod{c®,sl},
do® =d02—dw§=0§/\03~g§/\w5

= (05 ~wG) A OE + WG A (B8 — w8) =0 mod{c®,08}.

ML T W, Pfaff B4 (3.28) & Frobenius 4k{4. #$E Frobenius
EH, £ U xR hEEHE— A (ud, a8, ad,), MLE Plaff 7B
4 (3.28) HE—I—4 m RS FE LT RS BT

w'=du, 1<i<m

BAEHIRY, HHEBSRETURTHIN (u) WHFMR Vo U
B RHHD pyfyms

F:Uy - R+ = R* x R7 |

ﬁﬂmﬁﬁ%ﬁ‘ F(u(lh e 7“’(’)-") = (aOA)agA)'
KT LEBBIEE F(u) = (a4 (u),af (v) HHFIERHFIER
A, BEWGE (a8, a54) WER &M

4
> agiad; = gij(ug, - ,ul),
A
A A _
{ 2 atiag, =0, (3.29)
A
A _A
E 400808 = agp-
\ A

BEZ, BREE (a5,) MENIIRMBYER RN IFRITEREH

il
T auiyea
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B R R X TWHEN LREE T, ZHIEH Plaff R4 (3.28)
W F(u) = (0 (u), 0} (v)) R FKM
> af(w)af (u) = gij(w),
A

Z a (w)ad(u) =0, (3.30)
Za w)afh(u) =
3k, ﬁn%%li&&&
fi(u Z af = gij(u),
fialu Z af (u)ad(u), (3.31)

fap(u) = Z ad (u)ag (u) — bag,
A
]
fij(uo) = fia(uo) = fap(uo) = 0.
BEARREE, FAFMATES (3.26) B3]

81

oL = Tlfy + Ui

of .

o Wiy + Tl + T fig + W o
Ofap

ouF = —g"*h% fip — gjihfkfja + 0 fr8 + T for-

HETTI fij, fiar fap TE (o) IFIGHERT, 3 EHEREHFRRM
AHRA. REFMBOHE—ETH, K4 (3.30) 7 Uy LALRI.

FAEBA (u) € Uo - (ah(w) € B SR £, MHEA (3.26) W55
L
eiw) = 3 af(u)da
A

%2 f.(&), M (3.30) B —XEkE
{ei(u), e(u)) = gij(u) = (&i(u), &(u)).
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Hit, {ei(u)} 7 Uo LRGLEHTXY, HH f REERBA. &4
(3.30) B —RMBE=RKRY {ea} BB f HRLLIEEITES,
TFRAIEBA (3.26) WE _AMBE=KEHKF

h?jdui ®du’ ®e, (u)

B fWEZEARR, 3#H o =8, (wdut BB f BN ERE
BRGEA. st

f:E-TM
::pg0A éa(u) g ea(u) %Hﬂ ﬁE$

MERERE (M,g) LHH R driy@aim, W M EAR
Bh 1 BN, HRERERT ALY, B Ricd FBEREEZT HE
MEX. TR, BHmKESTEIA Gauss B Codazzi HR.
Boh, W M E_XABR b TUEE M EH—AXMBFY B
xR R, HXNTEEN pe M,

hp : To,M xT,M - R
RUHFHREEER. ERVBEEGT, »rTURRY
h= h,-,-w‘ Qu.

R A T w A R

#i 3.2 (M, g) REEEN m R BN, FEEM LEH—
DXFH PR ES o, ENBRTFAKML: VXY, Z,W € (M),

(1) (R(X,Y)2,W) = o(X,W)o(Y, Z) - o(X, Z)a(Y,W);
(2) (Dxo)(¥, 2) = (Dyo)(X, Z), # Dxo H5E X2

(Dx0)(Y, Z) = X(o(Y, 2)) - o(DxY, Z) - (Y, Dx 2),

WAFEFERA [ M - R, {8 o REHE_EABR.
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EHE I AR EARENER, EARGUTRERE (M, g)
fE (REH) SERADREKKZMHERERMSE, FREHN
HESWE (M,g) M REWMER 3.1 Fridet g (m A
#:E—> M MMNHRE V, URFERBA Hom(TM ® TM, E) L%
SERYXFRE 0 $%). FLLE, LAZERNHoREHRELE,
—Am BREFIE (M, 9) BEFEHRA (BBA) Bl — M EAEHRKK
EEFE? £ (M, 9) RBBFERA (FBRA) BIEKKZE+ L8 1F 5
T, BRHRERNZREL D XTXERE, Bt A &L
SR, BRERCSERT ZEN—REL. BRANCLMET —&
RMHSEANFEEEEMAFESEEE, ERRTREMRXL
FEMT. XEREMERERBSHAL. i, BT
15, RuRfEX B EMMERRMAE. THSIZELBAEEN
R, HNBHEETTUSESH IR [20],(23], [30] 1 [35] PHIA X
=Y.

T 3.3 (Hilbert) i (M,g) RERW_HLRENE, MAE
B Gauss Bi% K < —a? < 0, W) (M,g) REESEEHIKAR R LA
R BRAFIRIE.

¥ 3.4 (Rosendorn) ¥ H? BREBWANME_LRER
., MFFEN H? B RS RESERA.

EH 35 T mBENC-RERE M2<r <) BEHF—
A CT-SEEHRAN f: M -5 R HA g=m2 +10m + 3.
Yr> 48, SNEEREBHER ¢ TTUREMEE] (m+2)(m + 3)/2.

RKEFE 3.5 MEREAERMB J.F.Nash 7 1956 F£B 2, 1t
ER: 4 3<r< ook,

g=(m+1) (gm(m+l)+4m>.

BREHAAERTEMN—1 C-REBRERES CC-FEIARREA
R? 32,
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BiE, RITEHRY: AVHEE 3.1 UERKKZRPFREGE
FAARMBATREB YN ERZ FERHRZEPRRERLK. 4
B REIEE A OAl, ERAERRT.

§7.4 WIFHEK

EX—F, EFR—REENTFRE-RDTFHRE, ENRMUH
KERANET. RIOVME, RERE (N,9) PHRHBLRE N F
RI—AJER LR, EENER—FEBRANED TIRKEZEREZK
Mgk ERERE. A FENTRORMFRERGHREZREFE AR
BN TRIERERNFRE. B, ESRR/NFREHESZAT,
BREESHTREARHE-ASAR.

EX 41 M B—AREHFLH m XHERE, f:M-oN
BICEBAN. E6EMH

F:Mx(-¢,e) = N (g fi(z) = F(z,t)),

b SE

(1) fo=f;

(2) filom = flom, Vt € (~¢,¢);

@F 1T fi:M->NEBA,
W#E F ZRBAFRE f: M - N RABRZELRHES.

SRR E R, EXEHENT &4 3). XRNITH
EH TR i Mo NEMLELBSH—-IEEER, MNHES
f(M) MEBERVUEX. Em=1, 0 M 2ihRNHE, B 1,
HIEEM A RARY, BMERBE £ RENBBHHRET, UK
KERTUEXH. R, YUYm>10, WHERAR—#T. 4HTFE

HTRBHRE LR, WMEEE 3) 25T MEREEE e —
.
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LURF o BRI (-c,6) LRI, EE—Kpe MA
I
| W(p) = Fupo) (%) € Ty N. (4.1)
XEMEMBATIL [ M - N 2001, HAES F
i THREE BR,

Wlf(aM) =0.

FERH, MR F R SmBY W EFRE F: M o> N LLER,
WHK F & f 8 ERES.

Rk, EWEBATFRE F: M - N AT~ BREESG W,
L)

Wlsem =0,
WBA f: M- N—AEEEARGES
F:Mx(~¢e)> N
DWW pEAES Y. FxE, RESENBBE F: Mx(-¢,6) >
N, 78
F(p’ t) = efo(p)(t ’ W(p))) (42)
H exps,)(p € M) RESRIE (N,7) L f(p) WP E. BR
F(p,0) = f(p), 3#H¥ p € OM Y,
F(p,t) = f(p).
#5513,
0
Fuio (37) = @Bsim)eoW ) = W),

BT (expypleo = id, FFE M REBY, MHEH ¢ > >0, i
B te (—enel) B fo: M > N BRBAFHE. hEN 4.1,

F:Mx (—61,81) - N
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RFWH f: M - N WEESHFNES, FUW HENES T
5.

T 4.1 # M B—NREWHY m BFEIGERE,
f:M->N

BAM B n EREHE (N,7) PHEEBEAN, F:Mx(-ge) =N
REMEE—NEERESAFHES. EXRHE V() = Vol(M,(£1)*7),
i)
V/(0) = —m / (H,W)dV, (4.3)
M

Kb HRETFRE f: M- N@ygVmBHE, W RES F WAL
mEy, dV BFHE f: M - N BHERTE.

(4.3) KN FHE SROE—FS AKX,

A8 £ M LEURIERR (U;d'), 4

- 0 d
08) = P () = - (5)
Xi=Xilt=o, 1<i<m, (4.4)

- 0
W(p, t) = F-(p,t) (5) )

W @ HASIES W= W]

ADRRN LHWREBRELCENEHENL F TN EHESHK
%; Y% DRR F'TN LHBESBRER, Y TFE& - EEH ¢, DLy
LEM (f)*TN ERFEREKE. HE_EN 8.7) M

- = — - o 0 — -
DDQ.X,' =D§3TW+F‘ ([E’EF]) =D;€_:W. (4.5)

MFERS ¢, FREBER g = (/)T HHER

(9t)ij = (Xi, X;). (4.6)
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iZ
Gy = det((g¢)i;)s (4.7)
MEERE (M, g:) LHEBRLTRE

aV; = /Gidul A - (4.8)
Frolh, dVo=dV. XH, M AXTFREER g HERE
V(t) = Vol(M, g,) = / dv;. (4.9)
M
HEHHER
V’(t)=/ %(\/a:)dull\---Adu
M
/ 1 G, A du™
M2\/G'— ot

/ 2V/@, 4 E( t)ij =, gt)“ du' A+ Adu™
1 a 2
-3/ e f(—g‘f—’dvn

HA (ar)i; RAREFHIR G FLE (90)i; IRBAEFR, ()" B
BREK ((9);) WEERHTR, B, (9)7 = (ar);i/Ge. EER
(9:)7 2F ¥R 4,5 MR, FHEE_EN 8.8) AB
a(gt)ij — g( v . . .
ot ot " 5
WE
Vo= [ 009 0g % X)avi (410)
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o 0
<W e (aw 6uf)>’

He D BiESER o MEERE, METRE i M ->NH#E-
AR (BEFZHEL 1), B EXAAN (4.20) RES

v = [, S {5 (7.0 (557))
)
_ <W,ht (b%,é%»}dw (4.12)

W; = <W,(.ft)- (53—,)> T = Z(gt ”W,é—, (4.12)

W e CERE M ERRYIAES, HH nlom =0. TIERY
n XTHERER o HEER

div(r) = Z(Tt)i,i = Z (%(Tt)i + Z(Ft)§i(Te)j)

= Z Out (gt)”W ) + Z(Ft)p gt)Jka

&

i,5.k
=% ("’("‘) W+ 00952 ) + OO
1,4,k
= Z(gt)'f (— Z(rt),,wk) : (4.13)
Hep (Ty)f; RiESHER (9.);; B Christoffel i05, B
i) 0
Dta%b?ﬁ = (rt)f,.m. (4.14)
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G (41)~(4.14) HRBF)
N S a 8
Vv (t) = /M(dIVTt)d‘/t - /M g(gt) J <W, ht (a:;, %) > de, (415)

ER—TTE, REWEEHE EFE_EEE53) XH
/ (divry)dV, = —/ (T, ne)dViy, = 0,
M oM

H dViy BFRE fi: M > N ELR oM EFESHERTR,
RIEFRE fo(M) H8F f(OM) £X. FHEER fo(M) K PEE &
fikmEy. B, 5

1, .. (8 8
H; = a(ge) Thy (55;, B_uJ_> ;
ERTFWE fi: M - N @i, W 4.15) Xh

V(t) = —m /M(Ht,W)th. (4.16)

7 (4.16) KP4t =0 FH

V'(0) = -m /M(H, W)av.

HEEE.
RESIABM TR,

EM 42 B f: M- NERBRE (V,5) B8 m EBATFRH
E, mFEGFHMmEEE H LLNT, WK M > N2 NV,9)
iy BNF R

EHE 42 BATHE f:M - N REREWHE (N, 7) PMB/HNT
W, BEHNUEG—Hpe M H—IFEBU, FB T 2EH, #
B flg:U » N HEE—IHESHRANES

F:Ux(-g,e) > N
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T, flg:U - NRBERER V() = Vol(M, g:) BT &.
W REBERE—-EFARX (4.3), DEERBRE.

FAERSME. MTEES pe M, IR p FBR U, FHR T B
RERHRERRE. B p WABR U ER/ U, U, NFEELSE
RE A e C=(M), WR

0SASL, Aoy =1, Mg =0
MW =X-H N W|p=0 kB flg:U > N 7345
F:Ux (—g,6) > N,
B/ W REHEN AR BRENEBENE—EHIAR (4.3) BH

0=V'(0) = —m/ X-|H|?av.
M

BT A JH?>0, ERESE N (HP =0, FRETHRE . Mo N ¥
Ty m R H £ p MR U7 LR T B F A p 8,
TR H LRAE, & F: M- NENBRNERE. iF
B,

M LT e B A A BB LN E B HEL:

it 4.3 B (NV,7) RAFEEREHENRERE, WE (V,7)
PR /NFRIELFIEIES Ricci fi%.

W B f:M - NRBAE (N,9) Py m RNFHE, Ric
& M L Ricci g3,

g=f'g
RINEIER: MTEENpe M URERNENYINE X c T,M 3
A
Ric(X) < 0.
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Hi, W T,M H—PBAIERER {1, - ,em}, 18 e1 = X. P
R 1 R AFIRR (M,g) 1 (N,5) #ai KR, N Ricci MEHE
X,

Ric(X) = iK(el,ei) = i(R(el,ei)ei,el),
i=1

=2
K K(er,e)) RREEBRE (M, 9) EE pIFEH e, e; KR4
T A9 A Tl 3.
BRI Gauss HE,

(R(el s ei)ei; el) = (ﬁ(el 3 ei)ei’ el) + (h(ela 61), h(ei1 ei))
— (h(e1,€;), h(e1,€;))
= K(ex, &) + (h(e1, e1), hles, €:)) — |hler, )P,

5D

Ric(X) = Y~ Kl(er, &) +mih(er,e1), H) = 3 [h(er, &)

Toi=2 i=1

= Z?(el,e,-) - Z |h{e1, €:)|® < 0.
=2 i=1

Wit 4.4 ERAFEREHRNAEBIZLEEENE (N9 +H
AEERRT IR/ FRE.

B ARUER. BEi:M 5 NREN PEREOMR/NF
Wl BE—Kpe N\M, il p BEM p 8% M F& HNEBE
¥ EAMERBY, MBS qe M, B oK BBEKE B
700 - N RREEL p M g WBEERNML, | = plg), N
MRHFE-BNAR BEHE=% 35 R) B8 v V5 M £ ¢ BE
R ETM PRERMESEE {1, ,em}l; W TFHE—AEEH 5,
EM PEMBLE 0, : (~¢,6) o M, #78

0i(0) =¢, 0y(0) =e;.
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FX N RREEHTERENT, ERAEEREME, FrUld Car-
tan-Hadamard B (BHLEMNEH 3.3), exp, : T,N = N ZHEF
BE. FRUUEERES

®,;:[0,1] x (—e,e) > N,

B FEEN u € (-e,6), BAME t o Bi(t,u) BE N FERE
p,oi(v) AR BERE, Hmaf$

3t,0) = exp, ( Fexpy (ostu)
T @, M RS Wo BHE % XU Jacobi 57, 3R
W,(O) = 0, W,(l) = &4,

Hik wit) L v (t). BR, M FEEH u e (—¢,¢), BAMR (1) =
®;(t,u) BIKK
Li(u) = L((vi)u) = ploi(u)).

BT p R ¢ RBIBKE, 8F

d2
LY(0) = 45p(0i(w))

<0. (4.17)
u=0
EF—HE, BENKHE EAAR BEEAENTE 11)
{
L2(0) =(Dw Wi, v, + /o (W!P + Ry, Wiy, W)}t

i
(h(es, e, () + /0 (WIP - | AWLPR (Y, Wi)}dt

HURE M BB/NFHIE, UR Ky <0MRE,

i=1

m m i
Y L) =m(HAYD)+ > fo (W] = I AWPR (Y, Wi)}at
i=1
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m 1 9
'124¢. 4.
ZZ;/O |W!)2dt . (4.18)
BT Wi(t) BIERF Jacobi 3, W/(0) #0, B
> Li(0) >0,
i=1

X5 (4.17) XHFE. WEE.
T 4.1 BB —HONKEN D LY(0) > 0. 1 F Wi(t) & Jacobi

i=1
B, &
L (0) =(h(e;, e5), 7' (1)) + (W] (2), Wi(£))6
=(h(es, e:), 7' (1)) + (Wi (1), W:(D)),
53] 4

L0 =L WO =53 F| - W0 wi).
i=1 i=1 t= .

=1

HX Ky <0, HEEET|E 3.1 fiERTBE A (W), Wi(t)) B
B Ry HXE,

S W0, Wi(0) = 210, Wi(o),

WL, Wilt) = (W), Wi(e) + (WL (0), Wi(e)
= W, - I AWAPR (Y, We) 2 (W7 2 0.

B (W] (6), Wi(t)) R EIBME, B
(Wi(2), Wi(t)) 2 (Wi(0),W(0)) =0, Vi>0,
LEAPHFESRERL. HH to >0 FH

(W{(to), Wi(to)) = 0,
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Wdh (Wi (t), Wi(t)) By SRR

(Wz,(t)rwl(t» =0a VOStStO’

B
SIWPF =0, WP = WO =0, Y0<i<to.
BE2,
Wi(t) =0, V 0<t<to,

B W[ (0) = 0. XEWHE Wi(t) ZF Jacobi 3, 5§ Wi(l) = e: FJE.
A, (W), W) >0, BiH

i L} (0) > 0.
i=1
EREHR, EXEERBHT RO BEFENE 6.2, 8
2.1 ZJEHHtEA).

RTBPFREGEAFRBR T RS T RERNN A, HE
HETRMTFRER —LKERERB R RS 7R (4) W% TEE
BANTFREMREERBRIFR T RIS MM T RA. ik, £ M
FRBFLEFR (W', ,u™), & (N, 7) FREABBER (', ,2"),
B f: M - N EREERRH

T2



w02 FE¥ RRABOTRY

WE M EHBESREER g B
= 0 %{Qﬁ
gij AE’B;gAB 6Ui Aul

w. BE IS T} s+l (Gas) 1 (gi;) B Christoffel 125, AR
L BBIEMN P TN FESESE D e XA

(2 ) &
ER—FE, B Gauss AR (BEAEMEIL 1.1),
bt (i) = (Oeas) ++ ()
R e o ()
i
(5 5)

Z( P10 A e 5%\ 8
au'auJ 3u‘ Bl TBa U guk ) 0zC’

32fc aftafe . of¢\ 0
= ij k 9
Z ( Buow < Out Ou T3 ZF” Ouk ) 0zC"

i,5,C
(4.19)
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M, $/NFRE f: M > N R RS R
i A 1s) ~ d
Zg ’ (awa“’ 6{11 f] Tis - ZFZ afk ) 0, 1<C<n.

(4.20)

ER ARG WIS Laplace HFRME &4 (4.20). RIEE
825 FIE X, BERE (M,g) LH Beltrami-Laplace HF

Ay = divograd: C®(M) —» C®(M)

FRMERRER

Ay = g¥ (au,am Z 5 Buk) : (4.21)

.2

TR (4.20) X, IR (M,9) & (N,7) FHFERPBRA

f:M—> N,

R EREIR n MR

EHREMNHEETERA
= afta
AmfC+ Z gY a{n a{m I'$p =0, (4.22)
i,j,A,B
ofAofB
HfF1<C<n, g5= aj;z aj;] GaB-

A,B
mRSEZE M (N,g) 2 n SEERIRZEE R, LI R* PEEHF
REALTR (- ,2") #8

rSg =0.
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et m RANFHRE f: M > R E‘ﬂ‘f@lﬁﬁﬁﬁ%'ﬂliéﬂ‘ﬁ

1
BxC = =Auf, (4.23)

Hef f=(f'- ") REATRE f: M - R* £ R* PHALER
', BHEH
#it 4.5 m BREWE (M,9) £ R* FTHHFERA
f:M-> R
REB/NFRE, SEYENVERE f 2 M E# R -EEMEE,
B f A BER M EMIEREE.
B, R 4.5 TUIEBEN (4.22) KB

MR n=m+1, |WHER, MR f: M >R E R FHE
HHE (RYER 1 IBATHE), B2 M ERBLETURRI -
BERBWER. AP M RERER F:DCR™ - R E1R, B

= (u,-- - Ju™ F@d, -, u™), (ul,--,u™) €D, (4.24)

Hep (v) TUEE M L REERR. R ', 2™H) B R
FHEFREALE, WRA fEM LHASREFER

8F dF P o
g= Z (5ij + EEE;) dutdu? = Z(&U + FiFj)du'du?,  (4.25)

i, 5

H= —AMfC

oF
HPF= 5
9i; = 6i; + FiF;. (4.26)
s A
. F;F; 0*F
W5 A B "
g lSz] 1+ Zk (Fk)2, F =g Buiou F . (427)

RIEHER 4.5, BA f: M - R™H & R iyt /INE 8T 24 BL{7 Y

(s ___ FF 1 a7\ _
o= ; (6” 1+ Ek(]Fk)2) (auiauj - ;F?j 5;;:) =0. (428)




§7.4 HIFRAM 405

Hfosng 5= RALRBE

FF,
8 — ——3___Irl.=0, 1<I<m; 4.29
;( 7 1+Ek(Fk)2) ij Ssism ( )

A f 85 fm = F A (4.28) X183

EE,_\_®F _
Z. (6” 1+ Zk(Fk)z) Ouidus 0. (4.:30)

1,7

d (4.27) MERKTTH, 429 XL 4.30) KWL, Fl, BA
(4.24) & R™ PRy /NEMTE Y BUYEH F 2RSS TR

OF \? OF OF \ O*F
> ((HZ(T) )6'3_T> puow ~ 43

12¥)

LTS R

F;
S (7resmy) - )

AN EEMFFRR R 8% r > 0 WERE S™(r) R
BzZE N HTHERRL, EHR R RFEEN S™(r) IR,
Rt i: S™(r) = R BEEBRE, W m EREFRHP M E S°()
BEERA f: M - S™(r) TLUEERE R R@SERA

f=iof: M- R,

W# D,D,D HHRREWE M, S*(r), R HRBREE, hfh
SRR FRE

fiM = S*r) 1 f: M- R
WHE_EFEX (BBEIL 1), UM TFERY XY € X(M) &
il(f,(X),f,(Y)) = ﬁf.(x)ft(y) - f,(DxY),
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h(f*(X)vfx(Y)) = ﬁf.r(X)f"‘()/) - f*(DXY)

MRALR ()T RR R hiymE () E S°(r) BYEE LN E
LR, FEMER ¥, 0k 2B F A f URENMTIBR
Frics, WA LEHEASRFTLLEEH
h(X,Y)=DxY —DxY = (DxY)" - DxY
=(DxY -DxY)" = (M(X,Y))".

WA, MR HMHSNRTFRE f: M > S*(r) M iof:
M - R P i R RS, WM LB

H=@H)T". (4.33)

HEERN THERSL:

3P 4.6 (Takahashi) m @REHF (M, g) 7E S"(r) FHEE
BA f:M = S*(r) C R* BRNFRIE, YESFELERY
AeCo(M), EBEEWE f=iof: Mo R BREKMA

Am(f) = Af; (4.34)

BRI B R Ane(f) R S (r) RORETAIR. BUSL, ¥ (4.34) BUSLES, WK

A=-m/r?

W 454 (4.23) & (4.33) WA
H=(E0" = —(An(f)T. (4.35)

B, H=04HMY Ap(io f) L 57(r).

HSEREEKAES, BEFE LA e C°(M) {#18 (4.34) Rz, N
H

(Am(F), fy = ME ) = N2 =22 (4.36)
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ER—HE, MPEER M EHBERFRY (e}, 3#EIE f
BYEE LT S™(r) £ R -ERE, W

fizei(f) =df(e) = e,

¥#H

AM(f) = Z fi,ia
Heb £, B f ESE, B df - fiw] = fijel B, {W}RE
{e;} SEHAREY,  BBREERX. NTHESR (f.f)=r U
FREBESERYHBEESRD

<AM(f)’f) Z fz of Z(el fz ZF f]y
Z(«a@(m f= Z(e,«f., ) = (Fo £
__Z f‘hfz 2611—_ .

KRG (4.36) RIEHLEMATRE A = —m/r?. JEE.

§7.5 HRHE-_THAX

EL-FRUET FREABRME-ZEIAX, FHIEHTRER
 (N,g) FEISUNFREAGFREERNTE €U FHES THREEZ
RAEF R, BERZRER/ DM FRE LRIGFE. £ —FE, *t
F—ABEIRDTHE f: (M, 9) > (N,g), MRAEHEE—NEE
EAFHESHEBTIZRTE [ ERFEH B S5 WM FRE
KRB AE R A/ME (WRRER T HERFF LR A ERRHR
T AR ERNR/ME). BETFRERS LS, HEEFZ R
ZHREETSEEN. A5, EHEARNE SR, B2EN
BoBHRTFREG NS BEE—ESAXPRAEERN. B
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B, ERERPBE RS AKXN, RFEFRENAEEEHFHIER
24y, BMRERSEEY W 5EMNR/NFRIERLLIESH.
B f:(M,g) » (N,§) BRFEEBATRE,

m=dimM, n=dimN.

TERERE RS ARZE, BAGIAE TR [ EVHRHE
HHT.

1. M T M E6) Beltrami-Laplace ¥ A%,
SHFERAEN XY € X(M), EEXHT

Hess* (X,Y) : T(T* M) - I(T+ M)

W
Hess'(X,Y)¢ = DxD3£ - DB, v&. (5.1)

BREBIE: HFEBH A e C(M)F
Hess™ (A - X.Y) = Hess™ (X, A Y) = A - Hess™ (X, Y).
B, BT Hess'(X,Y) XFUIMEY X, Y REKEHER, #H
Hess'(X,Y) — Hess* (Y, X) = R (X,Y)

RN THM EEBS D iR E T

W {ei} B M LROEBR—NRBEEY, g5 = gleiej), HF
(97) = (g;;)7'. MIABET Hess*, TJLAE XEF

Ay T{TEM) - (T M),
%75

Ay € =g Hess' (e;, e5)€
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=9"(D;;D;;€ ~ D, (,€), VEET(T M) (5.2)

EHRIE, EXAHE M EWRBRRY (o) BERTEX. F5
H, R {e:} REMIEZEYT, WE

A€ =) (DEDrE-DP, . £), VEeD(T M)  (53)

i=1

mE (M, g) REBWERRERE, WAL NTM) PEX
WA ) T MTERR & neT(THM), &

€m = / (€&, m V. (5.4)
M
g, MR M REENEARENE, WANERES
To(T M) = {€ € (T M) : ¢ REEHM L.

B, To(TM) £ T(T+M) WEETERE, FHE (54) XE XK
WBRTE Do(T+M) FHREERH.

5.1 ] (M,9) REELANAEORERE, W
Ay T(TM) - T(TH M)

KTAR () BRAFRHET, #FH Oy RERER.
W B (Use') B M — P REBAER, &

e = FI 9ij = g(ei,ej), Deej = Ffiek-
NIz FEREM & n e N(TM) H

(Dz;€,m) = ;({€, ) — (€, D).

TR

(D;;D;;&,m) = ei({D;;€,m)) = (D5, D) (5.5)



40 %4:'# xz,méa:r,m

= ei(e;(¢,m) — ei({€, D;;m))
~ e;((€,Dg;m) + (6, D, D).
2] =2
(D376,m) =97 (DD € m) — ¢TH(D, &)
=g {ei(e; (€, m)) — 2e:({€, D;;m)
+ (€,D;,D;;7)
- Thex((&,m) + TH(€, Do}
=g {ei(e; (€, M) — T;ex((€, 7))}
+(¢,¢7(Dg; D;; ~ THD;, )m)
— 2¢(ei(¢, Dg;m) ~ TH(€, Dz;))
=Aum((€,m) + (€ Axm)
- 2g"(ei(€, Dy m) ~ TE (€, Dy, )
é\
X = g"(¢, Dy e,
WX 5R\ATRER (U;e') ERTX, BWE M L— 8
WY, HBER

divX = ZXl Zg” 6,(6, e,n) ZF <§ Dekn

Brik
(D) = (€, 83m) + Ba((€,m)) - 2divX. (5.6)

WRIEWEEH K Green AR, (B_E, EH 3 MEH 54) B
/ (Db, n)dVi = / (&, AdmydVar + / An({, ) Vs
M M M

—2/ divXdVy
M



:/ <€1 AJMT’)dVMy
M
Bp

(Awglm) = (€, Dxgm), VE,n € T(TM).
XEUEH T

A :T(T+M) - T(T+ M)
EXTHR () REXHERT.
HNTUHH Ay BEFEE, & (6.5 A4 n=¢ FEHE

(DD} €,6) = ei((D5 £,€)) — (D€, D;;6),

PNIE:]
(A376,6) = g (ei((D5;€,6)) — (Dp, ¢, £, €) — (D€, D;;6))
= divX - g¥(D,¢,D;;6),
He
X = gD €, e

RAE M EHRYIARS. Hi
(06,6 =~ [ ¢"DLe DLW <o,
M

B Ay R¥EAEHET. EE.
2. %M T M Ef Ricci gi¥EH F Rict

411

HTEBH pe M, UE T,M ER—TEK {e), FTEXH

F Rict : T}HM - T M, #18

Ric™(€) = Y g7 (R(& fule) fule)) ™, VEETHM,

i,J

(5.7)
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HHRENFHMBEHF. BAB ERAARERE (o) HERE
x. fFAlM, MR {e} B T,M B BAIERER, WE

Ric*(¢) = - Z(_ﬁ(f*(ei),é)f'(ei))ﬁ VEETIM,  (58)
W 5.2 HF Ric' : TFM - TJM EFHMATIM LHRE

Leh () B SEHM.
iR X TFERM EneTiM K

(Ric*(€),n Zgw (R (€, fules)) fule)) " om)
= Zg'f (& fuled)) fules),m)
= Zg'fm (fules)sm) €, fules))
(5, Ric*(n)),
B Rict : TP M - T;-M R H L4, EE.

3. AWF hoht

MFpeM,
h:T,M x T,M — TiM

BTHE f: M > N B EEARR (BBEC 1.1), BRATUEHE
B gt
h:T,M@T,M ~ T;-M,
%18
h(v® w) = h(v,w), Vov,w e T,M. (5.9)
SRR Ty M 1 TP M BEIE {e:) 7 {ea), iR

h(ei,e;) = hiseq, (5.10)
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h(e: ® e;) = hijeq. (5.11)
B h: T,M @ T,M - TAM ) BE
| hTEM = T,M @ T,M
RMEERS, EH TAHE:

h(ea) = Y g*g"her ®er. (5.12)
gk

REAR, h* BEXESER (e} M {e.} WBRETX. FEHE, BE
WSt hoht : TAM - TAM RERKR

hoht(eq) = h ( > gt her ® e,)

i,jikid

=Y g* ' hghler®e) = Y g*g'hhes. (5.13)
i!jik!’ i’j!kil)ﬂ

AT R, S hoht i TEM - TAM R {e.) THEMR

dap = Y g g AR,
i'j'kil

¥R, R {ea) B T,N BN ERZBIR, FHe; € £.(T,M)(H
A eq € T;"M), W (5.12) KA (5.13) KU IR K

h'(ea) =) he:®e;, (5.14)
i
hoh'es) = > h&hes. (5.15)
i,5,8

AT LHEMES, RETJUNRTREABRYE -S4 AR M
T



414 F¥ RRAHYGTRY

5.3 (M, g) REFHFIH m EHEARERE, M >N
REEBAE n EREBWE (V,7) THBRDTHE. ME

F:Mx(-¢,e) N

ETHRE f: M - N HEE—ITEEEORNEMES, HESH
Bk w, WE FHAR:

VI(0) = — /M(A}WW + Rict (W) + ho Y (W), W)dVy.  (5.16)

(5.16) AKATRHE BREV\-ZHAR.
iFER / (4.16) RWINE

V'(t) = —m /M(Ht,W)th, (5.17)

He H, B fu(M) BTV tEERE, W= F(§), v BEBESER
= (fe)'g EBTE. 3t (5.17) RERKFBE

V"(t)--—m/ (¢, W) V@) du A - A du™

= _m/ (_D-EB—HtrW) + (Htaﬁ W)
M t

+ <Ht,W)al°g‘/—) av. (5.18)

BT fo=f: M- NEBRDMFRE, Ho=H= O:FE%E(MB)?&
FLt=0f%"

©V(0) = —m /M < (B%Ht) L:O ,W> dVar. (5.19)

EREBRAR ((Dgf:)| W) 5 M LmRBLER
(U o) BT, AT G B L 24 2
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AMERITHE, RERFFBINERAASRITALIERMERET
REBATT. W (Usw') 2 M- BBLITR, £

Xi(g,t) = Fygqn) (;u—,) = (ft)s (5%) , Xi=Xilt=o, 1<i<m.
ML 'Y 8.7 B

I—)-B%Xi:ﬁg%}’w’ ﬁxj)z,-z-ﬁg%__f(j.

BT W(g,0) = W(g) B¥LAES F MRS RS, Hit

(W, Xi)le=0 =0, 1<i<m.

# D RESEH o WREBE, U PEMEGRNE X,
mi, = @0 (D 2. %; - (). (P, 1)),

TR
mD » Hy =2 (g7 (Do X; - (f0). (Dte 2=
&0 T 9T\ Ve T I\ Vi B
5. (5. 7 d
+(0)9Dy, (D o X; - F. (D_Lgu—)) . (5.20)
EEHEAN

%(gt)ij == (gz)ik(yt)ﬂ%(yt)kt
=- (gt)ik(gt)jl((ﬁﬁxk,Xl) + (Xk,ﬁ%)zl))
=~ ((g0)* (ge)" + (gt)il(gt)jk)(ﬁ%j(k’j,)
=~ ((ge)* (ge)" + (Qt)u(gt)jk)(ﬁra,‘.w Xi)
=0 (0" + (0"@) (e (55 31 ) W )

Hef b RYWH f: M~ N WEZEFER (SERIE 1Y) BT

(0025 )] = (- () ) -
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HTEBT D o %X w4, (5.20) RADLME-TE W B
W

<—w< 0 (v2.2) )
('a% au) ) O,
() 2

= 2(ho h*(W),W). (5.21)

t=0

ER—HE, RESNESIEE 3 EHARNIEL 1] HEITH
DyD. X; 7 Dy ((ft)- (Dtgg__ 527))
WEsBIMT:

(D&D_LX,)L

t=0

e e o~ = e o~ —_— .\ L
= (ROW,%)X; +D 2. D g X; +Dig. 00 %s)

t=0

= ((ROV, %)X, +D 2. D o; W)L:o)l

= (ﬁ(W,X,-)X,- +T53%_, (—f. (Aw (a—?ﬁ)) +1);€_;W))l
1

a 1 L

i
N
2l
=
>
=
|
-
N
(S5
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L
x)
t=0

0 9]
= (Dlga_aiz W - fe (Aw (D_o_,6 ])) at([‘t)

4
- (DJ' _Q_J_W) s
o (D)% BBk Df MR RIL mILRR, (5.20) RAEHHEZHR
5w ngR

(@0, (D% - 10 (P 2))#)
o s (e 2)

= (¢R(W, X)) X;, W)

+ <g*’f (DiDi_W -Dj _LW) W>
Su ul

2
: 8 Pu 2By

{en(Gone (2)) )

<R.1cJ'(W >+(A W, W)
- <g‘jh (86,,Aw (ai:’)) ,W>, (5.22)

o, FH/H

i 4 0 _ ij klpa pByra
< Th (a 7o Aw (a—u}')> ,W> = ggH g wew?

= (ho Rt (W), W). (5.23)

t=0

BJE, S8 (5.20)~(5.23) HEARE
-m <_D_B%Ht'z=o’w>
=- <RicL(W),W> (AW, WY = (ho R (W),W).
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EERXRKRAN (6.19) XfESH
V'(0) = — / (AL W + Rict (W) + ho h'(W), W)dV.
M

IEEE.

FIL 5.1 EH 5.3 ARAEHIREIENIEN, HZEEEX
Kk [18].

T, fERAVEMTEGHE TEEREE AR 4K

Bf:M->NEn=m+18EERE (N7 PHHR/DBH
W, {e:} B M ERONEZRIERY. &FH n K58 HHEe R A
i, WA Xe C®(M), FBW=>I,3H MNom =0. BHEH, R
{iE=}

DLW = (AuA)n.

Bk,
Rict(W) = — Z(ﬁ(f*(ei)» W) fule))*
==X Z(’I—l(f,,(ei),n)f*(ei))ﬁ
)]
(Rict (W), W) = —»? Z(R(f* (e:), n) fu(e:),m) = X*Ric(n),

Hrf Ric(n) REERE (V,9) FH M n i Ricel g1 E. B4, B

hoh (W) = hoht(In) = AZ (hi;)?n,

BT LA
(ho R*(W),W) = X2 > (hij) = N|h|%,

i,
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He
|h|? = Z(hij)2

PROpHE B 5 R AR AR . R LErR, AR/)VE s AR
GO S /N W )

VI(0) = — /M{AAMA + X2(Ric(n) + [A[?)}dVar. (5.24)

EmMAEFFHFRIY, #SERE_ASAXN—TEWES
HHE-MUNFRENERESTER (BAF) BMINTFER: 5H
FUMHXH N EEESREBMTRENREE. XTROMTFREN
R, CHEENTREE, B AGRENE_ESAREH
FAANMEENTHE, EIINEFHANT.

X 5.1 & f:(M,g9) > (N,g) BREERNMBA. MEMF M
FE-NMERFROFARE D, FTHE flo EEENEEESHRY
BRZES THERNE - TH#HEIERN, WK f 2 RBEORNF
5 0% 1

Bf:M-oNRB-AEEBA, MEMT M HAE—-IEEER
RS D, UREE—1THE f: Do N, HE

flap = flap,
EH V(flp) < V(F), MHTHE f B SBRBAO, K5 V(i) 1
V() ARRRHHRERE (D, f+9) f1 (D, f*9) B
BR, 8—1MEEPMFRESEESHR/DTFRE.
5354 ®f: Mo NEERERE (N,7) FHRNPBA

BHE, n=m+1 MR n BFRE f & N PHRAEAERY,

W f REBERTS UERMARN FEMES BB REN LR BN
AeEC®(M) K

/ N(Ric(n) + |A2)dVir < / VARV, (5.25)
M M
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P Ric(n) REREWIP (N.7) FHITHE n § Ricci 3.
W8 7E M ERBAIEXRIIERG (e}, HFB N =e(N), W

Ap(W) =D (W)= (De.De, = Dp, e, )(M)

1 1

=23 (A(De;De; M) + (€:(N)* = A(Dp,e:)N)

=21 (De;De; = Dp, e)A +2 ()
=2(AApm A + |[VA]R).

FR .
My = 5AM(A2) - VA%

WERAN (5.24) RBF]
V(0) = — /M {-;-AM(V) — VA2 + N(RR(n) + |h|2)} Vi (5.24)

BRURMBFHTE, F8U RERSN, 5#H Suwpl c U, M2l
Green AR E|

% /M Ap(NB)dVy = —% /8 U(V(,\)2,ﬁ>dV3M =0,
Heh i B oU (5 U AMERER. Bit, V7(0) >0 ¥HMY
(5.25) AL, IEE.

EE 55 B (N, RAFEYBHARNETAMH=HRREN
B, (Mg) REABEMM_HERERE. MRS M-NEN PR
ERDRABE, T M BT o(M) BXF; BAEH, EREE
BEAGHRBFE N PAFESHHIIE. HFHETAGHBRER/D
B H

W S EREHE N WHEME, K RME M 8 Gauss
W&, nRMENPYEAEARY. MTESENpe M, BB M
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T p SMHER BRI IE RN {e1,e2}, BB M B _BEEXEX A
S8 hij = hieie;) MR—ANZ X B, BIFTERTRE XHGH
BREL A, p, 1B

hii=AX, haa=u, hi2=hy =0 (5.26)

BT MENBMBMIME, pg=-X FRR>=2\2 4 e=n,
{er,ez,e3} B N E#y M & LHYBALIERAREEY, WAHHEHEY
E X

3
3‘—' Z R(eAyeB’eﬂyeA)
A,B=1

=2 > R(e:,n,n,e:) +I_2(e1,ez;ez,el))
=2§j'62n) +2R(ey, e2, 2, €1). (5.27)
F i Gauss & (2.6) 7 (5.26) =&,
Rler,e2,€2,€1) = R(ex, e2,€2,€1) + (h12)? — hurhay = K + \2.
BEXRA (5.27) 8

S =2Ric(n) + 2K + 2)% = 2Ric(n) + 2K + |h|?
=2(Ric(n) + |h|?) + 2K — |h|%.
314
K = ~(RBe(n) + %) + 2 (8 + [h[?). (5.28)

EHR—FE, BT M EREMRERPRAME, FFRX (5.25) %
TEBH A€ C°(M) R MRS A=1, NB

/ (Ric(n) + [h*)dVi < 0.
M
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BJ5, WRHE Gauss-Bonnet EHEM (5.28) R BH

4n(1 - g(M)) = /M KdVy > ~ /M(ﬁ(n) +|hD)dVy > 0,

HAFMATRERES >0 BT g(M) <1, B g(M) = 0. JEE.
T T R PR T R PR 2 ) AR /B o T A B
FE 5.6 WD RERKZE R™ PHEBGHFNIRE, F:D-R
E R, 18 F ER
M = {(ul,... ,um’p(ul,... ,u™)); v(ul,... ,u™) € D}

B R gy — AN BHTE. MMF D LEE-1E
B F WEE M c R HE OM = oM, f§ 4

V(M) < V(M),

HPHSRILLEMNY M =M.

SEH 5.6 YH], R™ PlEHE R F A ERS BB/ IME T
M BB,

W A (', 2™) TR SRR ERRBRR, WEE M
BESRTE

=, 1<i<m,

5.29
xm+l — F(ul,“' ’um) ( )
S ElE M _ERYIRE S TR B A
0  OF 8

A nid MR, 6518 (X, Xm, n} BHBERS R
—¥. RERS

wol( 0o o -
P\ 2 puias T ) (5.31)
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i 1 9F 1
ni=-pan mil = 5 (5.32)
EEF M EFYER mEY n TR WRE, BHRRET
MR 2, 1<i<m, BRFTUIE n FRRENE Dx RCR™ £§Y
YRR, E18 n ERIFELR (0, 27, o) LREHEY,
He (a5, ,28) & D FREE—TEHEHA R HEBRIER
Q=dz' A---Adz™ Adz™, (5.33)
/%
w=(-1)™-i(n)Q

m+1

=3 (1™ At dat A AdZA A Ad2™H, (5.34)
A=1

R i(n) RIS NG AR BEF—EIEE 54 8). AEREIE
BT =3

(1) dw =0, B} w & R™1 _EEYAER,;
(2) win = dVu, Bl w FEFWIE M LEIRRER M MR

3)%F M REWF:D—» RMER, » R MHBEEAR, N
wlM = (n,ﬁ)dVM

FEAEBZR (1). Xt (5.34) ARIMESBE
(—1)™ (E a"A) LA Adg™,

HE, o'=v'(1<i<m), fina & ™ T, Frid

»

Z@ﬁz %-_z E
Oz4 — Out dut VI+ T, (Fr)?
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By F ME SRR/ NEE, F,---,um) VR TTRR (4.32),
B EXMERAT. XERE

S0 _o g dw=o.
— Oz

(2) WAEHR. B G30) K, R E M LHBFERS
gij = (X, X;)=8;; + FiFj, 1<4,j<m
®l. AS5HBH

. m
det(g;;) =1+ Y _(F:)? = P2,
k=1

Hit M BT RE
dVyr = Pdul A --- A du™.
# (5.29) XA (5.34) X182

wip =fmyrdut A--- Adu™

m m
+3 ()™ ndul Ac- Adui A AduT A (Z deu")
i=1 k=1

=Pdul A--- Adu™ = dVy.

(3) WOIER. M WBfnkiR n 6 BR
1 8F 1

Hf
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BR, M PEBERE
dVy = Pdu' A--- Adu™
HEEITHBE

Wl =Nmardut A Adu™

i=1
1 T QF 9F \ | | m
—P<1+i=lbﬁ:5‘—i>d’u A---Adu

=(f,n)Pdul A --- A du™ = (A, n)dVy.

B 5 e 5 L sE BRI UERA.
% M RICEEH F:D - REER, HOM=0M,H

Flop = Flap,

MR EE M f1 M BER R h— P RBRR G, #E5
G =M- M.

iy Stokes E X,

for Lo o= s

VM) = /Mw B /Mw - /M(ﬁ’n)dVM
5/_ dvy = V(M).
M
MR F#F MNEDH—AEMETFEL (A,n) <1, Bt
V(M) < V(M).

B A

UEHE.

m m
+ 3 (D)™ ndut A Adut A AduT A (E Frdu
k=1

)
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J & t

1. R (M1,01), (M2,92) BREANBRERE, M= M xM,, (M,9)
£ M MM RERR (BEE_8MH 25). A DO, DO A DK
WRR My, Mo fl M E YRS HRLE.

(1) ¥ FEEH pe My, M FRTFHR

(M2)p = {(p,q) € M; g € My}
£ M hig—45 M, XBRESTHE. EH: (M), B MBE
Wi FH/IE 5

Q) ®peM,qge My, veT,M, weTMy, 3¥H v#0,w #0.
EH: FE T oM FRTF oM 0 T,M, W M Bl v #l w BER
BIIHE K(v,w) = 0.

2. P f:R2 5 R ATREXR:

f(8,0) = %(cosO,sin(),cosnp, sin ), Y(0, ) € R?,

S* B R PHYRAIRE. IER:

D FR)CS*HHA SR - S E—IBA, HMT R LHF
HERTS, EARRFERAN

(2) fF(R?) = 51(%) X Sl(—lﬁ), EWER S° MBRETRE, f(R?)
#J Gauss REHRZ.

3. N BRRERE, SCMCNRTFHE. iEH: mMEME
N e FRE, SE ML Bk FRE, WS thi
N Hen @) FRE.

4. I M; C N; Be-FHE, =12 EH: M xM £
N, x No & Mi#+HE.

5 W ST ER PHEARE, M=52xS’EERVER. F



Bi: M WMBEHE K > 0. R FHEFE T? = 5" xS' &£ M PH—
A2 FRE AR
6. % G R— M REEVNREREFRNER SBEE _EIER
16 ), f: H -~ G RERH I GHES SEFHFEIEE 45 &)
JEH: R foH -G RBA, W fRXTHESERE2MHK.
7. (Clifford TF) {¥BLET £ R2 » R* B FRE XL
f6,¢) \/.(cos\/_B sin v/26, cos V2, sin v2¢),
V(,) € R*.
() EH:  f(R) CS°C R, 3HE f:R - 5% RFWERA
2) &
e1 =(— sin v/26, cos v/26,0,0),
e2 =(0,0, — sin V2, cos V2¢),
e3 =\/L§(— cos V20, — sin V26, cos V2, sin v2¢),

4 =—1‘/§(cos V26, 5in V26, cos V2, sin v2).
iﬁﬁﬁﬁ {61762763564} *n {61,62,63} ﬁ'%’]%?‘ﬁ% f : RZ — R4 7ﬁ]
J:R2 - $3 #§ Darboux ¥r224;
(3) iEHH: BA f:R? o R* WEZEEXER h £F Darboux #5
%% {61,62,63,64} E‘]ﬁgﬁ
R}, = —h3, = —h}, = -h3; =1, h% =h$ =0, a=34.

R, f:R o R RERNFRE;
(4) iEH: H f: R - S HESmBst

e (L) s (L

i: St (ﬁ) xSl(\/i) - 53
EFHE 51(715) X 31(715) 7 S° PHBER/MRA (FRA Clifford 3
).
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8. WNEm+1HEREFE, F: N> REXEEE, a= F(p),
H¥rpeNZEFM—1 EMS B F Ep SBE (VF)(po) #0;
HEE, I o LW R F —4 ERE. 7

M={peN; F(p) = a, [VFI(p) # 0},

W M R N iy i
(1) iEMH: M 7E N g7 ehR

Herdivy B2 N LHBEHT;
2% MENFYER—BHE, pe M. iEW: FEHpHE
N R —AFER U, UR U LHEEEH F, B UNM R F %
FEANENEANERE. bR, BHE M TR URR
= 1
H= _EdiVN(ﬁo),

Heh o B M % N Pl — M BAEHERY & ®RTLEY %

9. & H™(c)(c < 0) REEBMEN c B9 n WM W. IEWH: WFE
M £ H™(c) Hiy m FL2MMATFHE, WM 5 H™(c) $I5; Ak
SE H"™(c) PHIH M2 TFHE.

10. RN ZREWY, ¢:N->NRN L PMSFESH. I
RMCNETENPHRHENEE, EY: £ M LEFARE
JRENBMELH, HH M XTHEIERR N G TFRE.

11 @ MR NEFRE. WRNF M Peyg—Kk#MLy: 0,1 -
M H Py(TyoM) = T,)M, WH M 8YIA TM %F N R BR%
D & Ff789, X8, P, & N P+ W¥EBH. W TM £F
D P4 BN LY FERE X,Y € [(TM), #4 DxY € X(M).
R, M2 N FHLNFREYENY T £F D RV
By.
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12 f: M - N REERBAE . BEERE N Ry m 427
Wk, (& fH—tEkmiy, DR fRBRE WRMTEE
M X € X(M), D¢ = 0, MiFREm S ¢ W f B T4 EH: —
M EFBE Y ¢ RTATHYENY €] = const., FHRMKHEY
o = &/1¢] ZTATHY.

13. 8 N B—4 n RHMEZE, MENBOBRATHE,
{eiea} iy M E X#]— Darboux #7885, h B M HE_HZE
X hET {eiea} AR HTFEREW o, & H* = (hg). iEH: W
R FEA a0, BEEARY eo, BFITH, NER H* HE

H®H® = H°H%, Va.

4. ® f: M > NRESEBANTFHE, Hel(T*M)E fHT
¥ EE Ry, MR H ERERRGRTATYN, NUKERA fREXT
PiythEais. i [ RAEVIT TR ELENYES—1
Darboux #7388 {ei,eq} T, X;hg; = 0(Vi,a), P hf, B fH9EZ
BEAEX b I ERDERRY (e e} THIR (BF (213) X).

15. i Gauss HFRIEH: R™ 11l a > 0 HRBHFRAER
W S™(e) RARKBEME c=1/d%

16. #t M RESFHIE N 9RAFHIE, DY B M MEEE. W
R FAEEN X,Y € X(M), Dt EHTF RY(X,Y) =0, MH M
B BRWEEMOFR. iEH: MR N BFER=RE, WM EH
FHEHEAY BN A EG K pe M BF p SHEHHRY (o), &
B FIERER £ € T(THM), Weingarden B3t A¢ 7€ {e;} FHIEKAE
p MR AR

17. M2 [ H"(c) AILAEER Lorentz ZF[HIFE RYH ARAYHKA
.

(1) B H"(c) 7 Lorentz ] RiT' W EERARMEER N E;

(2) XHAMTAREIESE 15 Bk, i H () RAERE
W c.
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18. B f: M- N RESWE M % N HSERA, g2 M
FHBEBER, hRBAfWESEAER, pe M. WEFELA
B e THM, 78

h(v,w) = g(v,w)¢, Yv,w € T, M,

WHF p SABRA f A MR M EE— S8R f R, UK f
2 2.
(D) IER:  f REFHYHMSFE f Ry ¢ #6

AX,Y) = g(X,Y)¢, VX,Y € X(M).

(2) IEW: 4 (1) PROSARLE, ¢ LRBA fOTHEmER
B, HHEE(=H.

19. 8 f:M->NEm+1RRERE N FHRAEME, 4
M ENEIREER, o[- BREERY. BE

h:X(M) x £(M) » T(T*+M)

R fWEERRR, WHEE M EH—AXHENERES b,

BERMTFERN XY € X(M), h(X,Y) = h(X,V)6o. BB, ZHHh3E

&3 h Wb EARRE, BT b WBHRNEME f b SEFKR.
(D). [ REHFH S ASERE M AR RN, E8

h(X,Y) = (R(X,Y),&) = Mg(X,Y), VX,Y € X(M),

HFE(IYRNEHWREER. e, B3 ) BEME M Oy
R HE—PUH. mE, DR N LWREBRE, WEXSHT

(Dx&, f(Y)) = -Xg(X,Y), VX,Y € X(M);

2) N REMEZE, m>2 f: M N REFHBABH

H, ER (1) PRRY A REEEH, HE M EATESOREN
Bt R B,
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(3| f: M~ N BEHMEZR N ALK EAEHE. AF
RE_HEIEE 21 W, iEH: MR G=e¥g 2N LXEBETI=(,")
HEREER, pcCo(N), WH

§(Dx(e778), f.(Y)) = (&(p) - V(f"P(X,Y),
VX,Y € X(M),

e D RREWE (N,5) LHREBEE, &) BREH o W & I
MTERE. TR, f:M - (N,g) MAREFBARME,

(4) B N =R M FAAERNRKER. EH: mR f: M-
R BEBFRBABME, W f(M) B m EFER m HEIREH—
il

2. BN RBn=m+1BRERE, f:M-NEFEBRAE
N R, & RIE [ EXWBEMLERMEY. M TEEMNpe M,
BAIH A = Ay, : ToM - T,M FRTE p Sy Weingarten ¥, B
FRAEE M, Am B m DY, RV FERA f £ p 8 dhE,
MR BT EARY f £ p A8 THE; m D EilRARHR
K =M\ -An ¥ f & p ¥ Gauss-Kronecker $h¥. {F8H. &
A [ REFN TS VERGR B m D EMBLLHEE.

21 | f: M - R REEBAMEME, S™E R FRUE
SR ORI, & R RETTHE, FRRAIRRERY
b HH—THRBSH G: M - S™ c R, FRNFEEN pe M,
G(p) = &(p). MILE WP AFERA f 1Y Gauss B4t

(1) iERF: IR FHEREN p ¢ M, B R FRPHFHIHIE
F(TpoM) Ml Ty S™ FEEXR, WH

G.(v) = A(v), YveT,M,

Hp A:TyM - f(ToM) 2 f # Weingarten 25,
2) B M BRI ERMNEBERERTE, iEH: DESEBA f
#] Gauss-Kronecker i 3R AREFE, U M 58 AR E N8 F AL,
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22. B M BREMESE N PHEEEME, AERMHY—1TE
R, X TEBNE pe M, Ap) WEBGEH r(p), Weingarten ik A
XRF A(p) WAFAEFEMEGEA Dp, HH dim 2, = r(p). IEWA:

() WR M BFG— T EHMBRNERR SR pe M IX, Nhip-
Dy RET M EH—A r B\ H 2 (BESH UM (3, B 148~151
), M TREENE pe M, FEPHARMB U UREXEUH r I
HBRNEEY X, X, BFHRES K ge U, {Xi(g),---, X, (p)}
% 9, — 1R,

(2) £ (1) B%ET, 0f 2 B TLTRY, P TEEH X
pEM FEMMET p SHTFRE M, EBEE K qe M,
T, M, = 9,; HEHR My B4 2 89— R TR,

(3) 7 (1) W%&MET, mEr>2, M ELH 2 WE—IBIH
B LETHE

23. WM BEKICZEH R* ¢ m ERATFRHIE. BEpe M ER
FHERICH z(p), 4 = A[BIEENTE M LR BRRY, Ky M
R ) Rk (&) S n=m+1, BiZ (,) BR" L@
RHEER, fH B MBELAEY, 4 S=(z6), BEM EHHE
R, HABA f89 &M E8: MR M BBEREEN, WM
RATERE 2 BN Y B S X, FH M 8 Gauss-Kronecker Hii |
ERRRRT (SEAEIEE 21 8).

24. (Liebmann-Siiss) #t M & R™t! 4 )4y B B0 & 4 gh i,
R M E R™! PRREREMN S VERGR M RS
S(BEFEIEE 23 B) LLAHE, FHAENHTH MK

25. WM CR™ RBAEME, peM. MRAHEESpEM F
HIFFEBB U, 58 U ERBTH KBA TR T,M R —M, Rk M
TEp RROH); MRFES pE M PRFEBU, 18 UNT,M = {p},
T#R M TE p RARFHME. ME M ES—SBROH RER™
ROEY), AR M 2 R chiy (B E (R POy Bah ). iEH-
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(D WMREME—Ep RO, WMEZEHE_BEFERX L2
EH, B M ES p WFAEMER B b, 3 A 7 p SHFIEE) B
HAEFMRS; WE A ESp REEHRGUER, B M EE p FF
AEMBRBERXTFERIHNITE, WM ELR p BN

QMR ME-Kp WIEBREAHEEATE, U MEXER
TRy R2Z, MREME—Kp 208, WM 7Ep SHREHE
IR,

26. ® M & RV gy RBCGEEMME. .

(1) FREANZGEREY:

(a) M MBEHE K HERANE,

(b) M HIBEHE K HXTEF;

() M REERMM, 3HH M ¥ Gauss S G : M - S™ B
R (BBEEIEE 22 H).

(2) £ (1) MABT, M EBEEOH.

27. @ M C R B@ A, .

(L) R M BREBCGEEN, FHARERE b RAE T
HE, UM ER™ FRIRERE.

(2) fR M BT RMB R AR Y, FHEFERETHN
&, W M RIRAERRTEH—S5

28. M ER™ pEEE m > 3. iEH: M TERNEp e M,
FHEBAIERM AR e1,e0 € T,M, 58 M B ZHRE [e1 Aea] BY
BHEHMEK K(ey,e3) > 0.

2. & N BREEH n BEERE, M, M B N FHENMER
MR TRHE. EH.

(1) R N HBRAE RGO ATE, 38

dim M, + dim M, > n,

W My M, # 8.
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(2) IE N # Ricci fRLLATFE, #H
dim M, = dim My =n -1,

N My N M, #0.

30. N BRE&AH m+1(m > 4) EHMEZEE, MENPE
HHEEMAME. EH: MEM BEEIANE_EELEX LAY
WS ENE, W M BHHREE, HHELH ML RS HE
HWER.

3. FRABEFRAMBNZRERTFHFREHERLRM
EAETR, HANEEE 3.1 HNNER.

32. WM R m+ 1 EBAIERE 5™ RO EE .
TEA: SR M TR NER, FERAEAMBREME, W M
=& m BRESHE MEEREHER.

33. /¥ M C R™H! REBTHMBASME. EH: MR ME
EEAFERAEEEME, MER R hR RMERRTE.

34. B k,m HFHRE, k<m,S™ R R hpBRE.
HmEEE, R™? 2R 5 R EM. B M R S
WEEENE, z & MIER? dRNERNE SEFEIES 23
&), EFLIME—HRIRA = = aey + beg, HF

e1: Mo SEC R, ey M — S™F c RPFHL

SrAE M B BRAIRRE S* f1 S™F ML, o be C°(M), BF
a?+ 82 =1. & & = —bey + ae,, iEH:

(1) & & M 1E S™*! PRy B Y BY o, b HEBEY, H
mofliZae>0b>0;

(2) UTBSE a,b HFHANEH, W M C Ska) x S™*(b) BFF
FE, BEE ST FWME_EREERR

h = —(d.’l:, d&)) = ab((del, del) - (deg, dez));
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(3) M R S™+1 rhgyifh /Jn R B T 24 HLAX 2

k m—k
a= \/;, b=/ e
BB, M B S™ ety Clifford $/VBME. A% JEH 7 @
# Clifford 31 & &M 4.

35. % a > 0, S%(a) = {(z,y,2) € B®; 22 +y? + 2% = a’}, 7 :
S%(a) - RP? B\ S%(a) PILSHHTH RP? LHBRERE SBEZ
BEIEE 4 8). (o) LMIREERE RP? LA HESER g, &
B 7:8%a) > (RP?,g,) HRAMEE. M (v, - ,v°) RAR LWH
RIRE AL, EXBE f:R >R WF:

1 _V3 2_ V3 s_ V3

u =—-§“$y, u = ;2—.'172, u = Fyz,
V3 1
ut = 57 —(z2-y?), u*= 5% —(z? +y* - 22%).

9, % (5,3,2) € @) B, 3 = L BT S MET — ot
f:8%a) >S4, XE SRR ‘Fﬂ‘]—*uﬂ?ﬁf
(1) UERA: BRET f:S%(a) - S* REERA; AMRH fEST
—ANEERA
f:(RP?, ;) = S*.

(2) iEH:  f:S5%a) o S* (KSMH, f:(RP?,g.) - 5% BHR
MY BY o = V3. NBSERPBA f:52(V3) - S* REIE
B/AMERA f: (RP?,g2) = S* Bkl S* i Veronese BT, Ei#E—
BRI BE S % R (37).

36. ¥ (M,g) 2 m EREHRE, (N,D) B—MiftBEE,
f:M - NEXGHBS RE\EE_ENH 8.2, EREMT: f*\TN - M
ERAHFERBRE, HiEdD. gL

Bf(X7Y)=ﬁXf*(Y)—‘f*(DXY)a VX,YG}:(M)’
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HFYDEM EHREHE. BR, Bi(X,Y)eI(f'TN), Bl Bf(X,Y)
BN F EXHAEY. LEE X By FROVCHEB f 8 B
X R By =0, MRS f & 2RI

(1) EBA: iR D REHBLS, W By XF X, Y EXTFRE. At
By EXRTREER g Wik 7(f) = te(By) FRABET f 89 S35, IR
f 8Bk Ay «(f) b RF, WK f 2 RS TH/RiE N 2RS
W, FU ()RR N LHREFER, DREMESRE;

(2) T M LNEERTIREY {a}, &

e(f) = Zg (fe(ei), falej))-

B, e(f) 518y {e} HBETX, NFRET M Liy—143EH
N ER e(f), FROAMET f B BEREBE. 4 M REBREREH, B
4 E(f) = [y e(f)dVa FRAERBE f & deE. BB BT 7 hiEA
MHHI RS LEFGRITEENERTFEGCM, UR fFEG L
WEE—TRAESARWES F: G x(-¢e) = N, floc RERZ
B E(u) = E(f.) MIEF R, HPBRE fu: G- N B fulp) = Flp,u)
W2, WRKM fulsc = floc;

B f: M- NRSEBA, WEN NHWRETHRE, (M,f)
BEHE_EAEN v MIPHWEGR 7. RALRHE_EEER
By Ml h Z[EIRE, HEH: () = mH. B, —4ASEBA
f:M o N BBR/NEANYENY fRIFMBET.

37. & (N,7) RAAE Ricci HENRERE, F{M>NEN
PHBR/MNEABME. EH mE M RERTEAN, U f RAER
SEH.

38. & S" C R**! RB{UBRE. EFH: £ S” PAREERRLY
WRER/NFRE.



EEEFR

5 8 —

2. MAZTEERSHEAEN. iR ALRENRE Jacobi fTFIRER
RE, TUEFEERFR (W, x;2') = U, piz).

3. BUE M 89— A& #1 = {(Ua,zb);a € I}. 1 #1 FILAIEH B — KR
MIRE #s = {(Ua;yb);a € I}, HFMTHERN a € 1, (ya,va, - ya) =
(—zh,x2, -, z0). ALURIE, #2 B M $#—ANKRETF # BER. B
F M RBEEN, §—H qe M HBULASBBHAGEE M p EEE
¥, T M Reens, B M HEE—-NEmE T,M ERiRKEmR
i T,M MERM—REMN. R ToM WERAERH, Bl M BER
RERA

5. (1) MIENEmEE X, E4%/AD D F, WHE (UN S u,v) il S 89—1
BEAIRR. RIERANEHE, THERAXREIIMR[MLITRE C°-
KA.

(2) BFE (/22 +y2~ R)? =r*(0 <7 < R) WIUFRIUTHEAAERS

BT 2 AR I8

S1:17=((R+rcosy)cosb, (R+rcosyp)sinb,rsing),
0<¢<2m 0<8<2m '

S2:r = ((R+rcosy)cosb, (R +rcosy)sind,rsiny),
0<p<2m, -7 <0< m;

S3:7=((R+rcosy)cosh, (R + rcosp)sinb, rsinp),
—-T<p<m 0<8<2m

Si:r = ((R+rcosp)cosf, (R + rcosp)sin b, rsin @),
-T<p< T T ~

6. (1) EXCP" — P HEBE X ={Us; 1<a2n+1} 1T
Uu:{(zlv"'azn+l)ecn+l; za¢0}7 1S(XSTI+1
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10.

W% B CP" —AEE. MTFE—1 o, & XBE 9o : Us - R™, #18

(uxlza"' 1ua,vi,"' 71)2) =‘POR([(ZI,"' yzn+l)])
1 a-~-1 a+1
- (re(5) e () e (55).
P A FAd
n+1 1 a—1
_.)Re(z ),Im(i)’...,lm(z ),
z> 2> z*
a+1 n+1
Im(z )Im(z ))
z® FAd

AURIE, 88— o HEM U BIR™ #IXU, BTN ARY CP” £
IR, B ITA RIS o @ Ua - R*" BRRFE, 3H {(Ua, ¢a; ua,
va)i 1 <a<n+1} B8 C°(M) HXH, BRHET CP™ L—Mt
BAHLEHN. Lot MFERE o, BREE « £ ' (Ua) LHRTARE

ﬁﬁ‘ﬁ 1 e +1

' niny (2 2 2
‘ TF(Z,"‘,Z )—(Za’ )zav ] o )
Bk, =« B,

(2) SeiiAAms 7 : SP° ! o CP™ B— WM. BT 7 = migznnr, WFE
B E pe ST
# Y ([p) ={eV" - p; 0 €[0,27)} = S,

ker &, =TS Nkerm. = T~ ([p])-

FR dimker 7. = 1. FTEABRST 7 MBRAET CP” #%N, FEWRE—
E&.

. WLABHE, o(S%)C S% 0¥ =idgs. 4G =052, W 6 AIMHAF 67" =05

EAEM S? MRBLTR, MR ¢ WRBLFRTRY 6 RIERE.

- BEBEIM 3, F 18~19 W] B—MEVIFERMAEERNEE, &

E LT LB RS E 30 (14, 58 42~46 T, 5 [6, 5 8~12 ).

- FIRRS WIR REE R, o RGEN RS AL R SHE R L MR K

ZRIEEE, REMAEEIEE 8 EHER.

FEHIEATUSHSE M (14, 5 47~49 T ABHE M (6, F 14~16
).



11.

12.

13.
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HRNBE RS HESRSE IR 3, F—FEIF 26 PRA(AEBHE
343~344 W). $b4h, RALRBS f OFEETER, XEHEMNT—
BRE R™ (n > 1) WRBSLH, EARATTTIASRHSE IR (34, 5 65~66
5.

MAAZEIESE 11 EE R” HENER, KIEW: #F Ue) B M #—
MR, WNTEENTS pqe U, FEXBRE f: M - M, 5

fp) = ¢ REMNA M QEBEEIER LRSI TEREN pg € M 5
5.

CP' TURHBWARBAEFR (U, 01) M Uz, 02) BE (BEFEIES
6(1) BHIMRE), }+

Ui ={{(z",2"); 2 #0}, U» ={[(z",2")]; 2" #0},

1,2 1,2 1,2 _ 2.1
@t = el ) = (Sl ST

o P e
o) =D = (Ee e )

Hep 2l =t + V21t 22 =22+ V=19% W o1 § @2 SPBIRN UL #1
U: B R’ il RRE. B—7m, M8 2 S8fm S° = {(&',2%,3%) €
R% ()2 +(2%)% + (2%’ = 1} X THABRNRERY (BELEIEE 4
), TUEX S? LR RELRER (Us, ¢4) T (U-,p-), 8

U+ = S2\{(01 07 _1)}7 U- = SZ\{(Oy Oa 1)}»

L1 ~2 ~ (=1 =2 =3 #! 72
(@°,8°) = o4(2",2°,2°) = (l_+—57’-1—+—:23)’

=1 =2
(ﬁ‘,a’)=w-(i‘,iz,f3)=(——~’” s )

1-8"1-33

HF o RBRBBE ¢4 : Ur - R M1 &° SIOXMHERMIEBS. B

P1(U1) = ¢1+(Us) = p2(Us) = - (U-) = R*.
BREL o1 M o BEBREN BN

@3 (@', 4%



M0 ARERARE
TATHE)TH @)Y T+ @)+ (@) 1+ @) + (@2

2N (@', 3")
_ 24! 242 (@) + (%)% - 1)
- (1 + (@) + (32)2 1+ (1) + (@)’ 1+ ()2 + (82)2 )
e SVAZ R
Uy 2 Uy, Yo U—U_,
%15

Y1 =¢7 op1, =l op,
W 1 2 BRMSEE. TR,

¢1|U1I’1U2 = ¢2|U10U2-

B, FTME 1 M1 ¢, BRERBE CP' M S* ZHMMIFE ¢
CP' - §*. B HEHHEBEBS ¢ MRAGEREXN (2,27 =
(#',2%,2%), Hep

1 2z 2® +y'y?)
T (22 + ()2 + (22)2 + ()2
2 2y's® - z'y?)

S TEEF A @R G

50 2@+ @ = ) - @)
@+ W+ @+ T

14. Vte€ (-4,8),pe U, &

' 8f(u,p)

9(t,p) = . " ou ds.

u=ts

15. (R4HE) B (U,pi2') € o, (V') € . HHBEE 3.3, TTERE—
A RF S BRUNV LHBREYR, FHHE oyl € C~. AW,
Yop !l € C™. Bl (U;s') M1 (Viy') £ C™ HEM. | (Viy') HiEH
#, (U;z)eod' Blt, o Co'. FEEE o C .

16. ZES%IM 3, 5 62~64 ).



17.

18.

19.

20.

23.
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AR A # 0. WHEFES {M\A, M\B} BB NREAERYFFn4
L= {Vaja €I} M1 Z2 = {Unsa € I}, BBMTEEN a €, Vo BE
BHAV. CUs. EXITHWFRL={aecl; Us CM\B}. MY agl
B, 6 UaN(M\B) =9, BTiH U.NA=0. T[4 I # 0. BiFS|HE
3.2, WTFERH o € 1, FFIE ha € CP(M), WR halv, =1,0< ha <1,
IFH halanp, = 0. RIFEER T WETERE, B8 f= ]I 1 -h)

a€ly

BE M EALFREXKERER. & F=1-f U F &M E8R%
¥OrHWEBEMER.
HRBUAIMT a1, 00 BB XERUEH o : Mi - M(i = 1,2) HREKEA.
At

1. (Tp M) Nas. (TgM2) = {0}
FHHA

dim(T(p, ) M) = dim(a1. (T, M1)) + dim(az. (Tq M2)).

SRR f EF—MRBAGSRARKERS, REHNA M HEE
.
il

Oyn,m) _
Nz, z2)

fARRRBA, BURRFEGRREKE. HABS [ ERTHE, HERE
o R THFRER:

-2 <0,

1 - ) . 1
T = Ee%(” Y (y +y2), T2= -2-(y1 - y2).

WA, fo T EERERTHRERERRS f 8 Jacobi E/E Jo,, FIHE
RravkeE, X

o oy
Jon = 8z Oz | _ [ €™ z1€%2+1
- 9y Oy e?  me2—1)
dz, Oz,

REBEE (FH 2.1), WHE f #REFRRA SR EZE BT RBIL IR
EHRE. HHRH fIEASBREARR.
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24.
25.

26.

ARERPRT

FAAESIEE 23 BHLERM R™ MiEEEmIE R
ZRSE IR (3, EH 4.4, 3 86 K]

(2) £ (1) IR HBRTLEFRET, m M m HRNERRKKZHZ
Be AR ) BUR-

(3) BAEME i : T" — C* = R X(FHMGHRAE. MTEEN
p= (2, ,28) €T, MiF¥ e < 1, 3if

Up = {(1+r)e™ 02 (L4 ra)eY ™20,
—e<r,b<el1<i<n}.
BN BLE ¥, - U, - R™, f§78
Bp((L+ )Y 128, (L +7a)e’ 10 20))
=01, 0,71, " ,Tn).

BHENY, (U vp) £ p SE R PH—MRBLIEE, BF o0) =
©,--,0). MBS U, = U, nT", B4
Up = {72, eV 1% 28), —e <8 <e,1<i<n}
FHEXWE ¢p: U, > R, 13
‘PP(emgll(l),"‘ ,e\/:—fanzat = (01,"' ,19,.).
B (Up,pp) BB T™ £E p I~ ARBLFE. TURE, o =
{(Up,pp); p € T} £ T" LiI—A C° HEMLIFFE, BHRET

T LR~ EBEH. SEWRE | XTRBLEE (Us,¢p) 8 (Up,¥p)
HREER N

;ngpoiogp;‘ :(01;"' 701!)'—)(01;"‘ )0n,01"' ,0)

B, BEt i EEES p BHERGERARGR —MRA. B T 2

C* =R WA TFHE. B, BRI T" LAMSERRHRETES,

WARE T TRR LR n MNEAYER, BT =8" x-.- xS,
A

n 4



27.
28.

29.

30.

31.

32.

RS0k (14, 512 6.7, 5 83 T
SR BHEICR (14, B 5.8, 5B 79 H).

#dmM =m, dimN = n, MR\, rank,F = m. FHERSTHELE
¥, FELp —NFSRAMBES m. RERHFHREHE, FEX
pEM FH—NREEIRR (U ;) MK f(p) £ N FHRBLIER
(Viiy®), R

FU)cV, 2'(p)=0, y*(F(p)) =0,

FH
YpoFop Yz, ,z™) = (', - ,2™,0,---,0).

HK, F= YoFoyp ' & R™ HMFF-F4 oU) BIR" HHFFHE v(V)
M, E

Fly=vy 'oFop:UaVCN

RN

¥ MM o(M) BREER, IBATHRE ¢ : M » N{EHEE i M - N.
FRABATFREHRERBLFER BBEREIES 25 &), TLOKGE
Y g BT RS p KE N FH—IFER U, £, NTTBRIRHK
go € C*(Up), MR Gplu.nm = glu,nm. BB, M B N BHHTFE,
B Uo = N\M & N ##&, 3#H {Uo,Up; pe M} & N f1—4F
BWH MREX Uo LANBER g0 = 0, WRARMIBEE, BHN
{90, 9p;p € M} HEE N LR ER §, H8 jlm =g.

BT ¢ B——#, BB ¢ TLHE M BB EHBHE] o(M). BIE
B 44, o ERWLEHA. HARME doM =dim N BHIER ¢ £F
HERERE. BLHM o(M) & N §—MFFRE.

SRS p A flp) BIRBARER (U;2°) 1 (V;y*), 8 fU) C V, 3#
Hz'(p) = 0, y>(f(p)) = 0. RMA v WRBLEFBY o' = (),
WA 2(0) = 0, 42 = o', Ko o' v = Yo' (p) BoE. MBS
Y =y% o for(t), W y™ = y°(t) REL foy MRHAFEHE. BE
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“4 ARERPRT e
X)
oy ggﬂ_ _q_ _ o st
_of
T ot ay Ty
HAmSHlL v WBGERR.
YERPRECE R Z FME S, o MTTHESHTHIBOEHE. SREL

33.

34.
35.

36.

37.

38.

tes |t FEE ¢ = 0 LRATHA.
WSt o F t =0 &8RO

B o BREEEN. BditH, HHAE, ranka =1=dimR, B o
R—MBA. B a(£2) = (0,0), & o REBBA, HTHARBEA.
BEX LR S, ME o B——RtEBS, 3#H o (t) LA NE. B
., aR—PTEBA. Kte(1,3) 8, KF (1,3) BEt WFRR, B
WA FHESEN, £((1,3)) HRRA F(£) 7 £(0,3)) PRIFFAR. TR,
T R? £ £((0,3)) EBTESMHIL, o REM (0,3) B £((0,3)) C R
gE S, ETARKA.
fERIER 6 = {&:} € L(V). d1 6 FTRUMES L(V) 9 B—K & = {3},
Hird = ~6,8=6(=2--,m). F =26 o WBRE det(a) < 0.
BRLL (6] M1 [6) B V ERRARRMER. FTHIER V EREXHEAEH.
mt, B RV LMIEE—-NER, & e L(V), 308 =5.b. FRE
= (6-a7):b = §-(a™1b). TR [5'] # (6], W det(d) < 0. FH¥ det(a~?) =
(det(a))' < 0, B det(a™'8) = det(a™'b) = (det(a))™! - detb > 0. B
i [8'] = 4],
(BEHM P EHHFHLIFER ¥ = {(Usizi)ia eI}, EX M
EHERLH o WTF: MFERRpeM, TR acl, BB pelU.. 4
o =[52rle, o sz lol By B M B —AESERIEEIA.
() B u B M EW—MEEMTEM. EX

% = {(U;z'); (U;s' )R M EWBEERELFE, #A

X‘T?&E% peU, Hp = [5%1";)) Tt ES_M!P] }



40.

41.

43.

44.

BIBELE T R E LEBRIE 7 WEE X 1.5 P&,

(LEH) & X € X(M), f € C®(M). ¥FEEH pe M, W p JHR
WAIRE (U; ), 3 Xlv = X' 5%, Wl X' € C°U). % q€ U,
(X))@ = X ()2 (a), WE X(Hlo = X . BN 2& € X>(U), ¥
L (Xflv € C(U). ¥, ¥ Xf &K p BERRY. & p &8
&, Xfeo>®(M).

(GEsrth) & (U;zf) & M EREE—-IRELIFER, #H Xlv = X'5%.
MTEBY pe U, BEp SHFBRV, BV EXR, #HV CU, L
ki e C°(M), B 3y = 2'|[v(1 < i < dimM). FRE X'|v =
Xl (@)l = (X(F))Ix € CP(V). 5, X' € CX, ATilEpeU
AR, X'eC>(U). Bh (U;r') &Y, X e X(M).

(1) TR £.X FENM C=(V) 51 C°(N) BN HERE 5.1 H89%
#, B f.X € X(N). sk, MTFEBYW pe M MgeCR,),

(£ X)F@NN9) = (£ X) (95 = (X(g° N Disom
= (X(g° N)p) = Xp(g © f) = fop(X(p))-

(2) HFEBH XY € X(M), g € C*(N),

[f. X, £:Y)(9) = (£ X)(£-Y)(g) - (£Y)(f. X)(g)
= (£ X)Y(go ) o f) — (£Y)N(X(go f)) o f71)
=X(Y(go N ' -Y(X(go Hf}
=(XY(go f)~YX(gog))f*
= (X, Ylgo M) o f' = (£.(IX,Y])(g).

BRSEIM (14, B 6.9 7 6.10, 5 84 ), HHHFZ SO(n) £ O(n) B
BAEES .

(1) RBUEHARYZ A N B MEB B FE B IR .

2) | X,Y € g B G LWERTHRYG. MTERY o € G, BY L,
REMEE, FEL (La).X, (L)Y € X(G), #BhAEIES 41 &,
(La)+ (X, Y]) = [(La) X, (La). Y] = [X, Y], B} [X, Y] BREFEH. B
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45.

46.
48.

49.

ARBRBRTE

g %&F Poisson ¥E5 [, -] REHa, HmlE® 5.2, g WR—TFERE
EXBH F:g - T.G EBUYTAEEN Xeg, FX)=X|.. BAF &
— gt ERELE T.G E3IATRE: [, ), #18

[F(X),F(Y)] =[X., Y] =[X,Y], VXY €g.

Wit T.G %FRE [ WR—IERE, T F: 9o T.G NRERY
.
(4) Bl 1.2, GL(n,R) £ R" $IF FHE, CETEEHTENRE. &
HEREHREMRSEHN NREETRHSTRAMEESR, THRE
JH, HLl GL(n,R) R—2%8. MAKXEIES 27, $ 28 FF 43
Hify R AT — %5 SL(n,R), O(n) 1 SO(n) tLRZR. E£—2H
G HZEMRY g 1 G ERR TN YIEN T.C ERERK, B4, GL(n,R)
1 SL(n, R) BZR¥A 512

gl(n,R) =M(n,R) = {&4k n BraLBoriE),

sl(n,R) ={4 € M(n,R); tr A =0};
BB, O(n) f1 SO(n) HZERBRAR.

o(n) = so(n) = {4 € M(n,R); A+ A*=0}.

EEEAN AR R RIE R E BRI TR T

(1) #1 (2) ZESE R (3, THE 3.6, F 293~295 T]; WA LIBEHE=%
% 7(1) &
(3) FAEEIES 39 .

(4) ZWB%30W [3, T 4.2, F 303~304 ).

FEAEIESE 43 EHE 4(4) .

AEERHIEATAZRS LM (3, TH 41, HF YT H]. 7B Xu=f
A p MIERRY u= [ fa', - ,z™)de.

BB BRI —HE, TR/ s,t, F ot 0(s,p) = ¢t +5,p). B
i, XF & po BHERK p FUERH f € C™(M),

ENE) =2 S,
t=0
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53.

I8~ 447

s= ( dt
0
d2

= a;a(f(‘P(t +5,p)))

d
(X*H)e) = o,

ﬂﬂtd&Mﬁ)

t=0

3=0,t=0

2
=g = S (e(6,p))

= 1o 2o ()

u=0 t=0

JSHEL A INRCEE. S2e
(X No) = S fott )0
i TEEOEDAL, ET % ¢ A
FOHEN) = 00) = £(1X, Y1)@o) + olt).

REEH 6.1, RRRIELUTHIEE:
(1) HFEBM ac AM), X e X(M)F

$(a, X) € C=(M);

(2) pest
@ AH(M) x (M) = C®(M)
R_ELHED.
(iRRER 7.2 BRER T, BRGEFARHRICHE
a(Xl’ . ’XT)7
BEpg

a: X(M) x - x (M) » C*(M).

r+1 4

BHERY, o R+ 1 KNSR, BMAREIER dv fl o EEE—D
ReRR (U;e') TRAMRGZEART. BERSR

8 a \ _ G, 3
“(aﬁ*“’axﬁ)-“(am*“’azﬁ)-

FBE UK BEFEENN TS, B FSESE IR (29, Voll, §
36 T, i 3.11).



448  JAEEPRF
5. (B) WM Xy =X, X5, -+, Xopy € (M), W

z(X)(So A ’(l))(Xg, e 7X7‘+3) = A w(X17X27 Tt yXT+5)
1 iying.
=;g61?-»r+: LP(‘YI'N"' :Xir)w(XT-f-lv"' 7Xir+,)

= iyring . . .

- Z 61--4:—3690()(11’"' aer)"'b(-Xr+17"' th,.,,._,)
1< <y
pgp1 < <ipgy

B (i1ings) B
1,45 BIHEDY

= Z 6;2:-;.:3 ‘P(XlaXizv oy X )U( Xegr, ,Xi,._,_,)

1<ig< <
fpg1 < ipgs

E_ (iZ"'ir+a) E

2, ,r+s KIHER)
+ Z (_1)7‘6;{"';1‘:1"""-#: (P(Xi‘, [ th'-.-)'
PTIPON
r42< " <irts
B Gaoairgaevings) (X1, X Xiy,)

B o2 r+s BHED
=i(X1)SO A 1/1(X2, te 1Xr+a) + (—l)rcp A i¢(X2, s »Xr+s)-

] 4
(XY e AY) =i(X)p A+ (1) Ai(X)P.

55. (1) f'o BRERXMHY. EERIE ffy REE C°(M)- KtEMFI.
(3) MTHEEM pe A7(N), £ M 1l N {RHEFRTHNE duf e
M frdve FER. BWTUSHSEIOR (3, @8 2.4, % 191 K]

56. (1) dw = —zdz Ady — (1 + z)dy A d=.
(2) dp = 2y2dy A dz + 2dz A dz.
(3) dw A —wAdy = (22% — z(1 + 2) — 2zy%2 — 22)dz Ady A dz.
(4) frw = (3v® + 6u? + 2uv — 9u® - 3u?v)du + (u'v - 3u® — v?v)dv,
frdw = (2uPv — 6u? — 2uv ~ 2u)du A dv.

57. (1) (REH) B M H—AER ¥ = {(Us;zi);a € N}, SR RER
¥ RBWARY. & {9.} BRARTHER ¥ H— P RUSR, o =



59.

60.

61.

62.

63.

JH—- 449
Y godzi A Adal, P FERM pe M,

a€N

9a (P} dz},lp A---Adzgly, p€Us;

0, p & Us.

MURE, & M EREERESGFALLR HEL m KIMESR.
(et Ww B M ER—EAHFH m KSMER A BX—THE
Vi RER AL AR AR A L AR

gadzl A Ad2T(p) = {

¥ = {(U;z'); wly = Addz' A--- Adz™, A > 0}

TBEE, ¥ WEE X 1.5 PRFHENRE, Bl M 2 ERE.
(2) MAZER G LHEBHNEH —~MERTEHEE m KIS K, XE
m=dimG.

BUE p BURERRIRE (U;z)), 18 2°(p) = 0. 4 w1 = z'dz?A---Adz™.
M dw; =da* A---Adz™t. BRA wl(p) 0, dwi(p) # 0. BIEIIE 3.2
REBMAEEIEE 58 BHER, BLRR v PRI M E®—1r
KA, B8 v EXp—ERV CU L5 w 8%

4 f(z,y) = log /22 + 32 M f € C°R*\{0}), HF df = w.

9A c')B oCc

do =0 HHF A,B,C WRAM -+ 5 + 5= =

B S%(ro) BB
x =rgcosfcosp, y=rgcoshsing, 2z=rosinb,
~n/2<0< /2, 0L p<2m

M wis2(py) = cos@dy A d6. EH;

x

5 2
/ w = /2 (cosO/ d<p) df = 4r.
52(ro) -3 0

(1) dw = af‘ Oft gzl A A d™, S Z 0% - (n—m)z) ™.
(2) @& @) Ellﬁl YUm=nht, wgRr— ’T‘Pﬂ%&ﬁ‘i’c
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65.

66.

67.

69.

MG T AR

(3) (FIE¥) MR ¢ € AV 2(R\{0}) M3 w = dp, M4, ERAHK
i S™1(1) LK Stokes X B[4

/ w= / de = / e =0.
sn—1(1) Sn—1(1) asn—1(1)

B—HE, TUERBRY [, w BRE S (1) BER, RHET
%, XEBATTAE.

2 WOMEA AR BRI Y ALY EES I REAYTREY {'} THs
REME A RAGIES R, TREBS T E {e:} 7 {) TE’J%!@IE;% 2
WO R w E {e'} TR RER A.

w BRE—-HER, EERBAUFESG (o, dy'} THEZHER
winti = 1. B, HEHBITHIRLLF HE.

Wrn:TM - MBARE. BB M Y—NREBBIREEY = {({Us; 2l )

€I} HFREBW acl, 4 Vo =7 (Ua), W TM # Vo LHAKFR

WAAEE (Vas zi, yl), HEBMFIEEHY v € Va, v WRIBLIF (z5,y') &

v=y WE. BR, ¥ = (Verzh,yi)ia € I} B TM
(Il_... 'zrrI)

—AIREE, FHMNTEEN o, B, ¥ VanVa £08f, UsnUs # 6,

RIBTE Vo N Vs ERSE

2
6(1"(117"' yxranyyéy"' »y«T) _ (6(131 ’:L‘Zl)) > 0.

3y, zg, k. yy)  \0@h, - ,TF

REyERSMEARAEEMNENL, M E@UERGMUIA TM WEE
B—EY B, ¥FEE-IUREY @&, TM 9EE—-IR
)X, DEERE X YRR EmERRE X M 5 TM
BYeEER—BR. A, MTEEMK pe M, M X p £8—1
REEBIRE (U;2"), B4, X, = X(p) & TM FH—RBLIHRER
(7=t ), b TM > M RS, B9 M B TM g, X
BRI R R N



70.

71.

72.

73.

HHRRE m ARYRIFR X ERRRIGE S RIFRES () Ts
B WXl =D X2 HHAREE, X fENBS XM o TM &
oM S T AR 1 B M

EXBSET 7 fITN - M, EBMTEEN pe M, n({p} xTsp) = {p}-
ERHER N H—RRTLIER ¥ = {(Va;v')ia € I}, 8 f(M) C
Uaer Voo MFEEHIN p € M, FFHEK p H—RBLITR (Upiz}) DR
a €1, %R Uy C Us. BITATVZE 77U, LEINRBRFE (z),v)),
A TERN (g,0) € 77U, (¢,v) WRELIRT (z5(g,v),v)(q,v)) B
zp(g,v) = 2p(0), v = v (0, 9) poxlro) W WIE, fTN QRHALIRE

=
m

{(Up; 73, 7);p € M}
WET TN B— RSN, EZRAERAE. MTEEN acl, B
5(93&54' Q/)a U xR" & TI’_IUQ ﬁ[rF

tba(p,v)‘) = (p) (')a,\
%B/A\, 1/)01 %yﬁ?ﬁﬁj%, %E.; LA {wa U xR* > W_an;a € I} yg%ﬁ‘

FRALSHWEPRT SR TN BA M ER— 8N n = dim NV gERNA.

EiEH B R—BN ¢ WREN, XEBEME M EH— I REES
{(Uaszi)i € I}, 78 E* BN Uy, LEERTRE 1< a< ¢
B TR p € Ua, {e5(p)} B E* =77 (p) HEIK.

T*M FHeREws E—EA Y. BHEAMYENRIE T°M 1 TM £
HYy BN

HEBRBEL, M bHE—AILEEE (Us;zl),a e I}, BEMFEE
B a€l, EfME T Us EEEXRERRE () 1 (£} TS
X m E®@E>MMm:E,QE > M, BEAMTI®8Mpe M,
m1(Ep @ Bp) = {p}, m(E® E,) = {p}. ¥ a c I B, 4

wa(pva,wa)—zv"eff)(pwz wa £\ (p),
Va(p,v3}) = sz* (p) ®f§°><p),

) Vp € Ua, (v*) € R™.
f(p)
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74.

75.

AR RORE

Vp € Uy, Y(v3,w)) € R, v(u2*) e RY.

W (7 Vs 2,03, wd) M (17 Ve 2,02 BB EQEMERE L
HRBBITE. FR, WFEEY 0,81,

("l—lUﬁ;x:‘uvgawé)*ﬂ (WI_IUQ;ZIZ,UE,’U)E)
& C HxM,
_ . N _ ;
(72 U 25, v6™) # (75" Up; 25, 057)

R O~ MEH, EMPNHET EQE M EQE LiklaH. et
ARIEBRSER (Yo : Us x R 5 17 Uasa € I} #1 {tha : Us x RY -
73 'Uasa € I} WHREX 9.1 Fli%M. BI EOEMEGCERMEQE
BE M ERHFRBEN, EIBRESRE g+ 4§ 1 4.

% dim M = m, & A"(T*M) = U N (T;M). XS m: \T(T"M)
pE
- M, EFBMTEEN pe M, n(A" (T, M)) = {p}. B M BJ—LIRE

# {(Uo; z0); 0 € I}, MMFERE o € I, ATLUBRSBE ¢o : Uy xR —
”—IUQ, ﬁ&

¢Q(p7 (ai1-~~i,-)) = Z a,'l...,-,d:zf,l A A d:l)f]".
1<i3 < - <ir<m
ALHERA, {(Ua;Th,8i-4,);a € I} R M EB—4 C° HEHLIFEE
BR#ET AT(T*M) L#— 2N, BRI, lﬂféﬁa‘& {Ya;a € I} ¥
REX 9.1 &

B, MTEEN (p,9) € M = My x My, T,M; 1 T,M; 8B HH
BE[E T M 8FZEHE. FEL, SFERE f € CF, (M), BEE
q B9{H, RATTLME f BER My LEXTE p MOEREHEER 7(.q).
Hit, MTERH v € T,My, ETURN Tp oM i f o o(f) =
v(f( q)) BFRERVIER, BT T,M TTURN T M #—ANF2H,

Eﬂﬁ TPMl C T(p.q)M- R, TqM2 C T(p,q)M~ ﬂtﬁ‘. ;Fiﬁffﬂ, ﬁ?yﬂ
To.oM WEMFEE, T,M NT,M: = {0}. EASR dimT, M =



76.

I8 — 453

dim T, My + dim T, M, {858 T, )M = T My @ T, Mo (2B A EIHE 18
B). EREICT, TR XS ¢ : TM — o1 (TM) & n3(TM2) T

D(v1 +v2) = ((p,q), 1) + ((p,q),v2), Vv € ToMy,vs € TgMo,
V(p,q) € M = My x M.

RBHIEIA 7] (TM) 1 n3 (TMz) @HERERABEMEEN, THEILE
B, BSt @ BREIBNA TM 3| o1 (TM;) & m3 (T M2) KR,
Br:T'M > MBARE, dmM =m ER M @H—PRBAIEE
B {(Uaszh);o € I}, WH T°M FRREFRASER {Yo : Us x
R™ = 77U}, HFMFERY p € Ua, (va)i) € R™, ¢a(p,v(ay) =
¥ V)idzs; BB {77 Va; 2, v(ayi);a € I} B T*M L#—A R
Hﬁ Xﬂ‘ﬂ‘ﬁ*"?‘ a € I) é Wa = Z‘-d{l}; Adv(a)i- % a)B €I #.ﬁ.
Ua n Uﬂ # @ B‘J’, ﬁ X
ozl

V)i = V)i 3;?

)N
;. Ozh dzl, Oz},
dzp = ?adffn dvgey = 5~ v 37 dV(a); + V(a);d (5;;) :

FRE ' (Ua) N~} (Up) L,

; ozh . . ozt
Zdz,’s A dugy; =sz{, A (6 7 dv(a)k
i

oz},
+v(°,)k——ar (%3;) dzi,)
Z’f g’;’ dzl, A dvgay
+v(a)jg%i - é’%% - zzfdz’ Adzh,
=dzl, A dv(e;,
HAHB=ASAMAT
a—’i‘.’ Oza _ &%

8zl Ozp
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77.

78.

1.

ory 9*zk Oz}

”(a)kﬁ : W ey
FETHE4F J, L BOXTRREE. XA, 78 7' (Ua) N~ (Us) BB we = wp.
Bk, REENR 2 KIMESR {waia € I} BET T°M Ef—EEK
FEXH) 2 KNI R w, FRMNTFEEN a el w-1y, =we. BRwE
—AERILR 2 KHERGA.
SHTR T, M ERSHETERTTUERER M Ep —N (1, 1) HKE, &
ZIFR. L RA, L(p) = T,MQTy M. W {e;} £ ToM —A K, {w'}
REMIHBE, UTTLAEH {e:i ®w’;1 <i,j < m} & L(p) — & B M
H—ARITWE ((Us;2');0 € T}, FE {ﬁg ®dzi;1 < 4,5 < m} T
BB Yo : Ua XR™ = 170, WEBMTERM p € Us, () €R™,
Ya(p,a}) = aj 58 ® doh, BA {(n7'Ua; 2k, 0}); 0 € I} H—ALARBH,
TUE L(M) LR REWEZRN m(m + 1) EXBHE. BH
RE, BHE {Yo;a € I} MEMBEAE X 9.1 FHKM. & L(M) B—
A m® WERA. Fet, LEAOWENEBEAT LIM) E2 (1) A
KBTI (M)=TMQT'M.

%mﬁ 1.6 *%E%v é\ Va = {[(xla"' ,$"+1)] € RPn; z* # 0}7 1 S—
a<n+1. ﬁ)‘(ﬂ)&ﬂ? Yo :Va xR "-I(Ua)a B
1 a—1 a4l n41
‘/’a([(zlu"' a$"+l)]»A) =A (%‘;’-“ ’Iza 'L zza v ’xxa ) ’

Y[(z', - ,z"*)] € Va, AER
HERHE E = elijp B, LHE—A T2 B0t N, BRE—1 ¢. K2
I3 n

FIEE. #H RP" 1 Vo LERELIRRE 0o, TUWE E LHRELFF
(™ Vo, ¥ o (pa x id)). BHRIE, FLRHBAITRERL C™ HXH,
W7 E L#E T —MEBEW. RERIERSEK {Vo;a e I} MREX
9.1 Py,

3 B =

BERREFEMNE XEERIENT. Wi, g¢= g x g HESEERM
-F= & (pyq) € Ml X M2s Yu € Tle, w e TqM27 ﬂwﬂ-} g1 *ﬂ g2 E‘JIEE
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#, g1(v,v) 20, g2(w,w) > 0, HPFHFHASFER LW TS L ERG5
Bov=0Mw=0 HHK,

(91 % g2)((@1)wv + (@2)w, (1) + (a2).w) = g1(v,v) + g2(w, w) > 0,

HAGERILHEMNY v=w=0,v+w=0

-’ (U5 F) B M B SEEASREBLITR,

i 8 8\ . .
gij =g (%, @) y G = det(gi;).

XUNT#£08, £UNT L,

a(gly"' ’,gm) o aik 61.3’ -
Bat,am) ” 99 Bt e
oz, ,2™) . o~
i m_ St )
dz' A---Adz —6(5:1,---,5:'")dx Ao ANdZT,
PN £ Rt i N
6 = aato) =6 (ST

- B (U;2h) R (Viy') HBIR M AN LERFAG 2 MR R

R fO)Nnv£0m

GAES S BER S

Ko Joy (f) £ f XF (U;2°) #1 (V;y') 89 Jacobi SERE.

(1) B AQp) = —p B A BAMFAELY A.(dp) = —~dp, Heb dp B

S™ EERA p LW YIAE. Hit, (A.(dp),A.(dp)) = (dp,dp).
(2) B, moA=m fRIE (1), B A: 5" - 5™ RSE. Hit, U«
REFEE RP® LALREE—— I REFR, LELRBRH.

- BAS o ST AMBEBS (BRARIES 4 8), Y. A R S

HIRATR (BEEEIEE 3 H) LAY n HHK. hHEH, RP
RS AN n HEFH.

(1) B (U; &) & M LB 52 REFHREBLIER, §; = 9% 3%,
G=det(§i;). XUNU#£0M, £EUNT F, -

1... m
S ICHLAN Jaz' A~ A dz™,

1 m
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72ﬂﬁﬁk7

eman 2

; 3 o( &™)
Z( 1) ik .’I) ik = 61153—(1:—‘-77-5:7)-

o (~1)+ 4 R 22 78 Jacobi R Jx PRIRBATR.
(2) ERTLARR (U; ') TRTTE, HHA

1 m{ 0 a
dz" A Adzx (axn RN 61:""-)

i+ gi A m{ 0 (7]
=Z(—l)+6;,d:cl---/\dx -Adz (6z‘2 5;_;)
. (1) SeRBBE ¢ # Jacobi JERE
—fsinu f'cosu
J(p) = ( fcosu f’sinu) .
0 g
RiE J(p) BBAbALN 2.
. (1) ® g€ N. HEMARNHREEITLUNE F, = f'(¢) LH—K C™

XK RBLER, NTTRET F, LAXRSH. REFEHGITES
i:Fy > M Bl A.

(2) B8R, m,m HRER. XTEBR p e My, g € My, n7'(p) =
{p} x Mz, 731 (q) = M1 x {q}. ARBUFEBRBOEL, (on).(TpM)) BRER
71 My x Mz = My R (p,9) BKFZEER, BF (m). T5 LM %
FEEH:  (02)o(TyM2) RESR 72 : My x My — My #8 (p,q) BAKFY)
2, BE (m). T5H T,M; SIERH.

(D) Bro€E K, >0, vp = (v)) € R™ & g(zo) WIRTFIFEM Mao) B2

SrFE R, W gi;(zo)vivh = Mzo) L(vh)® = Azo). BT 9:;(x) TEX 2o
ALY, FE zo KPR U, BATRERA X, 19:(z) - gi5(20)] < 3¢
U LRSI ERA, FEER M, SBEU L 9@ < M.
BEAFE 0 = (v) €R™, BB v'v’ — vfof| < Fize. FR

A=) ~ Mzo) =M(z) 3 (v')? = Azo) 3 (vh)?



11.
12.

B | 457

<D (g (@'’ — gij(zo)vord)
<3 lgis @)liv'e’ - vbod
+ 3 lgii (@) — gis (@o)llwovd] < e.
B—H, HTFEEH z € U, | g(z) 80— METHIEHE A(z) #9200
EEE v(z) = (v'(2) € R™, BER—ARAEE v = (v) € R™, 7§
o) — v'v?| < gire, MR EEMASRTH
A(@o) = M) =A(zo) I_(v8)* — Ma) Y_(v'(2))?
> (9:5(zo)viv] — gis(@)v' (@) ()
>~ |gii (@)v' (2)v (z) — g3 (o) vpvd)|
> — (3 lgss(@)llv' @) () ~ il
+ 3 lgii(x) — g5 (IL‘MHU(’SU%I) > —e.
FRY z € U, # Mz) - Mzo)| < &. K8 Az) 7 K SoER—
zo RSt RETE A(z) Byt
HAARERER (BEE—EIES 9 5).
(1) Vg € M, T,M B ERERN & = (2, 200 @ kmeT
N',. NTH RE

m+1 A
if—.-N":O, 1<i<m,
oul

A=1

B Wl .owmtl= N N
(2 BZIERR g=Y gi;dv'de, Hep

m+1 A A
af” of .
i = —_—, < s < .
g] — 6u, a’ 1__1]__7)’1.

MATAIXHERITHE G = det(gi;).
(3) HEIHHA

i€)dz' A Adae™ |y

_ A+1WA 1 T A m+1
=> (-1 et A AdZAA A |y
A
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13.

14.

16.

18.

AME R AT

w4 aft  BfA afmH i T ima
W au”...—,&—l:...m.du /\.../\duA/\ . /\du

=W—Z(W") du' Ao Adu™ =Wdu' Ao Adu™ =dVi.
A

c Yﬁﬁﬁ?ﬁﬁﬁ%%ﬁ? R, IﬂSB‘J’z =z’ +\/—y F£ (2, z")

o([ut, - ,u")) = (cosu', - ,cosu™,sinu’, -+ ,sinu™),

TE [u!,- - o] BARRTHERIX. HROREANITE.

(1) G EMRER RE FRTRAUERNY (11,0) - (22,32) = (172 +
o1, 01y2), BT (2,9) 7" = (—2/y, 1/y). ERERBER ¢ X (o,y) &
B R (L(I_y)-l)"ge.

(2) EERFT g = —4dzdz/(z - 2)*.

(1) B wo € A*(T2G), wo # 0. 4 wa = (Lg-1)"wo, Va € G. WMTFIEE
#beG,

(Le) w)g =(Ls) weg = (Ls)" (Lg-15-1)"wo
=(Lg-1p-10 L) wo = (Ly-1)"wo =wg, Vg €G.

(2) TiEH: M TFHEEH a € G, Riw MREBEREH, BWNATR Riw =
fla)w(Va € G). HiEH: NTFHEEM a € G, fla) = 1. XRIENAT
Riw=w,Va€QG.

(3) IR () MERERRBRH. M v WEATHEMRE LRI
BEHRAR BRSE R (14, TH 2.2(iv), ¥ 239 ®)) HEEH.

((Ra)s(u); (Ra)s(v))ya = (w,0)y, w,w€T,G, y,a€Q.
BAEREFEBOGFEEN A —MEATUSRSE R 14, #iR 3.7,
274 T

(1) MAS—EIEE 28 mHNB () AEHER: M TFEEHERE
miEE XY, Z, {X,Y],2) = —([2,Y), X), \TiH (DxX,Y)=0.
(2) DxY + Dy X =Dx4v(X +Y) =0.



19. BABERERTE, HHRRSELRTLRFE, FUTUER o BE
B EREAMHT, MTERN XY € X(M), RILMTHXER (BEF—
BEREE 39 &)

(‘p*(X)v(p*(Y» = (X7 Y)7 (P;([X, Y]) = [‘Pt(X),(P*(Y)]

BHAFENESE O GHEXLREBRENAR.

MR E PaI & REBE By “FERN, it —Emr. FEH
EF 0. (DuX) € p. (T, M), BEHELT Dy )9 (X) F—R5 o(M)
Y. HmEEEERA i: S > R°.

21. MEBENE X, MTEEN Z € X(M), g(grad ,p, Z) = Z(p). BHAX
HIEE 18 EPXTEEREMESA. FEWFIURBN T EESE
EE: 4

DxY =DxY +S(X,Y), VX,Y € (M),
MWD BREM L —AERBEE B, HTIEBER, RINABIEY
D 5k g RSN, HiERSR

22. (1) HRERE 4.5 MIEHHSREEIEE 18 BHE Ry E.

) R ERRSBRERFATARNARY LS BERIHT 4 39
W IR BRI KA

23. (1) X £ Killing MBEHHHNY X FERYESBEHREF o REEY
BE, IMTEEN g€ M UREEY ¢,

((‘pt)"Y) (‘Pt)*ZNw(t,q) = (Y) Z)lq
HS
({(DyX,Z)+(DzX,Y))(q) =0, Vg€ M.

(2) MA%K (1) UREETEE 20 4.
(3) ML, TR p B~ E, X AR HE. &% Sl p 5H
Ep RE X(p) BHMBME. | S p KO~ PRBLITE (V;2%), #
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24.

25.

S KPR

B (V x (—e,e)ia%,2™) & M 44 p RHAIRR, HAE X = 500 W
e (1),
5o (0) = (e X s ) + (Do X, ) =0

(4) FENEXFE R® LAEEY, R L#y—1 Killing FIEY X Af
WTH— R

X=z-A+v, Vr=(z' - ,z")eR",
Hf A+A4'=0,veR".

BBk D EERBAIRER (U x Vo', v°) FTHRBREERN M9 MR M
M, HRSERSBIY g M b, W My x Mz LEORSERR G=gxh 8
ERSHBRPWEN, B Gij=gijom, GV =g7om {15 v HH,
Gag = hagomz, G** = h* omy {15 v* H%, H#H Gia = Gai =G =
G =0. TR
Gy _ 995 . 0Gap _ Ohag
But  Buk Dy v
£ERRFRN ISp BTEAXB BRI BRLER.
V) B MEWREERY §. MTEEN s M, it p= f(5). BHEEIE
B59(1) H, W¥ FES p LRFE F, = £ (p) & M HBAFHE. A
RIS B IER X MREAK TR R —0.
(2) & X,Y,Z € x(M), T € X(M) R—MEZMESH. HMAXER

X,T={¥,T)=(ZT)=0, X(Y,Z)=X(Y,Z)of,

[X,Y]o f = [f.(X), £-.(T)] = £. (X, YD),
f(X,Th =0, T(X,Y)) =0,

o 3.

i
(X, Y),2)=(X,Y]),Z2)o f, (X,T),Y)=0.
MHREREIGE 18 4
(DxY,2) = (DxY, 2), 2DxY,T)=(T,[X,7)).

(3) MASR (X,7],T) = (Dx¥ - DyX, T).



26.
27.

28.
29.

30.

31.

32.
33.

34.

JM= 461

p(z) =z - A+b(Vz € R™), Hft A = (a}) € GL(m,R), b € R™.
BR.EXGREFRY {e:) FEIREX. Bk, RATATUE—MEBLITE
(U;z') T4 ei = 32, i w' = do’. i FHTF d f1 D #RLLHH, TR
¥ o= fdz"' A---Ada', K r >0, f € CP(). &D_QT;,% =Tz,
M D 34,;_‘(1%" = -T%dz. 8 ¥, dz'AD %(dzﬁ A-CTA dz’") =0. F
2

> w'AD8=df Adz" A-- Adz'T = d.

PAS—EHER 7.3 AEEIEH 28 4.

(2) HABAF IR AR IR RER N FE—RNER & M C N

HEATFHE, X € X(N), MBXTFERS p € M, H% X(o) € T,M,

W X|m € X(M).

(3) MAAEIEE 18 EHHaX, EE g HBE D i TAEAHE:
D, e2 = %63’ Dejer = _%635 De,e3 = —%ez, Dejer = %62,
De,es = je1, Deges = —1eir, Deyer =Deye2 = Deges = 0.

ERBAIRR (U;2') M1 (0;8) T, MASR

a(ijlv"' 71.7].".) — a(i'lr )im)
6(1;j1,... ,zjm) - a(xl,... ,zm)’

K 1o g e 1o m YRR —HERY.
A RTHRE (r,p,0) WRERR

9,20 198 1, 09, 1 &
T Ot T rdr  r20p? r? S'o&,a r2cos? @ 862"

A

B § WA g BRY § = dr® + 7.
Br= VI M

=1 i i1 S U ST S n

*a_’r"’;z *dx—rnZ( 1) z'de A---dzP A .- Adz™.

MAFETER 6 MU RBEHMIHEAR (5.1) IMTEAEHER, &
LRI LUE BT IE ARS8 T B BEERA.
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35. (1) ARMEXHERYE (e} REWEFREY (') TEIHE 8T

E8H B € ATH(M), RMAAEIESE 28 @Rt d6. B X =
2 (ilej)a, Ble;, IR

div (X) = (a,dB) + <Zi(e,-)(Deja),ﬂ> .

)

BT 0 RERBHE, WieE M bR EBEEE (B8 5.3)
8

(60,8) = (o, d8) = (= Y i(e)(Des), B) -

@ Ha= (—;*{—l)jai,....'rﬂw"‘ Ao Awhr Y

(3) ® {w'} BIRET {e:} WAHEIRRS, 4 X = X'e:, W
De,ax = gij‘jiwk,
Ed X7, 1 De, X = Xe; BSE.
36. Bixt £ 0 f2 B (5.19) R.
37. MEHZESIESE 6 &.
38. (3) BELXEIEE 36(3) A
39. (1) (Aw,w) = |dw)? + |dw|?. :
(2) REBIEH d(A™ (M) @ §(A™TH(M)) C AA™(M)). W w =
da + 88, a € A""Y (M), B € A" (M). #3 Hodge HMBRERITITHS
.
a=da1 +861+v, B € AT(M)y
B=doz+8B2+72, € AT(M),
B =daz+6883+v3, az€ Ar—l(M),
ay =das+88s+v, Pa€ ATH(M)'
FALR (1)
da = Adas, &8 = AdBs.
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40. X FHEEMH w € Z7(M) Cw € A"(M). B Hodge HMBEH, I a €
ATTHM), Be AT (M) Fiw® € H, 18 w=da+68+u°. FIAEZE
S 40 B (1) i 68 = 0. BIEBARR w = do + 0 HME—
.

42. (2) B9 Gauss-Codazzi HESHF d(dry) = 0, d(dn) = 0. FHEREEL
R dr = T wir; + win fl dn = wir; fRA.

43. i (U;z') & M EH— A SERHEGRTLIER, BVTBHATHL
BYHEEHRAY v C U BERAL. RFIE v SREREA TSI
BB AT AT LME P, S BAERESMRITERASERRNEE.

4. 1)\’ n 2 M EHRRERY, W

dX daX

dt -—D.7 (t)X+ < a ,n>n

(2) & v BKE ~ BFETEMHALEME, 8 Dyyy () lv. 44
Doy (1) Ly (8), M Do)y (t) SEALFATFEAE ARG n. iR
(1), '(t) B v B FATRIRY. HRAHEFTLAER: 4T 5™ ki
KBRS,

45. () RS, 9) F, {2, &)} Wy RBEMEXHFRG. F8 X = (a(t),b(2)),
WA a =cos(F +6(t)), b=sin(F +6(t)), &+ 6(t) BN Oy S EEF
X(t) WA '

46. HRIHL v 5 S? MYINEE C. HH S? Sy v WEFBIHT LML R
O iy (TEHE. dRiRE, o Wy BT EN— A EREE
mF R Ry EWB—K, ORBE CHTA W vk y8 g HBT
IBHMYTE C LINEHK Op 18 v R v 5 Op RARENHSR

THHE O K, BE C EMERL Og R v 5 Og HEARELHE
HTFBRHIN ¢

A-TEMRETU AT ERL: ] S° erEy
z =sinfcost, y =sinfsint, z=cosf, 0<t<2m 0<O<m,

Bl v ETBLER Y 6 = fo(RM). Tk Bk, WiREMIME v %E A
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EERARF

47.

48.

49.

&, By WFTBINEN u(t), p=(0). W

cosa d . 0
o(t) = méz +Sln(15-0-,

Hb o B £ Bl o(t) BWHEM, oo =a0). RAFE
D»,’(t)'()(t) = 0

WA, o= (cosfo)t+ ao. HELATER v v FHEINF—TER
.

B M ES p GREBEFR (U; ), WTR X = X ()21, RBUEAN
¥ TM EREFEENE X
ax o
dt d«t

o _dato
"5zt T dt oz

dXx

Df,-x= p:ai-,

| +X'D,
14

B M EE p=n(P) ROFFRBLIRR (U '), (« 71Uy ) R TM
H P HRBARR. B TM BRIk V. W € Tp(TM) HRTLERR
RA

d

V=V o5

i 0
o =W s

AR S BR A A0 2 SR _E— R 25 2 7T DUIERS.

+Y! 9

; 0
+X* —
P dy

A

’
P

;0 i
V=V 55—.(})), W =W 'a—;(p),
Dv i a i a
E'(P) =X %(P)"’yODx.V%’ ,
Dw i 9 i o
TS‘(P) =Y @(P)'FyoDw.vb:c—;-

HETR, W (V,W)r SHL v(t) f1 w(s) HRRERE.

sk, 52(0), B B2(0) MR (V,W)r BZERMER ¢ HIERHETH,
(VW) (F V i W REEWHS, FEXREMERTE PeTM.

() & p=n(p). YV RBEYFRE, FE 7' (0) = ToM PHIEEHL
v=0(t), HE v(0) =5, 0'(0)=V. i}, mov B M LRMESHBLK T
REFEIER TE, 220 =v(0) =V, (V) =0; % V BAFHE
o, AR B R v = v(t) R v(0) = 5,v'(0) = V. B W € T;(TM)



54.

55.

B TM ER p WEE—MEEVINE, Nk g(W,V) = 0(YW € T3(TM))
WS 320) =0

(2) TM LEY#IZR v = v(t) BKFA Y HM AR o' (¢) faERKF
Mg @ (1) MERSA, EESHT 32 LamE.
HIRE—EIEE 70 WHH 8.2 Bryts.

B {e:}, {Ea} #0 {Fa} A BIRMBA TM, EO f1 E® by B8RRI,

W {Eq, Fo} M1 {Es ® Fo} #BIRMEN EV 0 E® 1 EM @ E? k@
REES. MR T 5 A T 25 #5RRE DO f1 DO %F (B} &
{Fa} B RY, HEATEST, DD @D® ERTHES (e, Fo} T

WK R BR

1) 2)
Ty =1 b, T2, = B T =T% =0

DM @ D® 7RG {F. ® Fa} FTHRBERANE
(1 (2)
r) P ia T8,

SARERBA T] (M) LESRENELBH (r,5) H3kEY » RAHE
SBERBTEG THREX, KREHXMRERATE (44) R.

3 & =

@) Ba=1 (O AER WH v R

gz—a—cosﬂ dv _
dt "~ f Cdt

Q .
B ,
d*u ffdudv _ a d
Wt g e = paleosh)
(3) By MBY ¢ HTWKEH, WH o= (@) = 1. %y RRFFL
i, ERRSTHAEATL (MRL), BHLSHNFIE v = v(> 0)
Y, REHRYIEFHTHSH ¢ = 0. I Clairaut XX, # v RY

cosf3 = %0, sinf = \/1— Z—‘z, v >vo. WF >0, 38 4(t) B 2 B R
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JRERPRT

BEE oy VH LBRER P, OP MENHEZS oy Fll ELURS A F 08
BEEXTH Q). Bt Q) B XMHERILH H(t). HHME

~t du
¥l = n

= %cosﬁ.
FRY ¢ > 005, WML - FiTs FEE
1 +o0 1 +oo 1
Rd = ﬁ —cosﬂdt o7 /(; ~U—2dt.

B & MRERER Jm u(t) = +oo. BH

Aol | a, +°°1 1+4v2
Rd:—- dv =
2n v dv 27r vo vz—vo
1 +°° dv
>~ — = 4+
T v

FIREEIE, v £t A 0B —oo (YRERBEALE - BRI ABBET
gk, (BRI RNIEFHEER.

- B A TM - M BARY, a(t) = (aft),v(t)) B TM FHIEL. hyIA

TM FiESER §HEX

@' (t), & (1)) = g(m.a(t), mec (t)) + g(Dyrv, Dyrv)
= g(al(t)’a’(t)) + g(Du’va Da’”)’

BHBE_EIEE 49 8.

- MBRBHE o SRE_EITER 11 8), EABELYRERE (B (a),9)

(a = 1/v=c) LRYRBFE. 7 B* (a) PEHANERFE 2 = +V/-16,
5y KA B

2z+zoe" 16
%oz + aZev—18’

# B%(a) LERMSETREWE (B2(a), 0) BIE HH—ASBE. (B (a),
9) HRL 20 HNMERGHR 0B (a) EXHBMNRAE. FIFIRIILY
o BB, FEEE H(c) PHFE MBS R LARE.

20 € B*(a), 6€R



5.

10.

Az e
FAEIEME 4B, ida=1/V-c %

2 k\2

B = {(€) €’ 16" <), 9= (ai;‘;%
W H™(0) SRETH (B(a),g) & R o THE (SHEEHE
23 AEIES 11 B). ERBIFY (B"(a),g) Litit, I AMFRHKE
2Bt SO(n)(BFH—EH S 43) & B*(a) LAOBEAR. RIERHE Lo
RS JEE 4 EERTRAE, WTER p € B (a), (B*(a),9)
AL p MR 5 RIRE OB (a) EAH IS ALE. FhR
B o 52 XETTRBE] H™(c) S5 MAEL.

R o(v(t) = v(—t). BHAE-EMEE 43 URVITBIIHER
EHHIEL.

(1) SHFEER to € (—c,€), & (to) =y. WHEREHE, t- y o)
R X M@ e EHBSHZE: v p(to) = e. BB HMRRME—E,
o(to) o) = p(t —to). TR ¢ TUT RAIERE (to —e,t0 +¢) LHE
X HEAEEFE, ¢ EEDNR EHE G BN BF o(t—to)op(te) = o(t).
Fre ¢ 0 to MR, BB ot + 5) = o(t) - o(s).

(2) B, HEBE-EIEE 198, ME X B G LHERTEREY, NE
DxX =0. TR G HFFESHFHBRMME. BhM—, Medik
B R B BB T B

B/ oo, t € (—ee), B X ERMRESE. BEIUEH, op) =p Ve

TR X £ p Kl —NER EENE. Bd M EEHESFHE®.

(k—) M ARE 1.8 W Oy $ix E4 L ERBHRE R, 9) L
MR BFEERFELHR

az+b
—

_— = —1 - =
=T d z=z+vV-1ly, a,bc,deR, ad—-bc=1,

EAE Oy A IEXFRE H O #5808 X RBAEFTF Oy B
HISE: 2 =120,y > 0, BN LR FARSTRER (R], g) LAyl

ERIMT (R, 9) FHE—NE p UREELHE—NTH » HE LR
MEERNLEL A p AT v WY, RNEB/BAT RS, 9) LHFAEN
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11

12.

13.

14.

HiZE.
(v ) RMHL v(s) B s RIWKSBE, A £ 5 Y (s) WERAR
6. mBiEE M 7R A AR

dé
i cosé.

WM cosf =0, W = = WH, WML v BEHT « BESL W
B cos0 # 0, M de = —ydf, dy = —ytanfdf. M/ z = —csinf + xo,
y=ccos®, P c>0,z0 e R WA (z—20)’ +9y° =% y > 0. XRU
(20,0) HHL, ¥2BH c WLPRMA.

1 Clairaut X% R (BEEEIEE 202 ) &, BT M 2>+ =1
TR RE S, FITRMBEREER 1.() = (sint, at,cost), —00 <
t<400,a#0. RE—BHE AR qg#p WR20=-1,%a=£,
B va(t)(0 < 37) MRER. TR 20# -1 R 2=1,%a=8 1
Ya(£)(0 <t < 27) EPWRRER; MR 2 # 1, WFFEHE—H] to: 0 <to < 2m,
to # m, {8 zo = sinto, 20 = costo. X to € (0,m) B}, M a = —51,
W va(t)(—(27 —20) St < 0) WRER; K to€ (m,2m) B, Ma=1, 1
WHLE 72 (8)(0 < ¢ < to) BWREX.

BUE p 9—MERRER U R T M — A RAERREE {e:}. REFHE
{e:} BREMMEHATEITHI.

MTEEN pe M, i/ {e;} B p KEHEMMBTITHRES (SEFEIH
% 12 ), #18 (Dee;)(p) = 0, {w'} & {e:} B BIRES, o) BREEH
BETF (e} MBEER, WH wip) =0, dVy =w' A Aw™. MTHE
B X e X(M), B X = X'e;, W div(X) =Y, ei(X*). B—HH,

HX)dVy = Z(_l)fﬂxiwl Ao AW A w™.
B SUAT e p BLE
d(i(X)dVam) = div (X)dVas.

MFRHIR Bp(d) PHER—M o, FFE v, € T,M, WE vl < 6, #H
Y(t) = exp(tvg)(0 < ¢ < 1) Bi## p,g WAMMBE, B dlp,g) <



15.

16.

17.

M= 469

L(y) = |vg| < 8, B g € V,(6). FFEL Bp(3) C Vp(8). R2Z, MTFEREK
g € V,(8) CU, MERIRBBHEX, LF v € ToM K& p,g HRH -
B v(t) = exp(tvg), 0 <t < 1. B, |vg| = L{v) = d(p,q) < 4.
KR vy WEFE ToM FE—DEREN 6 BT Bo(6) M. HMMIRE E
X, q€Bp(6). WMIXH Vp(6) C Bp(0).

ERRZE R FER—K p # 0 B d0,p) = 5. FHRIE, R™\{p}
i, Vo(28) TR R™\{p} ey,

B X ERMRMASRTHRBER o(g) = o(t,9), t € (-g¢), 9 € U.
BT X, = 0, ¥FEEM ¢, o(t,p) = p. BRI H(6) BEE—TEp
HAPOHRMBRE, g € S0). i, X @t ¢ HHRSHARE
(t) = olt,g)(—e < t <¢). WFHB-IEEH t, o BFETHR, ©
EAE p Bl g REAHEBRE IAE p Bl o(t,q) HREWMHE, B
& d(p,e(t,q) = dp,q) = 6. Ht HEEHE, () C H(0). BN,
X, =v'(0) GWMERE S (6) R g YL

(1) B peM, (Uiz') B M L p H—DEBIRR, WE

9i(p) =g (%
Hi % RER g #£ (U;z') T Christoffel i85, XF v € T,M, 4
U=x"'(U), W (U;z*, X7) & TM fEH v QD&Y RWLIRR, EHTFER
B (g, X)eU, X =%, X7 5%, it TM LXTHSER § fk
BT dVrm ZEERIE (¢, X) € U bHFRER, HFRPEEFR UXU L
HRBUER g x g BBEEHOH 2.5 MZEIES 49(1) ) £ (9.9
AhEEBUT. MBE_EIEE 35 W, WEY G WK dvG L5 TM
LRBBTAERX. BEET G RAFHREX—FE, TUA UxU by
FRBER g x g Rit}

0

)
J
» or

) =6&;, Tip) =0,
r

div Gy = div gx4(0, m.G)(p,p).
BT ERBLIRR (U7, X7) T,

G) = X', GX')=-TLX'X", 1<ijk<dimM,
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18.

19.

20.

21.

22.

23.

JHEER bR T

M H g x g # Christoffel iRB7EM (p,p) HE, BABA, EpH
. ax: F;) Do

(2) MASZEIME 35 &,
BB (24, B 11.1, F 61 K]
BWB% R (24, GrFE 11.3, % 62 T; & 11.4, 5 63~64 7).

TR p (—DRBTRR (Uiz) B, p° = 10", BlRM p £ U i
JME. H—IyE, Hess(p®) £ p MFEARN

Hess (p°)}p, = 2 Z(dmi)z.

BhELHE, Hess (o) & p NM—MFMRNRERZH.

(1) FBEE R R RS
(2) B v €THM BMIENHME B(u), u € (—¢,e), H/ B(0) = go,
B'(0) =v. MTEEM u € (~¢,6), B 1(t) = 2(t,u)(0 < t < 1) RERE
po, B(u) WEMBERMLE. W 0@, u) RIBE vo B—ADWHEL. X
®(t,u) AZESAR (3.5).

TR R d B My x My EHESRI. FHAE M x M; REBHE
MAEIEE 21 MEIEH T

(BB B M RESEMIHE v B M Ey—FRBH#L MTEENER
B, & Ve={peM d0),p)<n}, MV. & MUHERATE B
MREAB TR BBER, FE >0, #84(t.) ¢ V. TR

/0 "1y ()]t > d((0),7(tn)) > n.

(Fe5tE) Rpe M. MR M RRZEEH, WE v € ToM, vo # 0, 18
MLk v(¢) = exp,(tvo) TE t € [0,1) PHRLH BN, BREEEHTIHKH
(0,1] . B8R v MKER vl < +oo. MAIER 2.1 MW 1.4 8 v £
—RR L.



24.

25.

26.

28.

29.

30.

JH= 471

BifEiZ % Hopf-Rinow FH, MTEEMNERK n, HEL p. € M, &
B d(p,pn) > n. BHEEYE, FERMYIRR v, € T,M, #18 1.(t) =
exp,(tvn) BN p Fl pn MREWMME. FE—MHE, )] Jim v =, L3
iE () = exp,(tv) RA R p KB,

i S R 2 URT BE B R B SE R METE B
d(p,q) < cd(f(p), f(9)), ¥p,q€ M.

ik, MR {f(p.)} & M HH#EE 4 Cauchy &5, W {p.} £ M F
# Cauchy 551 # M M%&#, WS pe M, B8 lm p.=p T
A lim f(pa)=f(p) € M. il M RZ&H.

HEDRESIEER MR YRR, FRIEEFFE M R EYEEN
fRBE. KEY f REE, EBRE—&pe M, #4 5= flp). ¥F
BB Ge M, B A(6)0< s <) B M FEEX ¢ HME—IERNH
%: 7(0) =591 =§ 1= L(3). RveT,MER f,(v) =7(0). FS
7(8) = exp, sv, W fovlpn =% FR f(r()) =4

B’ K C(RL,g) R—MERME. HARVEEER 6, & FAMFEEN
(z,y) € K, 6 <y <& MM K BRKKZE R® FiERATE,
B R® hiER. HR K B2 (R}, 9) WES. 8% Hopf-Rinow
H, (R},q) R—IRENEBERE.

W(t) Z X MEE—AB5ME, HEKE XXEE (a,b). BY¥F {t.} C
(a,b), 18 Jim tn = b HEBRAMHES {1(t.)} & M L# Cauchy &
¥, WE ceM, B Jim y(tn) = o B X R z QRSB TFE
ME—HE, BIZR () BB R A A RN (a,b+¢), X 5K (a,b) #Y
ESXHFIE.

WA, ARERM |X| <cBROEN. HWIMEFEIES 10 EhHEER
ERE (RS, 9) LB X = &, HEL MBI BAR XKL (0, +oo).

REREFHZRNE L, HHESERFNL R K EREHER, o
EALGERA: FFAEIEM 6, X TAERMN p € M, exp, TEFH B,(5) C T,M
PR EE . BHHRARIESEAAEER, M boE—REMNBLEHNE
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10.

 JAERPRT

SUSHREILUEHEIE T R L. TR, WTFERMR pe M, BHBS exp,
E T, M LibihEEX.

JEm

. (2) MBS -EIE 24 P Killing 72,
. MAS-ENERE 4.6.
. % D BRICEERER, B O = R A A

Q) = §(R{kl,h + Rl + Rl o Ao AWt + QL Awf ~ O Aw.

() MBS ESIES 19(2) &
CBXEE M o M: Vpe M, fip) = | X@I> &’ po B F HBD

HE. SIARBBRE A : TpoM - T M, FBRMTERN Y € TpM,
A(Y) = Ax(Y)=DyX(BRAEIEH 4 . MR X(po) # 0, M X(p)
1 TooM RAHIER E. B Killing ¥8 (RE-#JES 24 F) A%
EIEE 4 WEY, A(E) C E, 3B Als RIEBLHMEXH.

EE® M PHBEER: f:UCR = M, 1
U={(t,s)€R2; —s<t<l+e, —e<s<l+e}, €>0,

FEXMTER s € (~¢,1+¢), f(0,3) = f(0,0). & Vo € Troo0)M, &
NI f B VT Vse (—e1+¢e), V(©0,8) = Vo, HEELt#0
B, V(ts) 2 Vo W%k ¢ o f(t,s) WFITBH. EER 5 = £.(5),
o = f.(Z), FROFEIESE 3 4,

DD DD df Of

55 == 555 v+7a(a at)v.
BT FTBSHBIX, MTEEN ¢, V() %hi V(t,0) ¥
s~ f(t,s) FITRE, BWEA 2V(Le) =0 Bt 55V =0, hifi

af 0f\ . _
7\’,(5,5—;) V=0

FUR £ 70 Vo BAERNE, ENTTHBAGES .
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12.

13.

I8 473

(2 Bpge M M EBEER pq FEMBZLER v(1),0<t <1, f#
BA0) =p, (1) = q B/ eex € T,M BREMNERE, X1, X2 45
R oener Wy FATHE, W M ¥y WREHE (B Gauss #iz) £
K((t)) = (R(X1, X2) X2, X1). TR

2 (BO0) =Dy (R(Xs, Xa) X, X1) + (R(Xs, X2) X1, Dy X2)
=0.

RIS, M 75 p,q W SRORE H RS
(3) MAEH 3.2.
(1) MI\E_FEIEE 26 &,
Dx¥ =Dx¥ + X, V)",
TRE X(DyZ,W) = X(DyZ,W)o f, 3#H
(DxDyZ, W) =X(Dy2, W) — (DyZ, DxW)

=~(DxDyZ,Wyo f - (¥, 21", (X, W]").

F—E, mE T e X(M) BEEN, W (T,X],V) =0, &F

(D&X7?)=<D')T :?)'F([-v?]w (T I.)Y )

B (-) Zrmk () 9k ra g, UE

(ﬁf?‘? W) =(Dx, 72, W) + Dy 2, W)
=(Dix,v)Z,W)o f — 5([f,?]”,[7,w]u)-

Ga LRmATF, BB (1) M.

(1) MRB—EIEE 27 BRALRBTGEH V™10 2041 ) g2+l mag
B. BT foeV™" = f, CP" LHER o Tk S FMEEFRE
o fES BE, REER 9 0% LTMRE, f: S 5 CPY R—A
REER.
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14.

15.

16.

PEES I TS

(2) F z £FRE ST EWABAR, 4 T() = =iz W T(2) €
T,.$2+ REEYRE. % X,Y € X(CP*), X1Y, |X|=|Y| = 1. if#

(DxT(2)l: = V-1X, (DsT(2))l. = V=17,

Hb D £ R™? = C bokips. BEAEEEIEE 1202
(1) ERBLFR (Uiz") T, 4 e = 3%, Ml o' = dz'. ® o = asda?,
Y =Y 2 RS- EEE 36(3) WS 28 Hita

d(da)(Y) = -Yay;, 8(da)(Y) = —gYan ;Y + g7, Y F.

BJS#E Ricci HER{A.

(2) (58 (1) SABIERFETTABE] Weitzenbock AR, % T kit H,
MHFERME p e M, BUE p WS —DERIF (U; ), WE g:;(p) = &5,
TH(p) = 0. X EETFIHMABEEIEE 36 H. % 28 BH Rica
EHR .

(3) #1 (2), Ao AR

(AQ’)(C"I, e veir) = _(trDza)(eila' s ,Ci,)
+ Y (=1 gV (e R(ei i )a) (esy - €0y i ).

BHE Ao = LAalei,, e )w' Ao Awin.
(1) B {e1,e2} M {e},e2} FHIR = M «' QYHRLIERE, NH R™H gy
mﬂiﬁg {paelae27 et 7em}y {‘I:e,helm e :e,m}- {E& @ Rm+1 - Rm+1
§ ;]

q)(p) =q, Q(ei) = e,iy 1= 1v27'“ ,m
BENKEER, I ¢ B—PEXTHR. 4 ¢ = s, MUARRIE,
$:8™ = 8™ B—AHE, FEABE o) =q, ¢(r) =’
(2) RWAETEE 6 WLIRER (1), ¥ FEENE pge S™, UREE
BMHTFZE 7 CT,S™, n' C T,5™, K(n) = K(').
DEWRHEN. MERA AN N TEEN S e M UREEN v, 61,62 €
T,M, 551588

(DR} (u, w,u,w) =0, Vo,u,w € T,M.
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17.

18.

19.

EEE DR B— i RAKEY, Hh5/HE 3.1, D.R=0.

WNFEEME pe M, B M £ p SEHEMBAIEZIREY {e:}, FHBE
p & Ri; = Ric(es, ;) = Aidi;, WMARR, 7 p KL

1 Ai
R(ei,ej,ex,e1) = m—_—l(Rutsjk —~ Ripdj1) = 'm—_—1(5i15jk — 8:x051).

BUWATE, A==, =) BHAEE 3.2 MEHE 3.5.

E T,M PR —NRAIERE {e.}, 8 Ri; = Ricles,e;) = Aidij,
MFEEMHR v e S™ C M, HR v =Y, ve;, MH Ricp(v) =
TN BT vl =1, v £ 5™ LM - SNERERERE. XHTE
B u=v'e; € T,M, & W) =3, e, I W & T,M i
. R B™ R BT CHE (Eﬂ%_ﬁéﬁﬁﬂ 5.3), #EBH B™ 1y
R V(B™) = 22=1 w[fg

m

RiCp('U)stm—l
Wm-1 Jgm-1

=5 1/sm 12,\(1))dvsm~

=2 (W (v), v)dVm-1 = w—"—‘— div (W)dVgm -

Wm-1 Jgm~1 m—1Jgm

=Z,\,- = E_Ric,,(e,-) = S(p).

(1) MASEZEIEE 21 ElH 22 F.
(2) & go & (z,y) FEHENIFERSER, W 9= Fg, }H

& dY_ (8 8\ _ a 9\ _
g0 (a‘m) =90 (a‘.z;’a—y) =L % (55’@) =0
BT go WRSHERBENR, p=logF, B (1) PHXER b), M
B Gauss B R

- R1221
95 295, &

1
= —FAO log F.

20. (1) A EIEE 19 EAHHURENRKERT F FAR

1
Rijkl = - F(szé,-k + F,'k(sjz - ijéi[ - FutSjk)



21.

22.

+ % Zh:(p,,)z(a.-kaﬂ ~ 8iudse)
= -IF—,(thgik + Firgit — Fixgi — Fugix)
+ ;(Fh)z(giwﬂ ~ igjk)-
BEMARL 3.3 fh4b.

(2) MIEZR (1), ROGETUEBRIE. THEHLER WR g BEX
BEME ¢, MagR (1), Yi#j M, F; =0, Fu = F;. BWTU#
F =Giz")+ -+ Gn(z™), WHTEEY i, F: = G/(z*). MAZKE
Fi = Fjj(¥i,5), BEEE a,bi,c; B8 Gi(z) =az’ + bz +c. WF R
AHR Ekj(Fk)2 +c¢ = F(F; + Fj;) B[,

(3) #1 (4) ZHE=EH 1.3 HHE, RESFESMERMBLE, HBEMN
8 S B H M A Hopf-Rinow EE.

(1) BB% TS g HEMRBHER § = ¥g(p € C(M)), § KR,
Ricci Bk BRAMBE MR KKIDY R, Ri; 71 S. 4

. 1 - S -
= T 2m-1)(m -2
M AFEIEE 19 EHRIXRERX (o),(d) TUHEE 6y = vij —piy. B
HIETE d R BAY 2 T RIE.

(1) BB HREKRY C MEX (BFFEIEE 21 8) H5

C(Z,X,Y) =R(X,Y)Z + o(X, 2)Y - (Y, Z)X
+9(X, Z)p" (Y) - g(¥, Z2)p" (X),
VX,Y,Z € X(M),

Heb o7 X(M) - X(M) B TARSE:,
9(p*(X),Y) = p(X,Y), VXY € Z(M).
(2) M EMBMTEXFRY (e}, #4

C"“i = g(C(ekv €i, ej): Cl),
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Mg (1) i BB

Chriij =Rk.lij + 7—an2'(de61'1 — R;i0i + Rjibir — Rudjx)
IS S
=D =2)
% m =3 K, BME Cyu HFEMTE, WTHURIE Cju =0, 1 <
i i k1< 3.
(3) BX (0,3) Bk &Y T, FHMTEEN XY, Z € X(M),

S(0:kdj1 ~ 8;xdut)-

T(X,Y,Z) = )_ g((De;C)(X,Y, Z), ).

A Bianchi FEHSAIEW Thij = —-2=2Dyyj.

m—2

(4) W g =g, A% ~ MIDSRRM § TXWHESY. KRIKE. £
BRBLIRE (U;z), BTREH < f < SR RKEXRTHES D M
D fIVESH, in

e = (D o &) (- 9 o 9 9
Prisy = (Dngw) (?a_x_fa a_l:) y PRig = (DFZTSO) (axky 61") .

HAE T 19(1) EPHXER () M (d) B Gri = ki ~ pri, FIE
REH_EIEE 21(1) EXEWTHXREX
Prisi =Pkij + PiiPk — Pripi + 9T Pp(PriGi; — PLGK});
Prisi =Pki; + PiiPk — PriPi + 7 Pp(Prigis ~ Prige;)-
BT F A Ricci {E%E] LIUEH
Dris =@riij — Prjsi
=Pkizi — Phisi T Prisi — Pris
FPkisg T Phisi T Phji — P+
=Dyij ~ piCiij-
B4 m=38, C=0 HFH4E D=D.

(1) (24 MR M ZRVIFBFEG, WERE EEERTBER §

e*g, W18 g MMEKRIEHE. Gy C M D wEER, C=o,
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24.

25.

D=0. BRENER C# D(X m =3 i) T
(FEsME) (U z') B M MEBHRHRIRE, 95 =9(2 55) 2

s
= g 2(m-—1)(m—-2)g”’

H¥ Ry M1 S SBIRER g 8 Ricci BIRKBRAOBBME. £ M EHE
KTHEY p BRI TR

1
Pij = pij — pipj + Egijgklpkpl = Pij.

MM Riccl HREIEM: MRRMERGRL, MR FEEZETRE. B
TitE U B — HEEERE BB o, BB pij = ¢ij. BN § =g,
B g BT,
(2) HHY m=dimM =2 &, RV LOSBSHRGTFEEEIRA M
REBBIABFHEN. 4 m > 3 6, FENHRTEGEHERE C
(m =3 BH9) % & D, ENHESFTE.
(3) tnR M £ Einstein HUE, NFEERY A E8 Ri; = Ag;. BAM B
RS EM, Hil (1), Ch = 0. MAAEIEE 21(2) &, MEKE
Ri; TILERRY

Rsn'j = ’T‘n'i_*l((s:gkj - éj-gk,-).
(1) M A% = Bianchi {HS=R.

(2) MBLERARAL, WE M EFE-FITHELIINES o, H Ricci
HENE, B A=0, F&.

MR BRI R Ri; BFRER (1.4).
J &8 A

(RIEE) MR J(t) FRREICLH, WE to € [o,b], LAY {tn} C

[avb]7 WE tn ?é tO, tn — +OO(TI. - OO), ;?B. J(tn) = J(to) = 0. iﬁ

Py ToyyM = Ty M B v(t) B9FTH3). BIEEENEH 7.2,
J(to) = lim (P)THI() = J(to) _ o (Pen) " I (ta) = J(t) _ o

t—to n—ooo tn — to

TRETH 1.2 B4, J@O) =0, 5BREEAFFE.
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4.
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B J BRI B(t,u) = exp, o t(y'(0) +uJ'(0)) HIZES IR, W
J(t) = (exP.y(0))+tv' (0) (tJ'(0) = t(expy(o))tt'y'(O)J,(O)'

HILT A, J(0) = 0 = J(0),J'(0) = J'(0).

4 p=~(0). gifl 1.1, M EBRE Ji1(0) =0, J1(0) = {54 # Jacobi ¥ Jy
72

S(t) = sin\h/\_i?t
# (1.13) R J1(1) = (exp,) iy ) ((w(0)), RTTH J() = L (1) 2. BRIA
Jacobi FHIME—HERIKAE o] = 1.
(1) & o(u,p) £ Killing &Y% X £RHRBESHERRE, WA >0,
BN TERM (t,u) € [0,8] x (—¢,¢), plu,v(t)) BEX. 4 &t,u) =
o(u, ¥(£)), W @ : [0,8] x (—¢,€) = M R#L v(t) (9— WML, 1A

SRR
v (%) ~

HTR®E 1.1, X, ) BH v # Jacobi &Y.
(2) EX M T4

w(t).

_9
~ Ou

<p(u, 'Y(t)) = X'y(t) .
0

u=0

Mo ={g€ M; X(q)=0, 3#$H VveT,M,D,X =0}

WehfRE, Mo R M M— M EEHFR ARREA Mo WR M W T4
BPE]. b, B go € Mo. BL G > 0, WM B, (0) B M E g 89
—MERREE. BRA (1) 8 By (5) C Mo.

(1) BMFES/DHER 6, #8 exp, £FR B,(5) C T,M REBILX.
B P T,M 5 Ty,yM B M 8y F783. & (1.13) K, 3F
EBH v € V, v # 0,J(t) = t(exp,)uty(0)(v) R¥F v K Jacobi 3,
EWEMERME J(O) =0, J'(0) = v. BRIR, FER v FANRML
EEg E(t), 8 J({t) = FRE®), ¥ f € C>([0,b). BHiE™H
Py(v) = f'(0)E(b) € Ty»)S. .

(2) EiEHl: WTREBEAEHEXHBEMYEE u,v,w € T,M, B (R(x,
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10.

SEES I

viu,w) =0, ATE

K(u,v) + K(u,w) = 2K(u,v + w),

K(u,v) + K(u,w) = K(u,v — w),
HP@BE AR TFRIEB - PRFHN v A v FREHEY. B, &
W {uA (v+w)] FIXERERE R K (v, v+ w) FHE [u A (v +w)] 48 u JE

% 90° ERANEE [vA (v-w)] FEHBREHE K(u,v-w) HE.
MEXA, K(uv,v) = K(u,w). TR, WFEEH 6 €[0,2n],

K(u,vcos8 + wsin8) = cos® 0K (u,v) + sin’ 0K (u, w) = K(u,v).

- BV CTyo)M BEHEBRY (exp.y(o))esy o) BEMHE. HiE (1.13) ATJLIE

SRMERS TV - 2(y), 8
T(v) = t{exp,(g))sev'(0) (V).

FHED U BER S LR AT

- (2) B Ke(esl)) = al(t)e;(t), v=7'(0), Yk P : T,M — T,y M FRW v

BFFBH. BT DyyR=0,
Pi(al(0)e;) =Pi(R{es, v)v) = R(Ples), Pe(v)) Pe(v)
=al(t)P.(e;) = Pe(al(t)e;).

(4) B ) BERABST Ko MR —MESER, NYHERE

{ %:-5 +Af=0,

f@ =0, f(O)=1,

RIRR f(t) = Jesin VL, HEBHR t = kn/VA, XE k BIERER.
BT fop : oM = Tpo)N BREHFEW, FE v € T,M, #8 fuiplv) =
B'(a). BN (M,g) REEHMEEME, Hiblh HopfRinow T, 7MW
W& Y [a,+00) = M, HR () =p, Y(@)=v. ¥ B=fory, MR
N Bk, EWE Bla) = Bla), B'(a) = fop(v) = B'(a). FRAMM

KOE—E, Blown =8 BH, v=Flusn BN M BHE foy=08
W L%. :
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12.

13.

14.

15.

J%a 481

{588 Cartan-Hadamard FH (BEFEH 3.3) MIERFERTLUER (M, 9)
HEREKZEE R™ = T,M #45FE.

(1) BRBRHMEL, exp, £ LM LHFRNES | BREHN M LK
—% %4, FHE To,M ERREAHOHRLRIBS S M §5E.

BgRMIMRBER N j=r9g R M LWERER, }H 7
(M,3) = (M,q) BRRWSE. MTFEEM peM,iBsen(p)
(BEH) FARIESRFSEAETEE 9 WEHHE.

(FEAHE) B 4(0) & (M, §) LUAK § VB SEER— A ERBHL, 7(0) =
B, v =m(7(0)). BH (M, g) B5eE&H, A ERMMLE ¥ : [0, +00) —
M ¥R 7(0) =p, ¥(0) = v. BF = BWRUS, FTFEEH b> 0, 7|0,
EH P AVER—RRF, BR M B 5 EES 7 (0) HEIMBE. bR
MR, WML 7 A% SUET AR BI A X ] [0, ).

R = R\{0}, MEABE i : R - R RRESE BR, R £
REH, BRR ARRREN. M, & (M) B—AZEHNES
W, = Mo MBMMPBGERRY, peM 4 M =M\{I7}a m
m: (Ma,m"g) = (M, g) RREHSHE, B (M., g) AEZEHRIRE.

AR 2 S EE 12 M, XATERIES RE —4 S, I M ¢RT]
. B M BERVERE), MEEEENRERE M, FEM £ M
BRM BRAFHRE. ®p e M NoM, W C M BXp B—AmAER.
MRBIEBES W' - {(p'} C M, WTIREFF, KERMT: #F
RIRESFERH A, W (W' - {p'}) = U B& (0,0) £ R® Pay—448
B, FRUHUER U WL (0,0) JUMBEE o HEERAR M $E, X
BRARATREM.

ATHEHEW —{p} C M, EEE: ITEEME pe M, FEE—HM
il p FHAFRET RIFAH te R Bge WNM, B M $Mq
B MMME Y. WY FHEES M PR —&NBRKES, BRRBAE
TR q BERRTRIBES R LA a—SUky Y ME
NARX—FETH, FNW FRT p SUSMITE SBRTF M, EH
B RSB M iR, 85 NTEEH ¢ e W\, BIg LR
BIME—E, 8 o M q M —EXRL2ESE M P, FRe M. &
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JREF PR

16.

17.

19.

HW-~{p'}cM.
(UEAE) 7 B,(0) PEBBMMARY ()} SEE=EJEE 128), 4

Rijet = R(ek,ei,ei,e5) = Rles, e, ex, €1).

BT DR=0, Rjn EN p S RBMHENER. M a: ToM - T,M
ERE v —v REQRIESERN, FX 0 = exp, oa o (exp,) . A
Cartan FEEEHE LIRS ¢ B—M%HE.

(FAME) B pe M, ve T,M. MBL v (—c,€) = M, 8 1(0) = p,
¥ (0) = v. BEE T,M B (o), EXTABATUGBENE v &9
138835 {ei(t)}. 4 Rijn(t) = Rlei(t), e;(2), ex(t), er(t)), WA

| (DRYi(e), 5 (8), ex(d), en(®) = S Risualt)

= i Bim(t) = Riju(=~t) _ o
t—+0 2t ’

t=0

HPERE—SMAT BB, o (B, 5 EXEENATEN
E)EE 5 WA,

o & S*(r) LRS- SEER, pe St BE T,57(r) #—4
BEERE (o), M {ip,e;} RKKMBEE R f— A RAERE,
Fr, {lo(p),o.(e:)} R R M—AREERE & 1p - lo(),
eirau(e) 1 <i<n) BET R™ LH—PEXEHR A € O(n +1).
4 &= Algnry, W & £ S (r) LR—ABEEXS, HE

&(p) = 13 = U(p), &.p = AlT,S"(r) = Oup-

REFIL 5.1, 0 = 5. TRERIE, B A~ Alsei) € I(S™(r)) WREKH
O(n + 1) BISEFHRE 1(S"(r)) LoFEM.

@)Y |’ A= (af) €G. WHTEEN p= 0", - ,p""") € H (o),
(Alp), A(P)1 = (p,p)r = —a’.

H H"(c) 81 G MEUAREW (1) 8 a2tipt! > ~ 3 o p!, KT
Alp) WE n+1 M5B

't + -+ arlip" >0
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BH H"(c) W—ERHEYN G HTRIEFX T RAZE.
(4) BMEIE {01, - ,0n41) B

{elv"' 1eﬂa'7(p)} Hn {fly"' 7f7!717(q)}
B EEAE ST BIR B, 1 Cy, T

(61)' - 76n+1)ABP =A(ely"' ,emﬂ(P)) = (fl" T 1f'117’(q))
=(81,-+* ,0n+1)Cq.

W By, C, € G3HH A=C,B;'. AHHR=EIEE 08, H"(c)
R—AREFHZME.

3 @8 R
(BT =8.(&), T=%.(%), WU =Uluzo, ¥ = Thi=o. HEX
B(u) = %fob <<1>. (%) B, (%» = —;—[)b(T,T)dt.

® D BAEMN &°(TM) LHFESBE (BEFE_H 8.2), NhFE_®EMN
(8.7) XM (8.8) ATLUKH

-5 (0(2) % (3)
BENOERON

(2) 2 U(0) =U®) =0 FMAB=FER 3.5 MIEMNHTT.
(3) MARNEIES 3 WETIHHTR

ti

+
¢

E"(u) =(Dp U,T)|§ + Z <I'J,D%I'J>I:i“
i=0 i

’/ob<Dao;l7,D&i“>dt
’ 7 R N
—/o (D4 DU~ RAE,ONT,0)
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JRE R T

(4) RAES ERTEF

b
L(UU) = / U U') + (R(Y, UMW, U)}at

-Z(U U>

1=0

+1 b
—/ (U" = R(¥,U)Y,U)dt.
0

WRARAXS, WFEEESR ro, 18 2+i112f> K(z,y)=a*>0. 4%
22432270
D={(z,y) e R} 2 +¢° < ro}, D1 ={(z,y) € R%: 22+ 42> ro},

WD REHBTRETMXTER g RARY. & D WERBN dD). ¥FR®
LHEEWNARRAE pg, B v B R P#ER p, ¢ HREWBL, Rk
2 1 = L(v). M Bonnet-Myers & HEHIEH U T HEFRBILHTITL:
(V) p,g¢ D, 3#¥HvCDi;(2) p,g ¢ D, 3H v L&F D AL (3)
p€ D,q¢ D; (4)p,q € D. LEAHRTUBE, v WK <dD)+2Z.
BB T4EM Bonnet-Myers £34.

. EEBIFEAMLTF Bonnet-Myers EHEMIEH, ERHAMTH AR

! af \
A (sm _l_) n —=dt=f (sin T) -
0

r ! 2wt
'I—/O-SD 1 fdt

- BM BEEMAY | MR EWHRTE. HRIE Synge B, M HESH

(M) ={1} K Zs. MR m(M)={1} 1| M B—AREHEN 1 HZENH
X, B SEENEE 5.2, M SEMARE S S5, MR m (M) = Z,,
W F M BREREE MM 5™ %85, M ULS5THEER RP* &
¥

RGBy: (0,0 - M B—REUMELK, p =~(0). W v HFTH3E
BT oM BEEN—-MRERAEMEREHR P: T,M - T,M, #8
BRU 1 AFISMEE. W 1 WERKT |, AfEERLAR ve T,M

vly'(0), R P(v) = v. AHBB—NH v FAAALERT +/(t)

(IR U(t). H® v TS ¢: (0,1 x (—¢,6), € > 0:
P(t,u) = exp,,(wlU(t)), V(t,u)€[0,!] x (-¢,¢)
FAMNARKSE-EHARIES L7(0) < 0.
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7. TERAIERE 7 BHBUER MR p, —p HEMBHLE . B o(t) B
v KFTEERS, R (v,7) =0, | =1 £ U(t) = f(H)o(t). HHEU
U(t) AESERGHE RS LA, W7

LU, U) = /Oﬂ(f’)zdt - /0" £t

HHAEHE 4.6 MBERLFEMH 1.1.

8 MFEEME pe M, UREEBNHIRMIERAE E, B, € T,M, &
y:[0,7] = M R#RE +(0) =p, v'(0) = E: HIEMBHLZE, W g = v(x)
B p Wy HIBE— A 8 v WRIHES @ :[0,7) x (—¢,¢6) = M,
He

®(t,u) = exp, t(E1cosu + Ezsinu), V(t,u) € [0,7] x (—¢,¢).

mRE, @ #EFEES J(it) REE J0) =0, J(r) = 0 #3k Jacobi
Y. WETIE 43, FER v (R E(t), 8 J@) = tE(X). TR,
E(0) = lim E(t) = E2. B v FATMBMEXRRYE {e(t)}), ER

en =7, 34 J =% S i K() = K(7/(0),J(0), W% ¢ > 0,
K(®) = K(7(), E(t). HAEETEE 7 LA TEE,

= — " i\29, " iy2
0_1,(J,J)_/0 Z(.I Yat /o K(t) (Z(J) )dt
> [ - ko0
" Jo

BBk, K@) =1 4t -0, 8 K(E,E) = 1. BHASERMEE
5.2.

9. & ¢ RYVEME

d2
GEtw=0 ¢0=1 §0)=0

MAEE—TR TR o BEENZE, WFEEN t >0, ot) > 0. F£
¢"(t) = —a(t)p(t) < 0. BF a(0) > 0, p(0) = 1, FfE & > 0, HBLE [0, ¢]
£, ¢"(t) <0, ATTHE ¢'(e) < ¢'(0) = 0. I Lagrange FEEE, X
t € (g,+o00) Bt, TFLE € € (g,1), {118 o(t) =< p(e) + ¢ (e)(t —€).
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10.

11.

12.

14.

ARERLRE

WX By FTERY, HEHE (Y, X)=0,[X|=1 %
vx = (R(Y, X)Y, X), K(t)=inf¢x(t),
HBa:R->RAFR
0<a(t) < K(t), 0<al0)<K(@0), teR
YRR ER. RIBEEIEE 9 BMNEIL, FELREH o BE
@' +ap=0, ¢(0)=0, ¢(0)=1,

HEREWAER 1 <0, 82> 0. iEH: MTFHEAY ¥V = oX, HiFHEK
W

t2
(YY) < —/ (" + ap)pdt = 0.
ty

Wy (—o0,+00) » M B M FHER—RERWMLE. REBELEIHE
10 BERYER, TEE to > 0, EBBIMRE 7 = vi[-to.10) Y index(7) >
m—1 By m> 268, index(§) > 0. FIUFEY € ¥%°(7), HHBER
I(Y,Y) < 0. U7 — P RABEEMAMIES ¢ [~to, to] x (—¢,6) » M,
BB Y = 82umo. BRI 4.1, 35 L(%u)lu=o = I(Y,Y) < 0. ZHH 5 K
B M ERE y(—to) M y(to) WMAMBEMME. PFTA v R M ¥
BEL. By WERE SREIE

BR, BER M =S5"" xR #@REGRLLER HEE M LAEEN
HEZ:.

ERARE S™(m > 3) EHERARME v(1)(0 <t <1 < w) LBFEAS
EXT +'(t) ®FTmEY At),B(t), #8 |A@®)| = |B()| = 1, 3fH
A()LB(t). 4 J(t) = A(t)cost + B(t)sint. My BHEEMH 1.1, J B
v H—AJEBRYE Jacobi 35, BHI&GE 4.2, I(J,J) = (J', 1))y = 0. FF
B, 8RR I Y (v) LRRIESH. BEUMER v HEXKE, &
LB ~ #93E Jacobi 3 J, 48 I,(J,J) <0.

AR—BLE, FTRMRE L(vo0) < iz, TNRBH LEYLEUE. IE Rauch

B, exp,: oM — M fEFR B = Bp(pz) PRABLK. XTF
HEUNE 5, ATLME o #ADYIZER T,M $1%, BXTFREQ s, £ T,M
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16.
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FHEEBE &, EH 0 = exp, ' (p) H § = exp, ' (q), 18 as = exp,, 0a,.
B T HERST exp, 7 B WRRBHIBER, ReJaExiAEH s €[0,1), L
BHBRFHR 6, BFEE. TN, —ESFERRTFELSNSE ¢ € B, #E¥
THEEH s €[0,1], H a,(1) =4 #AM, a(1) =q¢ B, RIIWF:
MTERM € > 0, 7L s(e) € [0,1], 18 ay.) TTLRAT a,), IFH
Goc) LEHT B 8iiR OB HER/NT ¢ K. WREXMFE AR,
AR € > 0, FIEMRA 6. Bl 0B HEEHKT . BHHE o, T
B/AB T,M PERIFTE s WREES (0,1] #—MNEFHAKFHE, BT
BXE [0,1] #EEE, o BEIURA, FE. TRKERL. TEMT
BB >0, % '
L(vo) + L(vs(e)) 2 2T g

VK,
BUE—MET 0 BE3) {e.)}, WERHT s0 F5 {s(ea)}. BT, Bl
sy WR
L(10) + Lvao) 2 —==.
VKo

%7 Klingenberg 3|BH4 Ko = & (n FEZHRY), BIFER. MF
ERM pge M, p#q, M PHEENMBEEES pq FLL, W
REEFRRESE p, g B, WELERERH, ATl Klingenberg
515, EANMRLBPLAEMES {1.}, HKE L(v:) 2 7vn = +o0, X
RAVIRER). FEULERE LRI #E— SR B exp, & T,M LRAR

S HRRY, EmR—HRELE.

(1) RBEREAENSBBNE, BEFNSREBR. MUERES
A, MFEAD >0, £(t) > 0. MBHE t1 € (0,t0), B8 Flor, >
0,f(t1) =0, 3R flio.,) > 0, M f/(t:) 0. RAZR

- - It1 t1 - -
G =19+ [ -Eorfae=o

8 Kljo,t,) = Kljo,e,), N TERBAE—E,  floe = Floe, X5
Bi% f(t1) =0 F&. )
(2) MBAM K < K TURSB L > L, 5% (logf) > (logf). #
0 <to <t<b MEHMASRERE [to, t] EHRITFEHB

£ 5 flto) vy e (0,1 -

7o) > Fioy o€
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JRERWRT

17.

18.

Sto— 0 HFA

to—-bO f(to) to-;o fl(to)
B8 AT EE A A R .

B E(t) B v HTHARLERT v ®RAEES, W Jacobi ¥ J 1]
LSRR N

o 100 _ o Fite)

’

J(t) = f()E(t), Vt€[0,+00),  f(0)= F(to) =0,

HBHEY f 7 (0,t) AAMMRSTR, RHB flo > 0. RA Jacobi
&, U8

') + K@) f(t) =0.
MAEIEH 16(1) EHHRLATH

[t = Dysfar+ o ) - )7 ©) =

FIF £ (to) <0, £'(0) > 0 XHEHK f HATiTE.

HRASH AT Z 43R 58 BRAEHR-

0353
h(t)—/ K(s)ds+4(t1_1)

WFTLARE, () + (h(D))? < ~K(t). 4 L = —(h' +h?), WA L(t) >
K(t). .

(2)XFt>0, X
ft) =eloh9 5
M f >0, f(0) =1. pust, BAIHSEETRIER
(&) + L)) = o.

(3) MM Sturm MBERUER: MTIERE to € (0, +o0), WML v R
FEMR J(0) = J(to) = 0 # Jacabi ¥, HH p v BERME.
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19. (1) £ Rauch Wi FH P M HRE MY 5 (R sREE, 7:[0,0] -
M B M i ERMME. W M B 5 893 Jacobi 3 J BEMTH—
BEAERX (BERLENH 1.1):

J(@¥) = Sp(t)A(t) + Sp(t) B(t),
HA A(t) #0 B(t) & 7 M FATE RS, HHE
ALY (1), B)LY'(0).

HH A Rauch e,

(2) 7 Rauch WXFHFER M HEWHFEANRERE M, BiEeH
iy M BUYBE AN g (R, 7R (1) diheara, |[J@) <
Sa(t).

J &t

1. MRS -EIEE 75 MNE_EIESE 25 &,
(2) #5B X e (TM,), Y eT(TM2), ll X = Xom MY =Y om

®BE M ERERUIARY. '}}ﬁﬂm M, f1 Mz EoyREIREY, i
DY =Dy X =D3zDy¥ =

2. (1) Bt f:R* 5 R* ¢ Jacobi EMMHEER

T =L —sind cosé 0 0
(7 V2 0 0 —sing cosp /)

AN R LOBREERRE (o 5%} . THRE

S (%) = —\/1_—2(—sin0, cos6,0,0),
fe (5%) = \—}_-2-(0, 0, —sin g, cos ).

(2) MAZEIESE 1 BHER (2).

4. MERPERYRERENE TR, MBR b R M E N PE-RA
B ((=1,2), W My x M2 £ N1 x N; FIE_EFERX b WETEY
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IREF AR

FERX

R(X: + Y1, X2 + Y2) = hi (X1, Y1) + ha(Xa2, Ya2),
VX3, Xo € X(M1), T,Y2 € X(M),

ﬁEP X,‘ =X,'O7l‘,‘,f’,'=xi07r2, m:M1 X My — M; E?&E‘I% (Z=1,2)
BAESIEN, EFREHT, h=0.

Wm,m: xS > S RARKE., (o € P x S =M, [
TpoM = T8 @ T,5%. B X1,X2,Y1,Y2 € X(5?). HAB_EIEH
25 FRY, M HRSHBKE M L

R(Xi,Xj,Xk,ﬁ) =R(X‘i’kj1?’u ?I)
=}§(X..i1}7ja?kyf/[)=01 ].Si,],k,l_<_2
Fﬁul
R(X 4+, X+ Y2, X2+ V2, X, +11)
=I-Z(X1,X2,)?2,X}) +R(f’1,?2,f,2,f/l)-

BaAEIEPH 4, (1,0): T’ =5 xS' - M B—H LMY FEHR
A

® XY & H LRWAEREERY. BY f RERAES, £ G LFE
ERERRS XV, B8 f(X)=Xof, f(Y)=Yof & D" mD°
AHIRER H, G LANTEERRHREHRSE, NWEFE-HIER 19 EQ
g (2),
Dy = %[X, Y], D§Y = %[5{,1’/}.
TR
£.(DFY) = 10X Y] = 2K, Plo f = (DEF) o .

(4) EEEA f: R - $° BU Vor HRMHIURMBE, THESHB

fiT? =8 (_\}_2_.) x 5" (-}5) 5 5 EXRASWE i f(R?) > &,

ETR—MEA: FfMEd (2) 1 (3) &2
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10.
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(1) MFEEM pe M, £ N F& p HH—MNFFHEFE Darboux 154
{es, €0}, Hot fo = (957 8 A = Ag,, M BUEME XL R (Dg bo, &) =
0, ®iTF

mH =trh = — Z(b_e,-éo,ei) — (D¢, €o. €0)

1

e . VF
= ;(Duﬁo,e,q) = —divy (W) .

(2) # €0 R M f—BADEFRY. BERNBEE (BES—SHER

2.1), H4E N FEEH p WRBLIFR (Usoh), 18 24(p) = 0, 38
UnM={qeU;z™(g) =0}.

& F =™ WABRIE, 0 REN F M— ENE BE F(0) =

UNM. BEHEE P GSTLUER & = lg—il f M M T

Golyr- BEH (1), H = ——div v (Go)

- BRI RERE N HTFRE M REMBH TS LERER, MTE

EMHRpe M, &N Liliat p SHER p &5 M MU MBRERCTEE
M. Bit, N EMSERHTENETREL yUEFRE. KEH
RE=Z8IEE 4. F 5 EHTHE, #—FRAMRE H"(c) F/T R"
FEIFER B (a)(a = o&=), W H™(c) FHER—D kF (1<k<n-1)
SN FHRERM 0B (o) EEMXH k BTV HK &k FRES B™(a) 1
R, XEFENERHRENRS 0B (o) HXHHERXKLS 0B (a)
gk EMEY. WSt BEFMAMAEZEIEE 4 ENE 5 EHRET
RITTIETT AR, B X &yl F R H" (c) HRFEN.

HEE M ESIAFEEGHIMNGR. HTFREBR p € M, RIS/ 6 >0,
18 NV ER p RS exp, IR Bp(9) C T, M ER—HBFEIRE.

/_:,\

V = {v € T,N; ¢.(v) = v},
WV g TN - REFEE, B U, = exp,(VNB,(8) & N 1
BAFRE. REXEREN U, BE pE M PH—ATFER. 12 ¢p =
(exp,) ™ p, W {(Up, ¥p); p € M} R M f—4 C° XM BHLIFRE
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11.

13.
14.

15.

7§§K§Zfaﬁr

= ENHET M LE—EREWH, B8 M Bh N HFRE. BiE

AEJEE 10 BHITRUE M Qe X, FIUHEH, M TiESER, M

B N 2. @VrSMS% 3 [5, 5§ 73~74 5.

(LEWE) MTEBMEpe M, 0 HEKy: (—c,¢) » MR ~(0) =
Y(0)=X(p). DR M EHNBEFEENHNREKE, WHEZ ﬁﬂﬁ%ﬁ

7.2 M EHAERE AT

BxY)(p) = OxY)(p) = lim ZEXOON Y@ ¢ 7y

HoR PO R M ity A () B 1(0) WFATHS. B p SR,
DxY € X(M).

(Fesrtk) X TR v € Tyo)M, B X € X(N), 8 X|y 0 = v, ¥
BD,uyX =0. FRHELE X" € X(M) fl X* € I(T*M), #8 X =
XT+ X @F DyX' € TyyM, Dyn Xt =0, B Xtk Beesk
ArHE y RFFFH. XEN Xlh0) = v € Tyo)M, B X1 (4(0))'= 0, &
Xt =0 BRKER, P =Xl € T,o)M. #veTyoM HIER
t,  Py(Tyo)M) = T\ M.

A Ricci HE.

ERPRY {eiea} T, H =13 h(eie:) ¥ h HHESBHE X,
WNTFE—4j

DLH = %ZD; (h(es, 5)) = %Z((De, R)(ex, e5) + 2h(De 5, €3)).

# De,ei = Dhex, Mt T {ei} REMERIES, Tf = —Ti;. Rk
BIRSRAE,

Z h(De;ei,€:) = Z I'f;h(ex, e:) = 0.
i i,k
B

DeLJH = %Z(ngh)(ehei) = — Z (Z hn])

®z:S™(a) - R™ BETWS, W=~z & S7(a) LRBEIER
BY. EWXNT S”(a) EMEBMAMRMERYIMRY e, e,

1 ..
(h(ei’ej)vg) = "l"sl'jv Vi,j=1,2.
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17.
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HHM B Gauss 7.

(BB WFEEM pe M, B {ea) B M & p SHEESXH—1 %
RIERMERES, HRIE Ao = A.,. BBR, BE p SEHEGRES
{e:}, /RN FE D a, 7 p AN Aale) = Mei, HF X € R RE
Weingarten BHME " HALR h ZHMER, £ p &

h?j = (h(ei,ej),ea) = /\?(5«;]‘, Vi,j,a.
Hit, Ricci FFEALN
Rypi; = hih% — SRS =0,

BBk D (IR ETE p KA%.
(GEsrE) EREM p MEERITRY (e} RERRYE {eo} HLEHEN
HHRAERNY, MR M REFEARN, WYTEEN o 8, B

3k, — hihsi = 0.

BE— a, HBGESH {e:), BBEp A, b = AT6;. BB, HE
B A BB (i), WEMTEEN 8, 4 i# 6, & h () =0
Dida= 71?: MFEEH z = (2!, -, 2%, 2" ) e H (¢), & € = z/a,
il
TR =TzR*M =T.H () ®R - €.

IR LABE H™(c) 75 RYH! R AAR N

Gauss A= DxY =DxY + h(X,Y),

Weingarten 24&:  Dx¢ = A(X),
HHF X,Y € X(H™(¢)), D £ H"(c) LWREBBLE, A(X) € X(H"(0)),
#H

(A(X),Y); = h(X,Y).

o, H™c) & R A ER

Gauss 7 R(X,Y)Z = h(X, Z)A(Y) - h(Y, Z)A(X),

Codazzi 8:  (Dvh)(X, 2Z) = Dxh)(Y, 2),
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19.

H+ R 2 H"(c) MEIHKR,

(]—D-xh)(Y, ZYy =X(h(Y,2)) - HDxY,Z) - h(Y,Dx Z),
VX,Y,Z € X(H"(c)).

s, WRE H (o) WRBHMEKREFR, N Gauss HFERAUEH
R(X,Y,Z,W) = h(X, Z)h(Y, W) — h(X, W)h(Y, Z).
(2) BT £ = z/a,
AX) =Dxt=1X, X € X(H"(©),
FE
MX,Y) = (A(X),Y)1 = Z(X,¥), VXY € X(H™(3).
A, ¥ XY REMTRYENYIERGHE
(X, X) = h(Y,Y) = ‘cl? h(X,Y) = 0.
FriAd (1) P#) Gauss 12, H"(c) WBE [X AY] WREHEN
K(X,Y) = R(X,Y,Y, X) = —h(X, X)h(Y, ) = =7 =c.
(1) HAEIEE 18 LR, f R2SFOY B FEERNRY ¢ 5
h(X,Y) = g(X,Y),, VXY € X(M).
®E= Ao, MAeC®(M), BHE
MX,Y) = (h(X,Y),60) = A\g(X,Y), VX,Y € X(M).
TEH—FE, aEEARE
(R(X,Y), &) = (Dx f.(Y),&) = —(f-(¥),Dx&).
(2 & Z,X,Y € X(M), M (1) ML,

(Dxéo, fo(Y)) = ~2g(X,Y), (Dzéo, f.(Y)) = ~Ag(Z,Y).
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21.

X ERWAHEABIRET Z, X B3 ANA

(Dx€0,Dzf.(Y)) = (Dx&o, f+(DzY) + h(Z,Y)) = —Xg(X,DzY),
(E[X,Z]Eov f‘ (Y» = ”Ag([x) Z]v Y) = “Ag(szv Y) + ’\g(DZXv Y)v

GIEL)
(DzDx¢o — DxDzéo — Dix, 2160, f+(Y))
= —(ZWX = X(NZ, £.(Y)), VY € Z(M).

BHA N REMEXSEHHFEL SEFEENHR 3.3), AHIEH ) =
const. WWHMBHE FEAYUERE, FEREE ) S

h(X,Y) = Ag(X,Y), VX,Y € X(M),

S h R f WBTEABR. Fe Gauss FENFMRNRL 33, B
M A KR c )
(3) BB IS 22 WHLIHER L

Dx& = Dx&o + X(p)éo + £o(p) f+(X), VX € X(M).

3(Dx(e™"60), £+(Y)) = e™*(€o(p) — N(f*)(X, Y),
(4) H1 (2), A = const. 4} NFFERITIE: M A # 0B, HWEBRH z: M >
R™! T
2(p) = f(p) + 36o(p), VP € M.
FHERA « = zo RA{EBRS, M

1
1f(2) = zol® = 55, VpeM.

FR, (M) GEEY z0 Fl. Bl /A HLBWREA.
(1) @ DR R™ FHRSBE. XHTFERN pe M, v e ToM, BOLHEH
B v:(—e,6) » M, 78 7(0) = p, ¥ (0) = v, Wi B—EIHWE 32 &,

C.lo) = G(Gom)| = S(6eoy)| =Dubo=-A(),
t=0

t=0
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22.

23.

24.

HAERMAT Duboléo.

(2) BEE (1), G #9 Jacobi FTIPIRET (—-1)™ det A. HILEREEMAFT,
G B— M BRABTMRRGHMSER, FIH M OERETH G £ 5™ (E
Bust (BESHEWSEE 5.2). Hh S™ f¥EEE, MM S™ #MaE
.

(HD®RAEREMENFHBE_EZLEX, WaTHEHERRNERR
Y, WTEE—H p € M, BF p ABEXLEHIFERY (e}, &8
h(ei,e;) = Aibij, Hy Xilp) ER M E p AN EHE SHSEX
#t: D. Singley, Rocky Moun. J. Math., 5(1975), 135~144). ALk
A== A=A Wl {er, - e} RERBEERN—HEBE R R,

(2) r =1 MIPEEERAE -SRI RE, HIEW L SR S% R
(3, 5B 147~148 T}; r > 2 WENERES S UM (6, B 5.2.2, 5 288
=]

(3) ZRSHI0R [6, i 1, 5 290 5.

(Forth) ® A B M XTRELREY & K Weingarten F#, RTFAE
B X € X(M), A(X) = —dx&o, XB d B R™! bRIRuEmess (BIEE
W) ATFEEN pe M, BUnR {e:}, #BE D 5, Ales) = Mifo(ed),
Hep A e R BHEY S = (f, &) BHY, U

0= 85(5) = (f’(ei))g()) + (f’ de.'&)) = —<fv A(ei»v Vi.

T p KBUER A(f, fo(ed)) = O(Ve). mBESDEBB, M #0, 8 (f, fu(e:))
= 0(Vi). XitH [ RSB ETTROERR L, ATTE A7) =
(f,df) =0. Ff\ f AFERMKE, SR/IE.

(RoE) B h B M WE_EAEX, H=_trh B M BHTHHE, o
B MER dignR BER, HRYE MTEENREIRE
% {ei}, &

a; = (x,e;), hij = h(ei,ej), X' = Ha; Yi= Zhijaj»
7

X = ZX‘C,‘, Y = Zyie(.



25.

A EEE, A

divX =mH(1+SH), divY =3 ajhyi+mH+S Y (hi)™

i3 i

EEE H BREY, T hyi = 2 hiy =0 TREBBEER (B_EHE
B 5.3)

/ (mH + mSH)dVy = 0, f (mH + 83 (his)?)dVag = 0.

M M oy
ARG
/ SmH® =Y " (hi)")dVu = 0.
M ij

Bx S M EERNE, Fs M EEE, SEM ERES I

5N, BREIN,

mH? = %(tr h)2 < Z(h,‘j)z.
)

FRE mH? -3, (hi;)® = 0. HRBLYANY h WEFARFER B M
g EdK) b, BT M RN, RIBEBRERRMEEIER 19
Bsw (4), M RS ENYS M & R™ FERERE.

(1) Bm, R™ fiydim M E— K p ROHLHMAS M £ p &1
i B p SRBEMLTUIVPE T,M FE—0, B8 M & p 58
FEEHRAGHEMNRES, B M EXEHE_EFER b REEH, B
h 7€ p BEFTEER (B M £ p HFTAElX) REHRNRS. 5
—JHE, B b XN p RECHHAEN, B M £ p BITE EihER
KFREBNTE. EHEFTAGER, M ES p LHFEFEHERK
FEERPTE, Bl M E8 p LHFEFEREE p SMELTYFE
T, M ¢ —W, E50FE T,M RE—Madts p. B, ME&SDp
REFERE M.

(2) B ToM B {e:}, BB M £ p SMBE_EFERX b BE b =
h(es,e;) = Aidij. H Gauss A3

K(ei,e;) = hiihj; — (h"j)2 = Xidj, Vi#j.
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26.

AMEFART

MR, M7Ep SHREHE K >0 MTFEEN i #14, A\ >0
K2>0e MFEEN i #5, LA 2 0. IESNTRANEHEHGKTE
BEE/NTFE, BESNTHENEHEAETHRNFS. BHES®R (1).
(1) BRI T (BRI S5 00 [38, 5 225~226 TH)):
(a) BOFEHE—~K po € M, {18 M YEEAXERA h £ po KEREEHR
RAEN. FELE, W R MUNERR, & f=z> W fEM L#
JeE R RR—MH, TTLRE M REESES. b M WERE, i
Hpo €M, [EB f 1 po SBEKE EH po SWREKX.

(b MRBEEIR K HAHE, W h B4R EF, K HKTF
F OFETE, WR e £ hOMETHER X OFESR, NWhERE, 4
i £ 7B Aid = K(ei,e5) 0. TR, AW\ BR%TE, ERh 2
BRI, HB M MT4

A={pe M; hif p HREZWHAEH)
B ={pe M; hit p SRLEH)}.

BIE M pEERHE A=B=M.

(c) mF K HATE, WM BIEHEY, FAK Gauss S G: M - 5™
RMSRE. BXlE, KEXTFESHT M e85 SHFEEHRSL
TEHHNTE, 0l h EE—HEEEHHRATHN. HEH M BRYTEH
#, RITEE M LEX—PRAEREAERY. & X B—DREE X8
BUIMERY, BALRTRETE, WHT A oL4REENRFEN, (dxX)t

BRFETE. 4 x =~ (XL apimE, ik o SR

B X HBERR, BWUWET M ER—MEikE XHetnkniky. &
Sh, ERE b RAGLIEELE, siAEIEE 21 MO (1), Gauss B
5t G R FBE.

(d) MR M RF[EEA, FHH Gauss Bt G RMARE, W G 8%
SEALREAERIM, WTThAEIEE 21 BHEHE (1), h s 4B,
(2) AFTEH M EER—R p BFHOK. RITTURR™ ey @H/RE
ABGTRR (28, 2™, BREAN p &, A T,M BYUHFE ™ = 0.
=™ W f B M ERRRERY BT M REBW, fEMLE
BORMEA p' MB/MER p”. B, YR Ty M, Tpo M £ R i 54



27.

29.

2] T,M F47. B Gauss BB G 7 p,p'p" WERZHE-IMEFS. B
X G BRWARENE p # 0, Bk G') = -G("), #T G(p) = G(p')
H G(p) = G"). RER—¥, & Gl)=G@E"). Wp=p", FRMTE
EWiqge M, H flg 20, FSBrSANY ¢=p. XMW, M ETFYE
& T,M gy £, 3F8 M NT,M = {p}.

(1) {ei} B M ERHEE-TRMUEXHWRTARY, P BEMOE=
BEER, hiy = hleie)), |h* = T(hi;)?. WEWTH Gauss FBM
Codazzi # ’

Rijet = hithje — hichji,  hije = hix;.

FIA Ricci B Codazzi FRUR P TR RATUHE (SR
B33 (6, 35 299~300 1))

1
§A(ih|2) =Y (hije)” + Y hij(hii Rikkj + hu Riixs)
1
= _(hij)* + 5 D = M) Rijji,

H Ay B MpEdE, B by = M. ABREESMN Gauss HE, 4
i#J B, Riyji = A > 0. T (b2 REBWE M EakiEMEYR. R
i% Hopf 2 (BB F_HJEE 37 ), |hl> %K, AHHE AR =0.
R, MTFEEM i,5, (A~ )R =0, Bl i £5 B, X=X,
B M RLHFN. Bl M OEBRMFEIEE 198, M ER™ &
BOATRAERRTE .

(2) B Gauss 72, BEMMEM WAL HEOBREASTE > BHY
BAA (1) WiEsEw.

BE MINM =0 HEBHE, FE pe M, qe M, 8 dpq) =
d(Mi, Mz) > 0. B v:[0,6) > N B N $ik$ p,q BAHWREERNM
&, WHIMKHBE-ZSAKX, 7(0) 71 4'(b) 3R M f1 Mz X pg
B [, Ty WE—NES ¢ : [0, x (—¢c,e) > N, mE
FAERE u € (~¢,2), 8(0,u) € My, ®(b,u) € Mz, W $7L(7a)|e=o > 0.
A P:T,N - T,N & N ¥ v ;) F783h.

(1) # dim M + dim My > n, W T,My N PN (T, M2) # {0}. EBRE—
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30.

JRER PR

TRALFE v e T,M N P™H T M), W vly. R U() 2 v BFATIE
B, WEUQ0) =v. X

P(t,u) = exp, ) (uU(t)), V(¢ u) € [0,0] x (~¢,¢),
Wl T N (BREHRLLEATE,

d2
E,; L('Yu)

b b
=/ R(y,U,v,U)dt = —f K(¥',U)dt <0.
u=0 o [+

(2) Bt dimMy = dimM; = n— 1, WiETF + SHE p,¢ K5 TM,
T,M; EX, ToMy = PHT M), FERE T,M: H—BAERZE
{e:}, #HER Us(t) BHy v BOFIT RS, BE U.0) =i, €Y it,u) =
exp. ) vUi(t), %, (t) = ®i(t,u). BF N §) Ricci HIRLALKTE, R
(1) ey

62
0< Z Eﬁl’('ﬁ,u)

b
=f ZR(vl)Ui:'yran)dt
u=0 0 i
b
= / Ric(',7)dt < 0.
1]

REAAE IR (e}, BB hij = M. B {w') R {e} HIMEIR
By, o B M IHBREER, WEMTHEHIE (SEFNEY 2.7)
A):

dw' =w Awl, dw! =wfAw] - %R{k,wk Awt,
He R, B M pERKRNGSE. M E N B Gauss HER

Rl =Rijii = c(6abjk ~ 8ikbit) + huthjr — hachji

=(c+ X )(0id5k — Birdj1).

A—HHE, FBBE_EXEANIHVESEMNE X,

0= Z h‘-jkwk = dk.’&ij - )‘kdk,-wf o /\,-Jgkw]'-’.
k

ELRPABG j=i Mj#i AN o +wj =0T

dhi=0, (A —Xw! =0, Vi, j
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R EME A MR, HEY A £ N B, o =0 HBE—
ARSI H P AL B Gauss TRAH

0 =dw! =w] Awf — (c+ Midj)w' Aw’ = —(c+ M)’ Aw?,

Heb i, ) RESERIBTIER, B2 A # A FFBL M\ #£ X B, Mdj4ce=
0. MMFA, FPAEMEWRE N FREABEFFRIARMNE. MRFEH
EHREAEE, WAERE A EE X =AW, W M BEF@m, Eid
Gauss 51,

Rijet = (¢ + A?)(8udje — dukdyi).

Wat M RERBEMEE c+ A MR M AHEARENEME, Rk
M= =2= My = =An=p.

BWHE Wl = —wi =0, HP 1 <a <k k+1<o<m TERHRE
Frobenious & (BRB%3CM (3, % 198 T, & 3.2)), M L4 5g
w* =0 w* =0BEN kI 9 M m—k3H J. BRRZELTH
B, BUHET M BFENTFRE M, M, BBERKLEE M = M, x M..
BEH Gauss K2, M Hl M; FRIRERBEE c+ X2 f ¢+ p®.

# V() £ n ZEER, RREHE c £ 0, W FEROZE 5.2, RIT
BB N(c) RATHERRTE S™(a)(c > 0 BY) SUNBIZE H™(c)(c < 0 Bf).
Btk 4 c=e=+1 8 MR N"(e) T8 m RTHH, ©F N"(1)
AN (=1) TS BIRABIBKE 2 R™ 1 Lorentz 25 RYH &, M
T N"(e) FRAERRERL, TX o 4R R LOEE (0N M
HF, {eea} & M 4 N"(c) ## Darboux #5885, W {e:,ea,z} £
M #E R R dfy Darboux 4R35, ME {w'} B M LA {e:} X
BEORTIRRS, o, vl SRR M EORBBESERM M & N"(c)
MEBERR, h=hjw' 8w @ca R M 4 N"() FHHLFER,
B M T N () FHIMBERAXR

de; = wlej + wilea — ew's,
i
dea = whe; +wh,

dz = w'e;, (r,z) =c¢,
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JRERART

Hep () BRY hgiiE R R By Lorentz B R, wff = ~w) =
REw . MBRENERERMER, UE

wiowloWw
d(eheavx):(ejveﬂvz)wv W= Wf wg 0

—ewt 0 0
3 ERRIMESG W8 dw = ~wAw, ERYT M 7E N"(c) PHRIEWHE.
MBERERNTREZRENE, PABA M E N () HEFFBUT.

Riji = e(8abse — 6uxdjn) + D _(hTh5k — k5D,
[+3

he = hSj, Rapi; = 3 (hSchf, — hERE,),
k

R Riji,Ragi; B hije HIEXRBRY (BF (3.15) ABEAWKRT). 5
R 3.1 AN IRT USRI T
B (M, g) REEEN m REFHFE, FAEM LFE-ABY kXS
EERM % E > M, $F& FHAR (REBEH) 2 {,} mRAE
M % : Hom(TM @ TM,E) » M BA—APHHBE o PEF—Kpe M,
0p : ToM xTyM — Ep B—ANHEEEBRE, HHRABA T E-> M
- SHREGEWHEARS U, Bif M EHREKE D —EME
THRI%E: VXY, Z,W e X(M), £ € T(E),
(1) (R(X,Y)Z,W) = e(g(X,W)g(Y, Z) — 9(X, Z)g(Y, W)
+ {o(X,W),0(Y, 2)} - {0(X, Z),0(Y,W)};
(2) (Dxa)(Y, Z) = (Dyo)(X, 2),
(3) R(X,Y)E = a(A¢(Y), X) — a(4¢(X),Y),
HPEARSHEEEE 3.1. WHEESERA f: M - N"(e) fim
HIOE>T'M B rof=fon 3#H

(F©), fm)) = {&,n}, V&€ Ep;
Fe(X,Y)) = h(X,Y), VXY € T,M;
f(Vx€) =Dx(f(€), VXeT,M {eT(E).

Eaggsie TR RER 3.1 MiEH M, R ARmE0 R8BS .
FRAtER A B, - MBREREBIC 1, n+ 1, BT EEBE
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32.

EHEARMNETF (n+1)? MRARBHRES 7B (3.26) PB4
AFEEHEHN

6 — _FJka + h%al — eginad;

MG&M (3.29) B

Z(ao) +e(al™) =, Ye=-18},a77 >0;
Z ahab; + eagttalt! =0,

Zamao] + sagl'"la{)';" = i (u(lh T ’uz)n)’

z abiaga + €ag; agt' =0,

11 +1, ntl i
Zamaot} +eagy o5 = bap;
=1

ML,

IR SHTERT 8 23 8% U
Nomizu & Smyth, J. Diff. Geom., Vol.3(1969), 367~377;

THREVNER. RESEESIEE 27 EHIES 52 M FE B3R
L '

%A(Ihlz) = Z(hijk)2 + Zhij (hii Rikkj + hit Riikj)
=D (hijs)* + % D =) Ry,
Heb M B M EihE fBEAGHN Gavss 7B, Y i#j il Ryu=
14+ XXy > 0. AT |h)° REBEHE M LAKIEM RS, HiE Hopf &8

(BEE_EIEE 37 W), |h)> BEY, ATH hje =0, I M BHFT
B —BEAER; FEHEE (A — Aj)Rijji = 0(Vi, ), &)

(i — Aj)(l + Ai/\j) =0, Vi,j

ASRATEIER 30 MHEEETLRE M RIEERERAFHARE
BRI R
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33. BESEH: A Ros, J. Diff. Geom., 27(1988), 215~220.
34. (1) B4l (z,2) = 118 ada+bdb = 0. HY e,es 48R R*
R™-F gyl frm RR¥, WA
(€0, dz) = —bda + adb.

(2) HEIEMR z BHEERAUR o> 0,b> 0 EBHH, M C S¥a)x
S™F(b) RAFHE. MBS -EEABANEN SEXEIES 19 ),

= (d%z, §o) = —(d,dfo) = ab((de)” ~ (de2)?).

(3) M LHASERR
g = dz? = a®(de1)? + b%(de2)”.

# {0'), {&°) B S* W S™* LMBEERMAVRER, 4 o =
0z, (0F), w* = bz (@%), W {w',w} B M L8 BAIESR N RYIFES.
B . Ny o 2

(de))” = — z(w) v (de)” = 5 > W
T ’ )

9= LW+ WY, h= T -

35. (1) HEtH A

5
YW = @y,

i=1

5
;(dui)2 =dz? +dy’ + 2t + &%(zdz + ydy + zdz)2.
B—HE, B ¢:5%a) > SP(a) BEMNBEHBS (BES_RIEE 4 5),
Wfop=f EBRDERBE r: §(a) » (RP?, g,) R—MRHSIE, &
fHERTISERA f: (RP?,g.) » S
(2) & A,A; 1 A, 2 BIE R®,S? f1 S%(a) L8 Beltrami-Laplace HF,
e S "SRR 33 KRR LA AK,

9 261

A=gatip tabtn
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R r BIREE. A, BRE As = 341, Af =0, 3 f =r(fls2).

F BT BAGIE BR 6
Aa(fls2(a)) = =5 fls2(a)-

M A Takahashi FH (FH 4.6).
(1) BEX, MFEEN X,Y € X(M),

Bs(X,Y) - B(Y,X) = Dx f.(Y) - Dy f.(X) — f.([X, Y)).
% D RESKSEE, mMiESRENE AN (BRE-EM4 8.2),
Dx f.(Y) = Dy fo(X) = fu([X,Y)).

(2) B {e:} B M LRBAERARRY. B, MTFLEHELTH F -
Gx(-¢€e)—= N, F

B =E(f) = 5 [ (£)-e0 (£)-c0dV
-3 /G (F(es), F. (1)) dVi.
@&ﬁ%m@AFTNL%ﬁ%ﬁ%,Mﬂmnﬁa=Dq%=0ﬂﬁ

B'w) = [ (Fu(e0).D g F.(e)aVir

[ {ren ())o
=—L<Bp(e;,e;),F. (%)>dVM-

FAEE u = 0 BUEA
EWD=iLWAmmLWMM=—LhULWMM

Kb VR f HETFED F WENFRS.
(3) BATRE f: M - N WEZEFER h i Gauss AR5 L

Dxf.(¥) = f.(DxY) + h(X,Y).

EEXGERBS [ OB _EFER B e XAKR, B4 B, = h.
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38.

JME R

B MCS" R-MEHTAN m RN FRE, ve R, BETURY
EXFE M EM—NEEEY. £ ME—Hit v ZERYE M £ 5"
PRRER], B —ME M B XARERE W, M EfRIIER
Y {e:} MBLERMENRES {ea), W {ei eq, 2} & M R
# Darboux #7384, Hed z & M LW ERE. WX MFRGHTH
a5

de; =Ffjujek + h‘,-’}wjea - Jijwja:,

dea =~ hw'e; + IS wies, dz =w'es,

Hb (W'} B M LS {e;) WBHAYIRRS, hS B MES® PRS-
EABAWSE, TS T 28R M LOREBHSE D ARBREYHRES
ZH. v =ve + 0% + 0%, Ml W = v%e,. g1 dv =0, SfBEIT *
HIRAR:

i i ki _ opa i
v,j=ej(v)+v ij—v h,-j—éj,

v% = ei(v®) + 0PI = v’ h;.
R - EE
(Ric*W, W) =m Y (v*)’, (hoh'(W),W)=—(ALW,W).
RANEZEHF AR (5.16) B
V'(0) =~ *)2dVm < 0.
©=-m[ Sy av <
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B
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AR R
AR
AR

AR AR
EREREHE

Beltrami-Laplace T
Bonnet-Myers E#

C" W54

C" Wk

Cr Hx

C™ Bt

Cartan & E#M
Cartan-Hadamard EH
Christoffel id-&
Clifford $&/ME#E
Codazzi 718

Darboux 7383
de Rham Lk [Eif#

Einstein i

Gauss &
Gauss AR,
Gauss 3|
Gauss Begt

362
187
12
11
10
10
10
156

120
317

10
11
10
10
292
289
102
435
370

366
48

249

370
359
191
431

Gauss-Bonnet-Chern EH
Gauss-Kronercker g3
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